NOV 39 1943 


AMERICAN 
JOURNAL OF MATHEMATICS 


FOUNDED BY THE JOHNS HOPKINS UNIVERSITY 


EDITED BY 


G. D. BIRKHOFF H. WEYL 
HARVARD UNIVERSITY THE INSTITUTE FOR ADVANCED STUDY 


F. D. MURNAGHAN R. L. WILDER 
THE JOHNS HOPKINS UNIVERSITY UNIVERSITY OF MICHIGAN 
A. WINTNER 
THE JOHNS HOPKINS UNIVERSITY 


WITH THE COOPERATION OF 


G. BIRKHOFF R. P. AGNEW Vv. G. GROVE 
N. DUNFORD C. CHEVALLEY M. H. HEINS 
E. P. LANE G. A. HEDLUND D. C. LEWIS 

D. MONTGOMERY S. B. MYERS T. RADO 

J. L. SYNGE N. E. STEENROD H. S. WALL 


PUBLISHED UNDER THE JOINT AUSPICES OF 


THE JOHNS HOPKINS UNIVERSITY 
AND 


THE AMERICAN MATHEMATICAL SOCIETY 


Volume LXV, Number 4 
OCTOBER, 1943 


THE JOHNS HOPKINS PRESS 
BALTIMORE, MARYLAND 
U. S. A. 


CONTENTS 


A new kind of relationship between matrices. By CLAUDE CHEVALLEY, 
On conjugate trigonometric polynomials. By G. Szxcé, . ‘ ‘ 
Radical ideals) By REINHOLD Bakr, 

Rings with duals. By REINHOLD . 
The linear g-difference equation of the second order. By JEANNE LECAINE, 


A class of transformation groups in Zn. By DEANE MonTGoMery and 


On the distribution of values of trigonometric sums with linearly in- 
dependent frequencies. By M. Kac, 


On double Sturm-Liouville series. By JOSEPHINE MITCHELL, . 616 
Linear topological spaces. By D. G. Bourcin, . 637 
Two observations concerning algebraic equations for matrices. By IvAN 


On some cubic diophantine equations. By I. RoseNTHALL, 


A note on Souslin’s problem. By Epwin W. MILLER, 
The behavior of the kernel function at boundary points of the second 


order. By STEFAN BERGMAN, 
Plane sections through a point of a non-holonemic surface. By BucHin Sv, 


The projective theory of surfaces in ruled space, I. By CHrnkuo Pa, 


The AMERICAN JOURNAL OF MATHEMATICS will appear four times yearly. 

The subscription price of the Journau for the current volume is $7.50 (foreign 
postage 50 cents); single numbers $2.00. 

A few complete sets of the JoURNAL remain on sale. 

Papers intended for publication in the JourNAL may be sent to any of the Editors. 

Editorial communications may be sent to Professor F, D. MuRNAGHAN at The Johius 
Hopkins University. 

Subscriptions to the JouRNAL and all business communications should be sent to 
THE JoHNS Hopkins PRESS, BALTIMORE, MARYLAND, U.S. A. 


Entered as second-class matter at the Baltimore, Maryland, Postoffice, acceptance for mailing at special 
rate of postage provided for in Section 1103, Act of October 8, 1917, Authorized on July 3, 1918. 


PRINTED IN THE UNITED STATES OF AMERICA 


BY J. H. FURST COMPANY, BALTIMORE, MARYLAND 


PAGE | 

521 

53” 

569 

585 

673 
679 

701 9 
"12 


| 


A 

q se 

t 
W 
by 
W 
4 
th 
wi 

. 
Clg 

If 

ve 

st 
n 
ma 

of 

of 


A NEW KIND OF RELATIONSHIP BETWEEN MATRICES.* 


By CLAUDE CHEVALLEY. 


The consideration of algebraic Lie groups and of their Lie algebras has 
led me to the study of a new kind of relationship between matrices, which 
seems to be of some interest by itself. The present paper is concerned with 
the study of this relationship. The connection with the theory of Lie algebras 
will be explained in a later paper. 


1, The matrices X,,. The notion of replica. Let Y, Y be two square 
matrices of degrees m, n respectively. If & is any integer, we shall denote 
by HF, the unit matrix of degree k. We set 


=XXE,+EnXY 


where the sign X is used to represent the Kronecker multiplication of matrices. 
The matrix X + Y is called the Kronecker sum of XY and Y. 

If X is any square matrix, we denote by ‘XY the transpose of X and by X* 
the matrix — ‘.\’. 

The Kronecker addition of matrices is obviously a distributive operation 
with respect to both of its arguments. It is easy to recognize that it is asso- 
ciative. But it is in general not commutative. 

If X is any matrix, we set 

‘ 


r times s times 


If X is considered as an infinitesimal operation on the vectors of a certain 
vector space, X,,. indicates how X operates on the r times contravariant and 


8 times covariant tensors. 
By a vector of type (r,s) we understand a column of m*** numbers (a 
“number ” is an element of the basic field out of which the coefficients of our 


Matrices are selected). A vector e of type (r,s) is said to be an tnvartant 
of X if we have 
r,s@ 0. 


DEFINITION 1. A matrix Y is said to be a replica of X if every invariant 
of X is also an invariant of Y. 


* Received August 14, 1942. 
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Let K be our basic field. It will be convenient to make use of a vector 


space Yt of dimension n over K. If a base (¢:,¢2,° * *,é@n) is selected in M. 
the matrices of degree n may be considered as linear endomorphisms of 2M. 
We denote by 9t* the dual space of Yt (i.e. the space of linear functions 


on Yt with values in K). If A; is the linear function defined by Ai(e;) = 8), 


> 
the elements A1, A2,-**, An form a base of Yt*, the dual of the base (¢, °°: , én) 
of Mt. On the other hand, if 3, are two vector spaces of dimensions n, p 
over K, we denote by 9% X$ the Kronecker product of MN and $. To every 
pair (f,9) composed of a vector 7eM and of a vector g Te there corresponds 
a vector fX7eNKB; 7Xq is a linear function of each of its arguments 
when the other is kept fixed. If - -,fn), 9p) are bases for 


N, P respectively, the vectors fi; X g; form a base for NX $. 


We set 
r times s times 
> 
If 1,2," are r elements of Mt* and fi,: +, fs s elements of the 


element p, is an element of (a tensor 


> 
of type (r,s)!). The vectors Ai, MAi, M---KAi, Ke, 
1S form a base of Ms. The matrix X,,, defines a 
linear endomorphism of 9,,s; more specifically, we have 


j=1 
where X*y; is the linear function defined by X*yi(e) =—pi(Xe) for any 
vector é. 


Let us consider, in particular, the space M* XMt—WMi,1. There exists 

a natural isomorphism J between Mt,,, and the space of linear endo- 

morphisms of Yt, which is defined in the following way: if we M*, fe Di, 


I(uXf) is the endomorphism ¢ which is defined by ¢(¢) = p(e)f for any 


= 
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yector e. From now on we shall, whenever it is convenient, identify the linear 
endomorphisms of 2 (i.e. also the matrices of degree m) with the corre- 


sponding elements of 


Let ¢ be an element of Mt;,, which is of the form »Xf. We have 


= (X*n) Xf + 
whence easily 


By linearity, the same formula holds for any ¢. 

It follows that a matrix ¢ is an invariant (of type (1,1)) of X if, and 
only if, ¢ commutes with XY. Therefore, if Y is a replica of XY, Y commutes 
with every matrix which commutes with X. Making use of a well known 


theorem, this gives the following result: 
THEOREM 1. Any replica of a matrix X may be written in the form of a 


polynomial in X. 


2. Semi-simple and nilpotent components of a matrix. Using the 
same notations as in 1, we shall say that a sub-space Jt of Mt is an {X}-module 
if XN CR. The {X}-module M is said to be simple if it is 4 {0} and if it 
does not contain any other {X}-modules than {0} and itself. The space Mt 
is said to be semi-simple (with respect to X) if Yt is a sum of simple sub- 
modules. It is well known that, under this condition, Yt can be represented 
as a direct sum of simple sub-modules. 

If Yt is semi-simple with respect to .Y, we shall also say that X is semi- 
simple over K. Well known examples show that Y may be semi-simple over 
a certain field K and not be semi-simple over a larger field K’ (this however 


only in the case where K’/K is not separable). 


THEOREM 2. A matrix X over a perfect field K may be represertted in 
one and only one way in the form X = Y + Z, where Y is semi-simple over K, 
Z is milpotent and Y,Z commute with X. Furthermore, Y and Z may be 


expressed as polynomials in 


This theorem is only a different form of the well known theorem of the 
reduction of a matrix to semi-diagonal form. We present here a new proof 
of it which is better adapted to our purposes. 

Let us say that a polynomial f(z) with coefficients in K is semi-simple 
(over K) if it is a product of distinct irreducible factors. We shall say that 


X satisfies a semi-simple equation in K if f(.Y) =0 with some semi-simple f. 


= > 
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LEMMA 1. Jf X satisfies a semi-simple equation, X is semi-simple. 


Assume that with fi irreducible (1 
fi and f; being relatively prime for i~j. Let gi=J[][fi; the h.c.d. of 


91-92," * *, gr is 1, and therefore we can find polynomials u; such that 


(1) = 1. 


We set qi (1) = Wi; Wy is an {X} module, and it follows from (1) that 
We have fi(X)Mi — {0}. 


Let e be a vector 0 in MW; (if any), and assume that fi(v) =2™ 


> 
+ aam* ++ The vectors e, (1 Sh Smj;) span a subspace 
® of WM; which is clearly an {X}-module. If p(x) is a polynomial of degree 


< mi, is relatively prime to fj: if u(x) p(x) + = 1, we have 


e==u(X)p(X)e, whence p(X)e 0, which proves that e, 
are linearly independent and that dim 9t = mj. Furthermore % is clearly the 


smallest {X}-module to contain e. In the same way, we see that the smallest 


(-}-module to contain any vector e’ #0 in N is of dimension mj, and there- 
fore coincides with 9. This means that % is a simple {V}-module; therefore 
every element ~0 of Yi belongs to a simple {X}-module, which prove: 
Lemma 1. 

Let now XY be any matrix with coefficients in a given perfect field XK. 
It satisfies at least one equation f(1) =0, where f is a polynomial with 
coefficients in K. We can find a semi-simple polynomial g which divides / 
and is such that f divides some power g’ of g (take for g the product of the 
distinct irreducible factors fi, of f). 

We prove by induction on & the existence of a polynomial hy such that 
g (az — he(x)g(x)) =0 (mod g*). We may take = 0; since K is perfect, 
we have dg/dx #0 and dg/dz is relatively prime to g (this follows at once 
from g = fife: dfj/dr 0). For any h we have 


—h(xr)g(x)) = — (dg/dr)h(x)g(x) (mod. 


Since dg/dz is relatively prime to g, the identity of Bezout furnishes us with 
a polynomial such that 1— (dg/dr)h,==0 (mod g) whence g(a — hzg) 
= 0 (mod g’). 

Suppose now that the existence of hx has been proved for some k = %. 
We set g(x — hx(x)g(z)) = g¥(x)o(@), y = — g(x). whence 
g(y—he(y)g(y)) =9*(y)o(y) =9 (mod. g*(x)); on the other hand 
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y—he(y)g(y) = (mod g(x)), and we can therefore write y— hk(y)g(y) 
=r then is divisible by and, 
a fortiort, by g***(r), which proves the existence of hy... 

We set now h(x) Y =X —h(X)g(X), Z=—h(X)g(X). We 
hve Y¥=Y4Z, and Y,Z commute with XY; since g"(X) =0, we have 
g(Y) =9, and Y is semi-simple; for the same reason, we have 7" = 0, and 
Z is nilpotent. The existence of a decomposition of the type prescribed in 
Theorem 2 is thereby proved. There remains to prove the statement of 
uniqueness. 

Let us consider any decomposition VY = 1’ + Z’ with Y’ semi-simple and 
Z’ nilpotent, both commuting with Y. We have Y’—Y=—Z—dZ’. Since 
y’, Z’ commute with XY, they also commute with }° and Z. Therefore, in 
particular, Z — Z’ =U is nilpotent as the difference of two commuting nil- 


potent matrices. By the Taylor expansion, we have 
(2) =U ((dg/de) (¥) + +: + 


where **,g» are polynomials. It follows that g(Y’) is nilpotent; 
g"(Y’) =0 if =0. Since Y’ is semi-simple, we have Yt = where 
each Yi; is a simple {¥’}-module. Let f’i; be a polynomial of smallest possible 
degree such that 1’) = {0}. If ffi = pq, p and q being polynomials, 


p of degree less than the set of vectors WM’; such that = 0 
is a {¥’}-module which is # 9%; therefore this set reduces to {0}, and 
p(¥’) induces a regular linear endomorphism in Yi’; (i.e. an endomorphism 
which has an inverse). It follows immediately that ¢(Y’)9Y; = {0} whence 
the degree of p= 0: f’; is irreducible. If now 9’ is the ].c.m. of the poly- 
nomials fi, we have g’(Y’) =0 and g’ is semi-simple. Comparing the 
equations g“(¥’) =0, g’(¥’) =0, we obtain easily g(¥’) = 0. 

Suppose now that =0, M>1. Then (2) gives U-"(dg/dr)(Y) 

On the other hand, we have h.(x)(dg/dr) =1 (mod g(x)), whence 

= (the unit matrix) and U“-'=0. Therefore we have 
U=0, ¥Y =X’, Y = Y’, which completes the proof of Theorem 2. 

Remark. We have proved incidentally the converse of Lemma 1, i. e. that 
a semi-simple matrix satisfies a semi-simple equation. 

If the field K is perfect, a polynomial which is semi-simple over K remains 
semi-simple over any larger field. Therefore we have the following result: 

LEMMA 2. A matrix which is semi-simple over a perfect field remains 


such over any larger field. 


temark, The assertion of existence in Theorem 2 could be deduced easily 
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526 CLAUDE CHEVALLEY. 


from the theorem that any algebra over a perfect field is the direct sum of the 
radical and of a semi-simple algebra. 

We shall say that the matrices Y, Z whose existence and uniqueness are 
asserted in Theorem 2 are the semi-simple and nilpotent components of X, 


Using the notations of 1, we have 


Observe now that. if 4%, Z’ are nilpotent matrices, the matrix Z + 7’ 
=ZXE’+ EXZ’ is nilpotent as the sum of two nilpotent matrices which 
commute with each other (£, HE’ are unit matrices of suitable degrees). It 
follows immediately that Z,,. is nilpotent. We shall prove that Y,. is 


semi-simple. 

Since Y is semi-simple over a perfect field K, it remains semi-simple over 
the algebraic closure K of K. Hence we may write Y =D, where D is 
a diagonal matrix and [a regular matrix, the coefficients of D and T belonging 
to K. (This follows immediately from the fact that a simple {}’}-module 
over K is necessarily of dimension 1). Therefore it is sufficient to prove that 
D,,s is semi-simple. But D),,. may be computed directly without any difficulty; 
it turns out that D,,. is again diagonal (i.e. semi-simple). Moreover, if 
%1, %,° - *,@ are the elements in the main diagonal of D, the elements of the 
main diagonal of D,,. are all the quantities 


Ss). 


Since the matrices Y;,., Zr,. in (3) obviously commute with _Y,,., they 


are the semi-simple and nilpotent components of X,,s. 
3. Some further results on replicas of matrices. 
Lemma 1. If Y, Z are the semi-simple and nilpotent components of a 
> 
matrix X over a perfect field, and if e is a vector such that Xe = 0, then 
Ye=0, Ze=—0. 
We have Ye ——Ze; since Y, Z commute, it follows easily that Y*e 
= (—1)*Z*e for all k, whence Y“e —0 for some integer M. But we have 


also g(¥Y)e=0O with a semi-simple polynomial g. If d is the h.c.d. of 


g(y) and y™”, we have, by the Bezout identity, d(Y)e—0. But d(y) =y 


since g is semi-simple, which proves Lemma 1. 
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Since Y,,, and Z,,. are the semi-simple and the nilpotent components of 
X,, and Z,,s it follows immediately that we have 

LemMa 2. If X is a matrix in a perfect field K, the semi-simple and the 
nilpotent components of X are replicas of X. 

We shall now determine the replicas of a semi-simple matrix Y over a 
perfect field A. A replica of Y is of the form p(Y), p being some poly- 
nomial. Let %:,%,° * °,%n be the characteristic roots of Y, so that Y may 


be transformed (in the algebraic closure K of K) into the diagonal matrix 


0) 


The same transformation carries p(Y) into the matrix 


0 p(%n) ) 


The matrix ),,, is a diagonal matrix whose diagonal elements are given by 
(4). Since every vector which is mapped on 0 under D,,s is also mapped 
on 0 under we see that the contlition — 3,"%i, + = 0 implies 
—3,"p(%iy) + = 90, and conversely this condition is sufficient to 
make D’,,. a replica of Dy,s. 


Therefore we have the following result: 


THEOREM 3. Let Y be a semi-simple matrix over a perfect field K, and 
let a, %,° + +, % be the characteristic roots of Y. If p is a polynomial with 
coefficients in K, the matrix p(Y) is a replica of Y tf and only if the fol- 
lowing condition is realized: if Sikia; = 0 is any linear relation between the 
as with rational integral coefficients, then the corresponding relation 


Sikip(ai) 0 holds between the elements p(ai). 
An easy consequence of Theorem 3 is 


THEOREM 4. Let K be a field of characteristic 0. A necessary and 
sufficient condition for a matrix X to be nilpotent is that Sp. XX’ =0 for 
every replica \’ of X. 
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If X is nilpotent, and if X’ is a replica of XY, X’ commutes with X and 
therefore XX’ is nilpotent, whence Sp. Y1’ = 0. 

Assume that X is not nilpotent. It has a semi-simple component Y ~(, 
Let @,,@,° *,@, be the characteristic roots of Y; they generate a vector 


space P of finite dimension over the field R of rational numbers. Let 


r 
{o1, pe," °°. pr} be a base of P: we have a; = > aijpi and one at least of the 
j=l 


numbers ij, say di,j, is FU. We set Bi —aij,; if Sikia; is a linear 
relation with integral coefficients between we have 3ikjaij =0 
(lSjh), whence = 0. We can find a polynomial p(x) (whose 
coefficients are algebraic over K) such that p(#i)=—Bi (1 Sin). The 
matrix 1” = p(¥) is a replica of Y. Let K’ be the field generated by the 
coefficients of 1”; if +, 3} is a linear base of AK’ over A’, we may write 
NY” == Spox\’;. where each X’; is a matrix with coefficients in K. Each X’; is 
clearly a replica of X”. On the other hand, we have Sp. YY” = Sp. YX" 
+ Sp. 7X”; since Z commutes with Y and .Y” is a replica of Y, Z commutes 
with XY”, and Sp. 7Y” =0, whence Sp. VX" = Sp. VX” = 3iaiBi = ijp;, 
+ D aijdijp; since It follows that Sp. YY’, for at 

least one k, which proves Theorem 4. 

LemMA 3. Jf the matrix X’ is a replica of the matrix VY, isa 
replica of 

Consider the space If are vector-spaces, there exist 
natural isomorphisms between the spaces RX PRO, KP) XQ 
NM (BRO) and also between the spaces NXP, PRM: there exists also 
a natural isomorphism between (M*)* and M. It follows easily from these 
remarks that there exists a natural isomorphism between (Wly,s)rj< and 
and that the endomorphisms and 
correspond to each other under this isomorphism. Since every invariant of 
type (rs’ + sr’, rr’ + ss’) of X is also an invariant of the same type of 1, 
Lemma 3 is proved. 

It follows by Theorem 1, that A’. may be written as a polynomial 
in X;,s. We may furthermore assume that P,,.(0) = 0. In fact 
if Y,,. is a regular matrix, it satisfies at least one equation g(X,,.) = 0 with 
a g such that g(0) #0, and therefore the unit matrix F’,. may be written 
as a polynomial with e-.(0) = 0, which proves our assertion in 


this case. If -Y,,. is not regular, there exists at least one vector e 0 in Mrs 


such that = 0. whence = = 0, = 0. Hence 


we have 
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LemMa 4. /f X’ is a replica of X, X’;,, may be written in the form 
pra(Xr,s) where pr.» ts a polynomial such that pr,s(0) = 0. 

Remark. We see at once that the condition expressed in Lemma 4 is not 
only necessary but also sufficient for X’ to be a replica of X. 

THEOREM 5. Let X, X’ be matrices over a perfect field K; let Y, Y’ be 
the semi-simple components of X, X’ and Z, Z’ be their nilpotent components. 
In order for .X’ to be a replica of X, it is necessary and sufficient that Y’ be a 
replica of Y and Z’ a replica of Z. 


1) The condition is sufficient. Assume that the condition is satistied. 
and let e be an invariant of type (7,s) of ¥. We have seen above that it is 
. . . 
also an invariant of Y and of Z (cf. Lemma 1, 8) ; therefore e is an invariant 
of Y’ and of Z’, and also of X’: X’ is a replica of X. 
2) The condition is necessary. Assume that X’ is a replica of X. Let 


4+ 
e be an invariant of Y, of type (r,s): we have X,,e=Z,,se. Since Xr 


> 
commutes with Z,,., we have also = Z*,.,e (k=1,2,-- whence 
= 0 for some M. By induction on k, we prove that = 0 

(k=0,1,---°,M). It is true for sk =O: assume that it holds for some 
k<M; we have X,,(X Y;.e) = 0, whence rae) = () 


because Y’ is a replica of X’ which is a replica of .Y, so that Y’ is a replica 
of It follows that == 0 because Y’,, commutes with 


which proves our assertion for k + 1. Hence we have Y’%e=0. Using (as 
T,8 


we have done already) the fact that Y’ is semi-simple, it follows that Y’,,.e = 0, 
which shows that Y’ is a replica of Y. 

Consider now the sub-space 3 of Mt,,. formed by the invariants of Z. 
Since Z,,, may be written as a polynomial in X,,, and X’,,, commutes with 
X’,,, commutes with Z;,. whence X’,,.% CM. Let denote 
the endomorphisms induced on by X,,s, we have 
But we know that Y,,; is semi-simple; hence the same holds for ¥,,. and ¥,,.. 
We have Y’,.. = pys(,,s), where pr,s is a polynomial, and it is easy to see 
that every polynomial in a semi-simple matrix is itself a semi-simple matrix. 
Therefore .f’,,, is semi-simple. 

Since Y’,,,, Z’r,< are polynomials in X’,,,, they map % into itself and 
induce endomorphisms Y’”,.., on ¥’,,, is semi-simple, Z’,,. is nilpotent ; 
we have and commute with by the 
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uniqueness of the decomposition in semi-simple and nilpotent components, 
we have Z’,,, = 0, Z’r,s% = {0}, which proves that every invariant of Z js 
also an invariant of 7’. 

Theorem 5 reduces the problem of finding all replicas of a matrix X ty 
the same problem with the supplementary assumption that Y is either semi- 
simple or nilpotent. The problem is solved in the semi-simple case by 


Theorem 3; there remains to consider the nilpotent case. 


THEOREM 6. If Z is a nilpotent matrix over a field K of characteristic 0, 
the only replicas of Z are the matrices tZ, te K. 

In order to prove Theorem 6, we shall make use of a particular case of a 
theorem due to Ado. 
here a proof of the results which we need. 

The elements of = KM* K- - -KM* are the r-linear forms 
on Yt. Among these, we consider only those which are symmetric: they form 
An} be a base of IN* over 


The original proof being written in Russian, we give 


a vector sub-space S, of Let {A1, As, 
It is well known that S, has a natural isomorphism with the set II, of the 
homogeneous polynomials of degree r in Ay, The operation 
may therefore be considered as an operation on I,. This being true for every 
1, Z defines an operation Dz in the ring K[Aj, Az, 


in Ay,A2,° * *,An. It is clear that Dz is a linear operation. An easy com- 


of all polynomials 


putation shows that it is a derivation, i.e. 


Dz(PQ) = 


if P,QeK[Ay,: -*,An]. As such, Dz may be extended to a derivation of 
the field = K(A,,- -,An) of the rational functions in An. 
element Re is called an invariant of Z if DzR=0O. The invariants of Z 


clearly form a subfield J of &. 

Since Z is nilpotent, it may be assumed that the base {A;, A2.° * * An} 
has been selected in such a way that DzA,; = 0, and that is a linear 
combination of (1 Sk <n). We shall prove that we can find 
elements ,A’ne with the following properties: 

a) The field A’) coincides with = K (Aj, Az, ° 
QSk=n); 

b) Dzd’; is either equal to 0 or to 1. 

ce) If = +, Nx], we have (IL StSk). 

d) If Dzox is ~ {0}, it coincides with the whole ring ox. 

We set A’; =A,: the conditions a), b), c), d) are satisfied for 
as Dz0; = {0}. 
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-, have been constructed. We set = 


ents, 
Z is 


Assume that 
by c) we have If Dzone = {0}, parr = 0, we may take = 


If Dzoxr = {0}, we take = we have K(X‘1,° 
=K(\.° Neat) = Since = 0, we have = 1. We 


X to 
emi- 


have = € One; finally let P = be an element 
of Ore, With pie ox: since =0, we have P = Dz(3(t«+ 1) 
Assume now that Dzo, ~ {0}, whence Dzo, = o,. There exists an ele- 
ment such that = We set in this case = Ane — 


> by 


Mor = Let P= be any element of 0x41, with pie 0x; 


‘ 
since Dzo, = 0x we have pj = Dzqi, qie ox and P = DzQ with Q = Digidris € Oxs1- 


Moreover, our induction gives also the following results: we have 


= 1 for at most one each may be written as a rational function 


of Ai, A2,° ° °;An Whose denominator is an invariant (in fact, a power of 
pea, = 1). Assuming that Z 0, we have = 1 for exactly 


the one value ky of k; we set u—=X‘,,, and we have }=J(uw). The field J is 
ite generated over K by the A’, k ko, which shows that every element of J may 
ry | be written as quotient of two polynomials in A,,A2,° * *,An which are both 
als invariants. 
m- Let now Z’ be a replica of Z. A polynomial in A;,A2,° + -,An which is 
an invariant of 7 is also an invariant of Z’; therefore we have Dz-J = {0}. 
If we set v = Dy-u, we have 
Dad = vDzb 
of 
for any @e In particular, we have DzAi=vDzi (lSi=n). Since 
and Dz-A; are both linear forms in A2,° *,An, we see that if 
Dzd; are linearly independent for at least one pair (1,7) of indices. we may 
conclude that ve K, whence — 'Z’ = v(—'Z), Z’=vZ. There remains to 


consider the case where any two of the forms DzA; are linearly dependent. 
It may then be assumed without loss of generality that DzAi =0 for 1S1 
Sn—1, DzdAn = An, and Z* maps onto the sub-space spanned by 
Since (Z’)* is a polynomial in Z*, we have Dz-Ai = 0, = vEK 


whence again Z’ = ¢Z which completes the proof of Theorem 6. 
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ON CONJUGATE TRIGONOMETRIC POLYNOMIALS.* 
By G. SzEG6. 


1. In a joint paper with A. C. Schaeffer* we discussed the following 
question: Let D be a closed domain in the complex z-plane and 2 «a fixed 
point of D. Let us consider all polynomials f(z) of given degree n for which 
| Rf(z)| S1 in YD and f(z) is real. What is the largest possible value of 
| Sf (z)| if f(z) is an arbitrary polynomial of the kind mentioned and z i 
arbitrary in D? Under certain conditions on D and 2 the inequality 
| Sf(z)| < A log n was established where A > 0 depends only on D and %, 

This theorem was well-known in the special case when D is a circle ani 
Z) is an interior point of Y. However Mr, P. Erdos has called my attention 
to the fact that the best possible bound of | S$f(z)| is not known in this case 

In the present paper I wish to determine the best possible bound in case ) 
is a circle and 2 is the center of D. I prove the following 


THEOREM. Let f(z) be a polynomial of degree n, f(0) real, and 
(1.1) | Rf(z)| S1, 
Then 


mr 


(1.2) | Sf(z)| S2(n+1)- 


m odd 


This constant M, can not be replaced by a smaller one. 
The asymptotic value of M, as n—> is (2/r) log n. 


2. Another formulation of this theorem is as follows: 
Let 


(2.1) u(d) =a. +a, a, cos nd + brasinnd 


be a trigonometric polynomial of degree n with real coefficients satisfying the 


condition 
(2. 2) | =1, real. 


Then the conjugate polynomial 


* Received March 9, 1942. 
1 A. C. Schaeffer and G. Szegé, “ Polynomials whose real part is bounded on a givet 
curve in the complex plane,” American Journal of Mathematics, vol. 62 (1940), pp 


868-876. 
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(2.3) v(d) =— + a sing -—b, cosnd + ay sin nd 

atisfies the inequality 

(2.4) lv(o)| SM, ¢ real, 

where M, has the same meaning as in (1.2). This bound can nol be replaced 
by a smaller one. 

Further discussion is devoted to the problem of determining all the cases 
in Which | U(do)| = M, holds, @o being a fixed real value. As we shall prove, 
the solution of this problem is different according as n is even or odd. 

For n even | v(¢o)! = M,, holds if, and only if, u(¢) = + uo(¢ — $v) 


where 


1+ cos(n+1)¢ 
9 
(2.5) Uo (bh) =Ao(o) + 1+ cos¢ 


here Ao() is the special sine polynomial (6.1) and y is real, y|S (n+ 1)". 


For n odd | v(do)! = M, holds if and only if u(¢) = + Ao(o — $o).- 


3. It is sufficient to prove (2.4) for ¢=0. Furthermore the sine 
polynomial 
(3.1) —u(— = bd, sin + be sin 26 
satisfies the inequality | A(@)| 1 and its conjugate is 


(3.2) + — cos 6 — Bz Cos 2G —: -— Dn cos nd 
0 that »(0) —v(0). Thus our theorem is equivalent to the following: 


Let the sine polynomial 
(3. 3) =), sind + sin 26 +--+ sin nd 
satisfy the condition | A(¢)| S1, ¢ real. Then (with the same My as before) 
(3.4) 
This bound can not be replaced by a smaller one. 
4. Next we prove the following 


LemMa. By using the notation (3.3) we have the identily 


mr 
2(n +1)! 
m odd + 1 ) ( + ) 
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Indeed, for any trigonometric polynomial U(¢) of degree 2n-+ 1 WA 


have as well-known 


(4.2) = (n +1) 37 


Apply this to the cosine polynomial * 


sin(n/2)@ sin[(n + 1)/2]¢ 
sin(¢/2) 


(4.3) U(¢) sin vp = 
Then [U(0) = U(r) =0, U(—¢) = U(¢)] 


in by — a ( > sin v6) dé 


v= y=1 
(n mmr \. ma 
n+ 1 mar ) 
2n+1 


n 
5. The inequality | > b.! = M, follows immediately from the Lemma 


=2(n-+1)9 


m=1 


This can easily be identified with (4.1). 


v=1 
The only remaining question is whether the equality sign holds for a suitabk 


sine polynomial. This is the case if and only if 


(5.1) — (or —1), 


m odd. 


These equations in combination with | A(¢)! <1 furnish 


(5. 2) N’ = (), l1=m=n, m odd. 


The total number of these conditions is n or n+ 1 according as n is evel 


or odd. They determine the sine polynomial A(¢) uniquely in the first casf 


whereas in the second case the existence of such a polynomial has to bk 
shown. Finally in beth cases the inequality | A(¢)| <1 must be verified. 


6. The special sine polynomial Ao() satisfying conditions (5.1) and 
(5.2) has the character of the so called step-parabolas. It can be obtained 
by the Hermite interpolation : * 

1+ cos(n+1)¢ 


n+ 


=msn, m odd 


(6.1) Ao(d) = 2(n+ 1)? sing — sin 


*See, for instance, G. Pédlya and G. Szegi, Aufgaben und Lehrsitze aus der 
Analysis, vol. 1 (Berlin, 1925), p. 77, p. 269, problem 16. 
°Cf. for instance, G. Szegi, Orthogonal Polynomials, Colloquium Publications, 


vol. 23 (New York, 1939), p. 324, (14.1.9). 
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‘This is indeed a sine polynomial of degree n. The verification of the con- 
ditions mentioned does not cause any trouble. We only have to show that 
the polynomial 
1+ cos(n+1)¢ 
(cos — cos mz/(n + 1)) 
1 -+- (2) 
(x Im)* 


COS d, Lm = cos mar/(n+ 1), Tnsi(x) = cos(n + 


2(n +1) sin Sin mr/(n + 1) 


(6. 2) = + 1)?(1 — an”) 4(1 — 2’) == t(z), 


satisfies the conditions ¢(a,) =1, (am) =0. But from the well-known 


differential equation 


(6.3)  (1—a?) (#7) —2T + (n (2) = 0 


} we conclude that (m odd) 


(6. 4) (2m (n + 1 ( (2m) = 3(n 1)?am (1 tm?) ~?. 


Taking into account the relation 


we obtain 


(6.6) t(a)—=2(m +1) am?) — 22) (m 1)2(1 — tn?) 
3(n ] — Lm*)~* (& — + 
{ —IXm(1 — — Im) ote +} 


{1 Lm (1 — 2m) +: 
from which the assertion follows. 


7. Further we need to show that | do(h)! S1 holds, @ real. Condition 
(5.2) furnishes [4(n-+ 1)] roots of in 0< condition (5.1) 
in combination with Rolle’s theorem [$(n + 1) ]—1 further roots of \’o(¢) 
in the same interval. The total number is 2[3(n + 1)]—1—n—1 or n 


ined 


ons, 


according as n is even or odd. But in the first case 7 is also a (double) root 
of N’o(@) so that in both cases we find the maximum number of roots for the 
cosine polynomial A’o(¢) in 0<@< 7. Thus all these roots of rA’o() are 
simple and these are the only roots of A’o(¢) in0d<@< zm. Hence Ao(¢) is 
monotonic in the intervals determined by those roots. Taking into account 
ho(0) = 0 and the conditions (5.1) we find that Ao(¢) S1 
From (6.1) we see that in the same interval Ao(¢) = 0. 


This establishes the proof of our Theorem. 


= 
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8. Finally we wish to determine all the cases in which | 1(0)|=M, 
holds. The previous argument shows that in this case u(¢) = + wo(¢) where 
(8.1) = Ao(P) + Co(¢) 5 
here ¢o(¢) is a certain cosine polynomial with real coefficients. Because of 
(2.2), (5.1) and (5.2) we must have 

mar mr 
(8. 2) l1=m=Z=n, m odd 
The number of these conditions is n or n + 1 according as n is even or odd. 


Hence in the second case ¢o(¢) = 0. 
Let n be even. Then 


_ _1+cos(n+1)¢ 
(8. 3) Co(d) y a real constant, 
are the only polynomials satisfying (8.2). We have | uo(x)| =| co(7)| 


=|y/(n+1)*?1. Now we show that 


(8.4) + (n+ 1)! 1, 


Indeed, 


h[ma/(n + 1) ] = —h{— [mx/(n + 1)]} 1, 

h’[ma/(n + 1)] = h’{— [mx/(n+1)]} =0, 1S mn, m odd. 
Also h(x) = 1, h’(x) =0. Furthermore Rolle’s Theorem furnishes n/2 roots 
of h’(¢) in 0< and n/2—1 roots in 0. Thus we find 
altogether 


(8. 5) 


n/2---1+ n/2 + n/2 + n/2—1—2n 
(mod 22) distinct roots for h’(¢). Hence all these roots of h’(¢) are simple 
and these are the only roots of h’(¢). Consequently h(#) is monotonic in 
the intervals defined by those roots. Since h(0) = (n+ 1)~? an easy dis- 
cussion furnishes (8. 4). 


STANFORD UNIVERSITY, 
CALIFORNIA. 


RADICAL IDEALS.* 


By REINHOLD BAER. 


The radical has been introduced into the theory of rings with the intent 
of constructing a two-sided nilideal modulo which there do not exist nilpotent 
right-ideals different from 0. Thus it seems justified to define as a radical 
ideal every ideal meeting these requirements. very ring possesses at least 
one radical ideal; and both the cross-cut and the sum of all the radical ideals 
are themselves radical ideals which may be called the lower and the upper 
radical respectively. It is possible that the upper and lower. radicals are 
different and that neither of them is nilpotent. If all the radical ideals are 
equal, then we say that the radical exists; and this happens e. g., if every 
right-ideal, not 0, in the quotient ring modulo the lower radicai contains a 
smallest right-ideal different from 0. If this latter condition is satisfied by 
every quotient ring of the ring under consideration, then a finite or trans- 
finite power of the radical is 0. 

Several applications of the theory of radical ideals are given: we prove a 
criterion for the existence of the identity element in rings that need not satisfy 
the minimum condition for right- (or left-) ideals; and we deduce the double 
chain condition for right-ideals from properties considerably weaker than the 
minimum condition. 

It should be noted that we have restricted our attention throughout to the 


consideration of right-ideals, 


1, Existence of the upper and lower radicals. The element z in the 
ring & is a nilelement, if x' = 0 for some exponent 1; and the right-ideal J 
in R may be termed a nilideal, if every element in J is a nilelement. The 
right-ideal J is nilpotent, if Ji=0 for some exponent i. It is clear that 
nilpotent right-ideals are nilideals, though the converse need not be true.' 
It is well known * that the sum of a finite number of nilpotent right-ideals 
is a nilpotent right-ideal; and it is obvious that J is a nilpotent right-ideal, 
whenever J is a nilpotent right-ideal and x an element in R. From these 
two facts one readily deduces the following well known statement. 


"Received May 15, 1942. Presented to the American Mathematical Society. 
April 16, 1942. 
* For an example cf. Kéthe (1), p. 165 (the numbers in parentheses refer to the 
bibliography at the end of the paper). 
* Cf. e.g. v. d. Waerden (1), p. 154. 
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REINHOLD BAER. 
LemMMA 1.1. The sum N=N(R) of all the nilpotent right-ideals in hf 
is a two-sided nilideal in R. 


Note that the ideal N(R) need not be nilpotent, as follows from ang 


example due to Kothe.* 
The ideal P in the ring # shall be termed a radical ideal,* if 


(1.a) P is a two-sided ideal ; 

(1.b) P isa nilideal; 

(1.c) the quotient-ring R/P does not contain nilpotent right-ideals 
different from 0. 

There exist ideals in # which meet the requirements (1.a) and (1.b), | 
e.g. the null-ideal. Thus we may form the sum’ U = U(R) of all the ideak§ 
P in RF satisfying conditions (1.a) and (1.5). This ideal U is clearly a two§ 
sided ideal in Ff and shall be called the upper radical of R. . 

There exist ideais in & which meet the requirements (1.a) and (1.¢),§ 
e.g. the ideal P=. Thus we may form the cross-cut L = L(R) of al 
the ideals P in R which satisfy conditions (1.a) and (1.c). This ideal Lis 
obviously a two-sided ideal in RF and shall be termed the lower radical of R. 

It is an immediate consequence of our definitions that every radical idea § 
is situated between the upper and the lower radical. But the main justificationg 


for our terminology may be seen in the following fact. 


THEOREM 1.2. The upper and the lower radical of the ring R are radica 


ideals in R. 


Proof. It has been shown by Kéthe ® that the sum of all the two-sidel ff 
nilideals in FR is a nilideal. Denote by W the uniquely determined two-sided 
ideal in # which satisfies: US W and W/U=N(R/U). There exists, by§ 
Lemma 1.1, to every element z in W a positive integer ¢ such that zr‘ is ang 
element in the nilideal U; and hence every element in W is a nilelement. Novf 
it follows from the definition of the upper radical that W = U, N( R/U) 
and thus we have shown that the upper radical of F is a radical ideal in &. 

L =U, since we have just shown that the upper radical U is a radical 
ideal, and since the lower radical L is certainly part of every radical ideal in 2. 
Consequently ZL is a hilideal, since U is a nilideal. Every nilpotent right 

*Cf. Kéthe (1), p. 165. 

* The existence of radical ideals will be assured by Theorem 1. 2 below. 

* This ideal has been considered by Fitting (1), p. 21. 

Kithe (1), p. 170. 
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ideal in R/L has the form S/L for S a suitable right-ideal between L and R; 
and from the nilpotence of S/L we infer the existence of a positive integer 1 
such that S'= L. Suppose now that condition (1.c) is satisfied by the two- 
sided ideal T in Then LST and since (7+ 
<T+S'*=T7+4+L=T; and it follows from (1.c) that (T+ 8)/T=0 
oT+S=TorS ST. Thus we have shown that S is part of every ideal T, 
satisfying (1.a) and (1.¢); and hence S = Z, proving’ that LZ is a radical 
ideal in 

Remarks, 1. The following construction of the lower radical may be of 
some interest (in particular in case the transfinite induction involved in it 


happens to stop after a finite number of steps) : 

(i) Q(0) =0. 

(ii) Suppose that the two-sided ideal Q(w) has been defined for every 
u< v. 


Case 1. If v=w-+1 is not a limit-ordinal, then Q(v) is the uniquely 
determined ideal in /? which contains Q(w) and which satisfies: Q(v)/Q(w) 
= N(R/Q(w)); that Y(v) is a two-sided ideal in R, is an immediate con- 


sequence of Lemma 1. 1. 


Case 2. If v is a limit-ordinal, then denote by Q(v) the join of all the 


we 


ideals Q(u) foru <v. It is readily verified that Q(v) is a two-sided ideal in R. 


(iii) Since the Q(v) form an ascending chain of ideals in R, there exists 
a (smallest) ordinal z such that Q(z) = Q(z2+ 1); and we put Q(z) = YQ. 

It is clear from our construction of Q@ that @ is a two-sided ideal in R and 
that R/Q does not contain nilpotent right-ideals different from 0. Hence it 
follows from the definition of the lower radical Z of R that LS Q. 

Suppose next that the ideal T in R meets the requirements (1.a) and 
(1.c). It is clear that Y(0) S 7; and thus we may assume that every Q(wu) 
foru < vis part of 7. Then it is readily verified that Q(v) is also part of T; 
and thus it follows by complete induction that Q is part of T. But this shows 
that Q = L; and thus we have shown that the ideal Q just constructed is the 
lower radical L of RP. 


2.8 If T is a two-sided ideal between L and U, then the upper radical oi 
?/T is U/T: and if T is a radical ideal, then the lower radical of R/T is 0. 

* The author is indebted to the referee for this proof, which is much simpler than 
the author’s original proof, of the fact that Z is a radical ideal. 

®* This remark is due to the referee. 
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3. It has been pointed out before that every radical ideal \is situated 
between the upper and lower radical; and it is a consequence of Theorem 1.2 
that every subideal of the upper radical is a nilideal. It may happen that 
there exist two-sided ideals between the upper and the lower radical which 
are not radical ideals; an example for this phenomenon will be constructed in 
section 2. 


4, It is a consequence of Theorem 1.2 that the upper and lower radicals 
are equal, if U/L is a nilpotent ideal in R/L. In general, however, the upper 
and lower radicals may be different, as will be seen from the example con- 
structed in section 2. 

If the upper and the lower radical are equal, then this ideal may be 
termed the radical K = K(R) of the ring R; and we say then that the radical 
of R exists. It should he noted that the radical need not be nilpotent, as may 


be seen from an example due to Kothe. 


2. Existence of different radical ideals. In this section we construct 

a ring with the following properties : 
(i) Every element in the ring is a nilelement so that the ring is its 

own upper radical U. 

(ii) The ring does not contain nilpotent right-ideals different from 0 
so that its lower radical is . 

(iii) The ring contains a two-sided ideal which is not a radical ideal. 

Denote by G an abelian group which is the direct sum of a countably 
infinite number of infinite cyclic groups; and denote by b(0),b(1),6(—1),°°°, 
b(t), b(—1),- - - a basis of G. Then there exists one and only one endo- 
morphism (= homomorphism) u(i), for 1=1,2,---, of @ such that 


0, if 7=0 mod 
b(j —1), if mod 2¢, 


The following statement may be easily verified by complete induction : 


§ b(j —m—1), if 7 An mod 2% for OS nSm 
{ 0, if 7 =n mod 2* for at least one n with 0S n Sn. 


(*) b(j)u(to) U(tm) = 
Denote by U the ring of endomorphisms of G which is generated by the 
endomorphisms u(1), u(2),°--. 


k 
Every element z 0 in U has the form: z= } 2; where 2; = + u((i,0)) 


Koéthe (1), p. 165. 
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-u(yeemi)), O< (1,7), OS mj. Tf h is the maximum of all the numbers 
it is an immediate consequence of (*) that b(j)@i,° = 
for every j, since the product of endomorphisms contains at least h factors 
u(s) with 2h. Consequently this product is 0 and this implies that 2" = 0. 
The ring U has therefore property (i). 

For a proof of property (ii) we need a closer analysis of the structure 
of the endomorphisms in U. If x is an endomorphism different from 0 in U, 


m k( 


then «= Dy(1), y(t)= e(i,j)y(i,7), e(t,j)= 241, (4,7; 0)) 


| 
(i,j:n), OS Kk(i), and y(n) #0. Denote by r some 


i) 
= 


1 


integer satisfying: m + 1 < 2" and Sr for +,m; 
+, k(t); 


If h is some preassigned positive integer, then denote by s an integer 
satisfying 2h = 2%. We proceed to prove that (cu(s)*""*)"0; a fact 
that implies the impossibility of nilpotence of right-ideals different from 0. 

It will be convenient to put z(t,7) = 

Since y(m) £0, there exists an integer ¢ such that b(t)y(m) ~0. 
Hence we may assume that the positive integer k has been determined in such 
a way that 

b(t—-m—1) for ;=1,:--.k 
b(t)y(m, 7) = a 
0 for k <j. 


k 
Then b(t)y(m) = > e(m, })b(¢ — m — 1) #0: and this shows that 


ja 
¥ e(m, )) #0, a fact we shall have to use Jater on. 

for 1 SvSh, and if e is 0 or 1, then 
it follows from (*) that b(t + jn) is either 0 or 
b(t + eh2" — (iy + 1+ (e —1)h27>+ ly) 
and this latter element is equal to b(t-+ (e—1)h2") if, and ate if, 


mM. 


If k < jy for some v, then b(t)y(m, jr) = 0; and thus there follows from 
(*) the existence of an integer n such that 0S nS m and t=nmod 2'™5v5”), 
But then we find that ¢ + eh2°=t=n=n-+ (v—1)2" mod 25e5™ and 
hence we may deduce from (*) that b(t + eh2")z(m, 2(m, jr) = 9. 
The results obtained in the last two paragraphs may be stated as follows: 

If b(t + eh2")2z(t, fr) Jn) = + — 1)h2"), then 


Assume now the existence of integers j,, j’, such that 1S je, j’e Sk and 
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b(t)2(m, 2(m, jn) = 0, + h2")z(m, 71) =O. Then 
we infer from (*) the existence of integers n, v satisfying: 1=v Sh and 


n+ (v—1)2" mod for OS nS m 
(vw —1)2" mod 28 for m< n < 2". 


If 0Sn=~™m, then t =n mod 2°"/")™: and we could deduce from (*) thai 
b(t)y(m, jv) = 9 which is impossible, since ), Sk. Thus there exist integers 
n, v such that m< n SvSh and t=n+ (vw—1)2" mod and 
likewise there exist integers n’, v’ such that m <n’ << 2%, lSv’ Sh and 
t + h2” =n’ + (v’—1)2" mod 2%. Since r<s, it follows from these two 
congruences that n==n’ mod 2"; and since m <n, n’ < 2", we deduce that 
n==n’, Sonsequently (v-—1-+ = (v’ —1)2" mod 2* or h+v—r' 
=( mod 2%". Since 1<v, Sh, we have < 2", 


a contradiction. Thus we have shown that there exists an integer t’ such that 


if, and only if, 4); - and for v—1,-- -,h. 


Now it is readily verified that 


b(t’) (xu(s)?-"-1)" == ( S e(m, 7) — + b(t) 
“0. 

since the factor of b(t’ —-h2") is, by a previous remark, different from 0. 

This completes the proof of the fact that (i1) is satisfied by the ring U. 

To prove (iii) let us consider the two-sided ideal 7 in U which is 
generated by u(2), u(3),° > -°. Every element in 7 is a linear combination 
of products u(t) *u(in) with the restriction that none of these products 
is a power of u(1). 

We note that b(j)u(1) = 4 0 for even j .. Hence u(1)? = 0; and 

{ —1) for odd 

it is readily verified that U?= 7. Thus all we have to show is that u(1) 
is not an element in T. 

Every element in T has the form: c(t)u(t) + 2’ for in 


U? so that b(t)2’= d(j)b(j). If r—u(1), then it follows from b(1) u(t) 


jAt-1 
0 fori = 

=b(0) that c(i) —1; and it follows from b(2)u(i) = 

i=2 b(1) fori 


h 
that S c(i) =0. This contradiction shows that u(1) is not in 7 so that 


4=2 


U?=T < U, as was required. 
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If we adjoin to the ring U of endomorphisms of the abelian group G the 
identity-endomorphism, we obtain a ring #& whose upper radical is U, whose 
Jower radical is 0 and which contains the two-sided nilideal 7 such that R/T 
contains nilpotent right-ideals different from 0. 


3. Characterization of the upper radical. The right-ideal J in the 
ring PR is termed a minimal right-ideal, if 0 << J, and if there does not exist 
aright-ideal J’ such that 0 << J’ < J. 


THEOREM 3.1. Jf T is a radical ideal in the ring R, and if every right- 
ideal different from 0 in the quotient ring R/T contains a minimal right- 
ideal, then T is the upper radical U of R and the upper radical of R contains 


every nilideal *° in R. 


Proof. If the nilideal J in R is not part of T, then there exists an idea! 
V between 7 and 7+ J such that V/T is a minimal right-ideal in. R/T. 
Since V/T is part of (7 +- J)/T, and since J is a nilideal, V/T is a nilideal. 
A minimal right-ideal is either nilpotent or idempotent; and since 7 is a 
radical ideal in #, it follows that V/7' is idempotent. But it is well known 
that idempotent minimal right-ideals contain idempotent elements not 0. 
Thus the nilideal V/7’ contains an idempotent element not 0, a contradiction. 
Hence it follows that 7 contains every nilideal in R. Since T is a radicai 
ideal, it is a two-sided nilideal and therefore part of the upper radical. Since 
the upper radical is the sum of all the two-sided nilideals, it follows from 
what we have shown just now that U is part of 7’, i.e. U =T contains every 
nilideal. 

The right-ideal J is termed a maximal right-ideal in the ring R, if J < R, 
and if there does not exist a right-ideal J’ such that J << J’ < R. The element 
ein R is a left-identity element, it ex =x for every element z in the ring R. 


LEMMA 3.2. If the ring R contains a left-identity element e, then each 
nilideal is part of every maximal right-tdeal. 

Proof. If the nilideal V were not part of the maximal right-ideal J, then 
k=V-+tJ and there would exist elements v and j in V and J respectively 
such that e=v-+j. By complete induction we may show the existence of 


tlements j(i) in J such that e =v! + since 


exe? = (j+v)vit ej(t) =v? 4+ jvit f(t) = ++ 1). 


This shows that under the hypotheses of Theorem 3.1 the upper radical meets 


all the requirements, concerning right-ideals, imposed upon the radical by Kéthe (1), 
p. 169. 


"Cf. e.g. v. d. Waerden (1), p. 157, Hilfssatz 3. 
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But v is a nilelement: and hence it follows that e is in J and that therefore 
J= R, an impossibility which proves our contention. 


THEOREM 3.3.1* If the ring R contains a left-identity element, and ij 
every right-ideal different from 0 in the quotient ring R/U contains a minima, 
right-ideal, then the upper radical U of R is the cross-cut of all the mazimai 


right-ideals in R. 


Remark. The example in section 2 shows the impossibility of om‘tting 
the hypothesis concerning R/U; and Theorem 9.6 below shows the need for 
assuming the existence of a left-identity element in R. 


Proof. If the intersection J of all the maximal right-ideals in R/U were 
different from 0, then J would contain a minimal right-ideal J’; and con- 
sequently we could infer ** the existence of an idempotent e340 in J’. It is 
well known that R/U is the direct sum of the right-ideals J’ and Z where 
J’ consists of all the elements v = ev and where Z consists of the elements : 
satisfying ez = 0. Thus the crosscut of Z and J’ is 0. Since J’ is a minimal 
right-ideal in R/U, Z is a maximal right-ideal in R/U. Hence J’ SJ SZ, 
a contradiction showing that J =0. Thus we have proved that U is the 
intersection of all the maximal right-ideals in R which contain U; and it 
follows from Lemma 3.2 that U is part of every maximal right-ideal in R&, 
since U is, by Theorem 1. 2, a nilideal. 


4. The anti-radical. We state the following well known fact ™* for 


future reference. 


LemMa 4.1. Jf N is a sum of (a finite or infinite number of) minimal 
right-ideals in the ring R, then every right-ideal contained in N is a direct 
summand of N and is itself a direct sum of minimal right-ideals in R. 


The sum** of all the minimal right-ideals in the ring 
shall be called the anti-radical of R; and we put M(k) —0, if there are no 
minimal right-ideals in #. This definition may be justified by the fact that 
the upper radical is, under not too narrow assumptions, just the cross-cut of 

** The author proved this theorem originally. using a stronger hypothesis. He is 
indebted to the referee for supplying him with a proof for the theorem in its present 
form. 

8 Cf. e.g. v. d. Waerden (1), p. 157, Hilfssatz 3. 

Cf. e.g. MacLane (1), p. 458, Theorems 3 and 7. 

** This ideal has been investigated by Hopkins (1) under the hypothesis that the 
minimum condition be satisfied by the right-ideals in the ring. 
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ill the maximal right-ideals in R (see Theorem 3.3); and by the fact which 
we shall prove immediately that radical ideals and the anti-radical annihilate 
each other. 

If J is a minimal right-ideal in the ring #, x an element in R, then zJ 
is either 0 or a minimal right-ideal in RP; and this shows that the anti-radical 


isa two-sided ideal. 


THEOREM 4.2. /f M is the anti-radical of the ring R and J a nilideal 
in R, then MJ = 0. 


Proof. If b is an element in the minimal right-ideal B, 7 an element 
in the nilideal J, and if bj were different from 0, then bj would be an element 
not 0 in the minimal right-ideal B so that B would be the smallest right- 
ideal containing bj. Consequently there exists an element r in R such that *° 
where j’ is an ele- 
ment in J. since j is an element in the right-ideal J. There exists an integer 1 
such that j’'=0 and this leads to the contradiction: 0 bj = by’j =: - 
=bj’‘j = 0. We have shown, therefore, that BJ = 0 for every minimal right- 


ideal B in #; and this fact clearly implies MJ = 0. 

The following condition will be imposed frequently upon the rings under 
consideration. 

(4.A) If x is an element in the ring R, then ax is contained in the 
right-ideal xR. 

This requirement is met e.g. by all the rings which contain a right- 
identity element; and (4. A) is satisfied by the ring FR if, and only if, J =JR 


for every right-ideal J in R. 


THroREM 4.38. If condition (4. A) is satisfied by the ring R, if T 1s a 
two-sided ideal in R, and if R/T is a sum of minimal right-ideals, then the 


anti-radical M contains every element x, satisfying: «T = 0. 


Proof. If «T =0 is satisfied by the element z in R, and if the right- 
ideal J in R contains 7 and is a minimal right-ideal modulo 7’, then either 
tJ =0 or «J is a minimal right-ideal in R. The right-ideal 7R is con- 
sequently a sum of minimal right-ideals in R, since R/T is a sum of minimal 
right-ideals in R/T’: and as a sum of minimal right-ideals zR is part of the 
sum M of all the minimal right-ideals in R. Applying condition (4. A) to 


tR = M we find finally that x is in MW whenever eT = 0. 


‘© This more complicated form for the most general element in the right-ideal 


generated by bj is due to the fact that no identity element need exist in R. 
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Remark. The impossibility of omitting condition (4. A) in Theorem 4,3 
may be seen from the following example: Denote by # the ring of all the 
multiples of the prime number p considered modulo p* and denote by T th 
ideal of all the multiples of p* in #. It is obvious that T is a two-sided ideal 
in R such that R/T is a minimal ideal and such that RT = 0, though R js 
not a sum of minimal ideals. 

The following statement is an immediate consequence of Theorems 1.2, 
4,2 and 4. 3. 


THEOREM 4.4. (a) MU =0. 


(b) If condition (4. A) is satisfied by the ring R, and if R/U is a sum 
of minimal right-tdeals, then the anti-radical is exactly the set of all th 
the elements x which salisfy: «U =0. 


Remark. The impossibility of omitting the second hypothesis in (b) may 
be seen from the example of the ring of all the integers whose radical and 
anti-radical are both 0. 

The following lemma will prove useful later on. 


LeMMA 4.5. If the right-ideal J in the ring R is contained in the anti- 
radical M of R, then J? =J*, 


Proof. It is a consequence of Lemma 4.1 that J is a sum of minimal 
right-ideals. If Z is a minimal right-ideal in R, then Z* is a subideal of Z 
and consequently either Z*=—Z or Z*=0. If Z is a minimal right ideal 
contained in J, then Z* = implies that ZS J*, and Z* = 0 implies that 
Z is part of the cross-cut C of J and the upper radical U. From these facts 
we deduce that J =J*-- C. From Theorem 4. 2 we infer that JC = MU =0. 
Consequently J? =J(J*+-C) 

M. Hall has shown ** that every algebra may be decomposed in one and 
only one way into the sum of a semi-simple and a “bound” algebra. Th 
following concepts will be needed for an extension of his theorem. 

We denote by A = A(£) the set of all the elements x in R which satisfy: 
rU = Ur=0; and we denote by B = B(RF) the set of all the elements > in 
R which satisfy: bA? = A*b = 0. It is obvious that A and B are two-sided 
ideals in R#, and that U = B. 

THEOREM 4.6. Suppose that condition (4. A) 1s satisfied by the ring R. 

(a) If R 1s the direct sum of the two-sided ideals S and T, if U ST, 
and if the cross-cut of A and T is part of U, then S = A? and T = B. 


17 Hall (2), Theorem 2. 2. 
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(b) If R/U is a sum of minimal right-tdeals, then the cross-cut of A* 
md B is 0; and the cross-cut of A and B is part of U. 


(c) If R/U is a sum of minimal right-rdeals, and if the cross-cut of A* 
md the antt-radical M of R is the sum of a finite number of minimal right- 
ideals,'® then R is the direct sum of A? and B. 


Proof. If the two-sided ideals S and T meet the requirements of (a), 
then ST’ = TS = 0 and consequently S= A. If D is the cross-cut of A and 
T,then A is the direct sum of S and D, and PD is part of U. Thus D?S AU 
=0 and A? = S*+ D* = 8; and this implies B= T. 


If R/U is the sum of minimal right-ideals, then it follows from Theorem 
4.4, (b) that A is part of the anti-radical M of R; and hence it follows from 
Lemma 4.5 that A* = A*. If W is the cross-cut of A* and B, then we deduce 
fom Lemma 4.1 the existence of a right-ideal V such that A? is the direct 
sum of W and V. Clearly A?W == WA? 0 and hence we have A* = A* 
=(V + W)*= V*, proving that W=0. The cross-cut of A and B is part 
of M and is therefore the sum of minimal right-ideals. If Z is a minimal 
right-ideal, then either Z* = Z or Z* 0; and if Z = Z*, then Z is part ot 
4? and is therefore not contained in B. If Z* = 0, then Z is nilpotent and 


is therefore part of (/; and this completes the proof of (b). 

If the requirements of (c) are met by the ring, #, then A® is the sum of 
a finite number of minimal right-ideals; and since the cross-cut of A? and B 
is 0, it follows from U’ = B that the minimal right-ideals contained in A? are 
idempotent. Now we may deduce by the customary arguments ’* the existence 
of an idempotent e such that A* eR. Denote by FL the set of elements 2 
in A* such that ve = 0. Clearly F is a left-ideal and the two-sided ideal ER 
satisfies: (HR)? = ERERS E*RS = =0, showing that FRSU. 
Applying (4. A) we infer now that # S FR SU; and since the cross-cut of 


A? and U is part of the cross-cut 0 of A* and B, it follows that # = 0; and 


fy: 


from this fact we deduce that A° = eR = eA* = Re = A*e; and this shows 
that the element } in 2 belongs to B if, and only if, be =eb =0. If r is any 


edement in R, then e(r—ere) and (7 —ere)e belong both to eR = Re and 


satisfy therefore: ere)—=e(r—ere)e =0 and (r—ere)e=—e(r—ere)e 
=(). Consequently ere belongs to A* = eRe and r—ere belongs to B, i.e. 
fis the direct sum of A? and B. 

Tt is not known to the author whether or not this hypothesis is needed for the 
validity of the proposition (c). 
*E.g. v. d. Waerden (1), pp. 156-158. 
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5. The anti-radical series. An ascending chain of two-sided idea 
M, = M,(#) in the ring R may be defined by complete (transfinite) inductioy 


as follows: 
(i) AZ, is the anti-radical M of R. 


(ji) M.., is the uniquely determined two-sided ideal in Rk which con. 
tains M, and which satisfies: M(R/M,) = 


(iii) If v is a limit-ordinal, then J/, is the join (and therefore the sum) 
of all the ideals WV, for u< v. 


(iv) There exists a smallest ordinal m= m(R) such that Mn = Mn, 


THEOREM 5.1. R= M,, for some (finite or infinite) ordinal m tf, and 
only if, the following condition is satisfied by every quotient-ring of R: 


(5.B) Every right-ideal different from 0 contains a minimal right-deal, 


Proof. 1f condition (5. B) is satisfied by every quotient ring of R, and 
if M, < R, then R/M, contains a minimal right-ideal so that M, < M,,,. 
Since Mn = M,,,, for some ordinal m, this shows the sufficiency of the 
condition. 

If R = M,, for some ordinal m, and if T is a two-sided ideal different 
from #, then it is easy te construct a well-ordered ascending chain of right- 


ideals J(v) with the following properties: 


(a) J(0) =T. 

(b) J(v) <J(v+1) and there does not exist a right-ideal J satis- 
fving: J(v) <J <J(v+1). 

(c) If v is a limit-ordinal, then J(v) is the join of all the right-ideals 
J(u) foru<v. 


(d) J(w) =F for some (finite or infinite) ordinal w. 


If J is some right-ideal in & such that T < J, then there exists a smallest 
ordinal z such that the cross-cut of J and J(z) is different from 7’, since the 
cross-cut J of J and J(w) =F is different from 7. It is an obvious con- 
sequence of (c) that z cannot be a limit-ordinal; and we may readily verify 
that the cross-cut V of J and J(z) is a minimal right-ideal modulo 7, as was 


to be shown. 


Corotiany 5.2. If R=M,, for some ordinal m, then the radical K 


of the ring R exists. 
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Proof. Jf R= M,,, then it follows from Theorem 5.1 that (5. B) is 
sitisfied by R/L. Llence it follows from Theorems 1.2 and 3.1 that the 
lower radical L and the upper radical U of the ring F are equal, i.e. U = L 
is the radical A of PR. 

We note that under the hypotheses of Corollary 5.2 every nilideal is con- 
tained in the radical A of R. 

It should be mentioned finally that (5. B) is satisfied by every quotient 
ring of #, whenever the minimum condition is satisfied by the right-ideals in R. 

6. The powers of the radical. If J is a right-ideal in the ring R, then 
the (finite and transfinite) powers J° of J are defined by transfinite induction 
as follows: 

(i) 

(ii) J! == JJ’, 

(iii) If v is a limit-ordinal, then J° is the cross-cut of all the J” for 

(iv) There exists a (smallest) ordinal s=s(J) such that J* = J**, 

It is clear that the powers of a right-ideal are right-ideals; and that the 


powers of a two-sided ideal are two-sided ideals. 
If J is a right-ideal in R, and if uss v, then J°S J". 


Proof. We prove this contention by complete induction with regard to v. 
It is certainly true for v1; and thus we may assume that J° S.J" for 
vv. 


Case 1. v is a limit-ordinal. 


Then J” is the cross-cut of all the J“ for w< v so that u < v implies 
es J*, 


Case 2. vu =w-+ 1 for w a limit-ordinal. 


Then J°= JJ” JJ* = J“ for every Thus is part of the 
cross-cut of all the J"*' for w< w; and this cross-cut is just J”, since w is a 
limit-ordinal. 


Case 3. v=2z-+ 2 for some ordinal z. 


Then: = JJ** = JJ? =J*' J“ for wSz24+1< and this com- 
pletes the proof. 


THEOREM 6.1. If J is a nilideal, then M,J* =0 for every ordinal v. 
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Proof. It is a consequence of Theorem 4. 2 that M,J'= MJ =0. Thy 
we may assume that our assertion holds for every u < v. 

Case 1. v=w-+1 is not a limit-ordinal. 

Then M,/M,y is the anti-radical of R/Mw and (J + Mw)/Mw is a nil 
ileal in the quotient ring R/Miw~. Hence it follows from Theorem 4. 2 tha 
their product is 0; and from this fact we deduce M,J = My. From th 


induction-hypothesis we infer = 0, Consequently we find tha 
=M,JJ* = M,J”" =0. 


Case 2. v is a limit-ordinal. 


If 2 is any element in M,, then we deduce from the definition of M, a 
the join of the M, with u< v the existence of an ordinal u< v such tha 
isan element in My. It is a consequence of the definition of J® that S J*: 
and hence it follows from the induction-hypothesis that 2J° < M,J* =0; 
and thus we have shown that M,/* = 0. 


6.2. If R=M,, for some ordinal m, then = 0. 
Remark. The existence of the radical K of F# is assured by Corollary 5.2 
Proof. It is an immediate consequence of Theorem 6.1 that 
KK" = RK™ = M,Kk" = 0, 
Note that we could infer A” = 0 from hk = My, if 0 were the only ele 
ment x in PF satisfying kr = 0. 


That K* = 0 need not imply R = M,,, may be seen from the examplk 


of the ring of all the integers where JM/, = K” = 0 for every v. 


THEOREM 6.3. If R = M» for some ordinal m, then each of the following 
properties of the right-ideal J in R implies all the others: 
(i) J is a nilideai. 
(ii) J isa part of the radical K of R (whose existence is assured by 
Corollary 
(iii) J* = 0 for some ordinal k. 


Proof. It is a consequence of Theorems 5.1 and 3.1 that every nilideal 
is part of the radical. If the right-ideal J is part of the radical K of R, then 
we deduce from Corollary 6.2 that k™'=0. If finally J* = 0 fo 
some ordinal k, then we denote by J, the cross-cut of J and of M,, and w 


put Jo=0. We proceed to prove by complete (transfinite) induction tual 
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wery Jv is a nilideal, a fact that is clearly true for v-=0. Hence we may 


assume that J, is a nilideal for every u < v. 
Jase 1. v=w-+ 1 is not a limit-ordinal. 
C 1 + 1 not a limit-ordinal 


The right-ideal J* = (My + Jv)/Mw is part of the anti-radicai M,/M, 
of the ring R/M,; it is, therefore, the sum of minimal right ideals in R/Mv. 
If Z* is a minimal right-ideal in R/M,., then either Z7** = 0 or Z* = Z*?, If 
the idempotent minimal right-ideal Z* were part of J*, then there would 
exist an element e in J, which is not contained in Jw, though e—e? is an 
dement in J, since every idempotent minimal right-ideal contains an idem- 
potent not 0.°° It is a consequence of the induction-hypothesis that Jw is a 
nilideal and that therefore e—e? is a nilelement. Consequently we are able 
to deduce from a theorem of G. Kéthe *' the existence of an idempotent j ~ 0 
in Jy SJ, a fact that is clearly incompatible with J*=0, Thus we have 
shown that /J* is the sum of minimal right-ideals whose squares are 0; and 
from this result it is easily deduced that J**=0. But J,?S My is an 
immediate consequence of J*’=0. Since Mw is a nilideal, the square of 


every element in J, is a nilelement, i.e. J, is a nilideal. 
Case 2. v is a limit-ordinal. 


Then every element in J, is contained in some J, for u < v; and it follows 
from the induction-hypothesis that every element in J, is a nilelement, i. e. 


that J, is a nilideal. 
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This shows that / is a nilideal, since J =./,, is a consequence of R = My. 


Remark. If J is an ideal, neither 0 nor 1, in the ring of natural integers, 
then J° = 0, though J is not a nilideal; and this shows that the hypothesis 


R=M,, cannot be omitted in Theorem 6. 3. 


THeEoreM 6.4. If condition (4. A) ts satisfied by the ring R, and if 
R/U is a sum of minimal right-ideals, then Mj is, for every positive integer 4, 


exactly the set of all the elements x in R which satisfy: 2U' = 0. 


Proof. The validity of our contention for i= 1 is an immediate con- 
sequence of Theorem 4.4, (b). Thus we may assume that M/;-, is exactly the 
set of all the elements x in R which satisfy: cU**—0. The ideal Mj/Mi. 
is the anti-radical of the ring R/Mj.; and (U + Mi-.)/Mi- is, by Theorem 
1.2, a two-sided nilideal in R/M;_. modulo which this ring is a sum of 


*° E.g. v. d. Waerden (1), p. 157, Hilfssatz 3. 
*! Kithe (1), p. 168, Hilfssatz 3. 
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minimal right-ideals. Hence it follows from Theorems 4.2 and 4.3 thy 
Mj; is exactly the set of all the elements 2 in R which satisfy: rU < M,, 
But it is a consequence of the induction-hypothesis that 2U is part of ¥, 
if, and only if, 0 = ¢I7Ui = xU'; and z is therefore an element in M; if, an 
only if, zU‘ = 0, as was to be shown. 


THEOREM 6.5. If the right-ideci J in R is part of Mj for i « positiy 
integer, then J?* 


Proof. It is a consequence of Lemma 4.5 that our theorem is true for 
i==1. Thus we may assume the validity of the theorem for subideals of ¥ 
and we have to derive it from this induction hypothesis for the subideak 
of 

Assume now that the right-ideal J in F is part of Mi,;. The right-idea 
(M;i+J7)/M; in R/M; is part of the anti-radical M(R/M;) = 0 
the quotient ring 2#/M;; and hence we deduce from Lemma 4.5. that 
M,+J?=M;,+J*. The cross-cut C of AM; and J? is a subideal of M, an 


consequently we may infer from the induction hypothesis that C* = C*".— 


= J? ani 


and the above equation may be restated as J? = C + J*, since J* 
since we may apply the modular (Dedekind’s) law. Expanding (C+ J*)*" 


we obtain 


j=1 


where every summand Vj; is the sum of products of 2'—1 ideals of which 
j are equal to J* and the remaining 2' — 1 —j factors are equal to C. Sine 
C = it follows that V; <= -1-j) J2't+j-2 or 


> 


CV; 
Consequently we find that 
j=l 
J 
since = J*"*1; and this completes the proof. 

7. Nilpotent ideals. It is an immediate consequence of the definitiol 
of radical ideals (cf. condition (1.¢)!) that they contain every nilpotent 
right-ideal. On the other hand it has been pointed out that radical ideals 
need not be ni‘potent. Thus we shall give in this section several criteria fot 
a nilideal, in particular a radical ideal, to be nilpotent. 
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THEOREM 7.1. Every nilideal contained in M; for i a positive integer 


is nilpotent. 


Proof. It is a consequence of Theorem 6.1 that a nilideal J contained 
in M; satisfies: J*** = JJ' = M;J' =0, and J is therefore nilpotent. 


THEOREM 7.2. Jf the marimum-condition ** is satisfied by the nilpotent 
right-ideals in the ring R, then the lower radical of R is nilpotent. 


Remark. That the hypothesis of this theorem is not sufficient for proving 
that the upper radical is nilpotent, may be seen from the example in section 2. 
It seems to be an open question whether or not the maximum condition for 


right-ideals is sufficient for nilpotence of the upper radical. 


Proof. ‘There exists a greatest nilpotent right-ideal G in R. Lf J is a 
nilpotent right-ideal in R, then G+ J is a nilpotent right-ideal so that / 
is part of G. Consequently G is the sum of all the nilpotent right-ideals in R. 
It is a consequence of Lemma 1.1 that G is a two-sided ideal in R. There 
cannot exist nilpotent right-ideals different from 0 in R/G, since Z‘ S G and 
the nilpotence of (¢ imply the nilpotence of 7. This shows that the nilpotent 
ideal G is a radical ideal: and it is readily verified that G is the lower radicai 


of the ring BR. 


TueoreM 7.3. Jf R= M,, for some ordinal m, and if at least one of 
the two chains M, and K° is finite, then the radical K of R is nilpotent. 


Remark. The existence of the radical K is a consequence of Corollary 5. 2. 

Proof. 1f R= M, for some finite ordinal m, then the nilpotence of the 
radical is a consequence of Theorem 7.1, since the radical is by Theorem 1. 2 
a nilideal. 

If R= M,, for some ordinal m, then it follows from Corollary 6.2 that 
Kk"! 0, If the chain K° is finite, then there exists a finite ordinal 7 such 


that K* == Kitt = 0, 
The next theorem is a partial converse of Theorem 7. 3. 


THEOREM 7.4. Jf condition (4.A) is satisfied by the ring R, if the 
radical K of R exists and is nilpotent, and if R/K is a sum of minimal right- 
ideals, then R= M; for some positive integer i. 

Proof. There exists a positive integer i such that K'—0; and it is a 


*? It states that every not vacuous class of nilpotent right-ideals contains at least 
one greatest ideal. 
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consequence of Theorem 6.4 that Mj; is exactly the set of all the elements z 
in R which satisfy: —0. Since RK‘ = RO =0, it follows that M; 
The third condition in Theorem 7.4 cannot be omitted, since in the 


ring of all the integers radical and anti-radical are both 0. 


CoroLuary 7.5. Suppose that condition (4. A) is satisfied by the ring R, 
that R/U is a sum of minimal right-ideals, and that 0 its the only element + 
in R that satisfies Rr =0. Then 


Ui =0 if, and only if, Mj =R (for ia positive integer). 


Proof. That U'=0 implies /; = R, is an immediate consequence of 
Theorem 6.4; and that @M;—R implies U‘'—0, may be inferred from 
Theorem 6.1, since and since is a consequence 
of RS = 0. 


8. Maximum and minimum conditions.** In the results of the previous 
sections there occurred hypotheses that are connected in various ways with 
maximum and minimum conditions. In this section we investigate the rela- 
tions between these properties. 


THEOREM 8.1. Suppose that the maximum condition is satisfied by thé 
right-ideals in the ring R. Then the minimum condition is satisfied by the 
right-ideals in R if (and only if) condition (5.B) is satisfied by every 
quotient-ring of R. 


Proof. If condition (5. B) is satisfied by every quotient ring R, then 
there exists, by Theorem 5.1. an ordinal m such that R=M,,. Since the 
ideals M, form an ascending chain, and since the maximum condition is 
satisfied by the right-ideals in R, there exists a positive integer i such that 
M;= Mj... Since R=M, for some ordinal m, it follows that R = M, for 
ia finite ordinal. It is a consequence of the definition of the series M, that 
My/M» is a sum of minimal right-ideals in R/M,; and we infer from the 
maximum condition for right-ideals that M,,,/My is a sum of a finite number 
of minimal right-ideals. Consequently there exists a finite composition series “ 
of right-ideals in R; and it is well known that the minimum condition for 
right-ideals is a consequence of this fact. 


°° The maximum (minimum) condition is satisfied by the right-ideals in the ring , 

if in every not vacuous set of right-ideals there exists a right-ideal which is not smaller 

(greater) than any other right-ideal in the set. 

** A composition series is a densest finite ascending chain of right-ideals. 
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If there exists in the ring R an infinite independent set *° of right-ideals, 
then there exists in ? a countably infinite, independent set of right-ideals 
J(i) #0 for i—1,2,---. The chain of right-ideals }J(j) is an infinite 


j<t 

ascending chain of right-ideals; and the chain > J(j) is an infinite de- 
i<j 

sending chain of right-ideals. Thus the maximum as well as the minimum 

condition for right-ideals implies the following property of rings R: 


(8.C) There does not exist an infinite independent set of right-ideals. 


If (8.C) is satisfied by the ring FR, then it follows from Lemma 4. 1 that 
the anti-radical VM of FR is the (direct) sum of a finite number of minimal 
right-ideals. The following statement is a partial converse of this fact. 


THEOREM 8.2. Jf condition (5. B) is satisfied by the ring R, and tf the 
anti-radical M is a sum of a finite number of minimal right-ideals in R; then 
(8.C) is satisfied by R. 


Proof. Suppose that S is an independent set of right-ideals different 
from 0 in R. If J is a right-ideal in the set S, then J contains a minimal 
right-ideal J’. The set S’ of these minimal right-ideals J’ is independent 
and contains as many elements as S. Since there does not exist an infinite 
independent set of minimal right-ideals in R, it follows that S is a finite set 
and that therefore (8.C) is satisfied by R. 


LemMA 8.3. If conditions (5.B) and (8.C) are satisfied by the ring R, 
and if R does not contain nilpotent right-ideals different from 0, then R ts 


the sum of a finite number of minimal right-ideals. 


Remark. This is a generalization of the so-called “‘ Fundamental Theorem 
on Semi-simple Rings.” °° 
Proof. Suppose that we have constructed idempotents én meeting 


the following requirements: 
(a) eR is a minimal right-ideal. 
(b) eje; = 0 for 


This is certainly possible for n= 0. 
We note that the right-ideals e;R form an independent set of right-ideals. 


** The set S of ideals is said to be independent, if the cross-cut of any ideal J in 
S with the sum of the other ideals in S is 0. 
*° Cf. e.g. v. d. Waerden (1), p. 156. 
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Let W(n) be the right-ideal of all the elements x satisfying: ¥& ej = 


(W(0)—AF). Then it is readily seen that R= W(n) 4S eR; and we 


have effected the proof of our lemma, if W(n)=0. Should W(n) be dit. 


ferent from 0, then it contains a minimal right-ideal J; and J contains, }y 
a well known theorem,?” an idempotent e+40, since J=J*. Put ¢,, 


=e—eDe. It is readily verified that en,: is an idempotent, satisfying 


= = 0 for and that J—e,.,R; and thus th 
idempotents meet the requirements (a) and (b). 


If this construction would never stop, i.e. if the right-ideal W(n) wer 
different from 0 for every positive n, then we would be led to the infinite 
independent set of minimal right-ideals e,R,- - +. contradicting 
condition (8.C). This completes the proof. | 


THEOREM 8.4. If condition (4. A) is satisfied by the ring R, then each 
of the following properties implies all the others: 


(1) The maximum and the minimum condition are satisfied by th 
right-ideals in R. 

(2) The minimum condition is satisfied by the right-ideals in R. 

(3) Conditions (5.B) and (8.C) are satisfied by every quofvent-ring 
of the ring R; and the descending chain of the powers of the radical ** K of 
R is finite. 

Proof. It is obvious that (1) implies (2); and that (3) is a consequence 
of (2) is a consequence of facts we mentioned when introducing condition 
(8.C). 

If (3) is satisfied by the ring #, then it follows from Theorem 5, 1 that 
? = M,, for some ordinal m; and from Lemma 8.3 that R/K is the sum of 
a finite number of right-ideals. There exists a positive integer 1 such that 
Ki = K**"; and it is a consequence of Theorem 6.4 that M, is, for finite 1, 
exactly the set of all the elements «, satisfying cK" —0. This shows th 
equality of M; = M;,,. Hence we have Mj = Mi. =: Mn=R. Sinee 
there do not exist infinite independent sets of right-ideals in R/Mp, it follows 
from Lemma 3.3 that M,.,/M, is the sum of a finite number of minimal 
right-ideals. Consequently there exists a finite composition series of right- 


ideals in R, a fact which is equivalent to our property (1). 


*7 Cf. e.g. v. d. Waerden (1), p. 157. 
*8 The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 
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Remarks. 1. In proving that (1) is a consequence of (3) we did not 
use‘condition (3) in its entirety. That condition (5. B) is satisfied by every 
quotient ring of #, and that the powers of the radical form a finite chain, 
are hypotheses indispensable for the above proof. But it is not necessary to 
assume that (8.C) is satisfied by every quotient ring of R. It would have 
been sufficient to make sure that the quotient rings R/M; for finite i and R/K 
meet the requirement (8.C); and for the latter assumption we could have 
substituted the weaker hypothesis that R/K is a sum of minimal right-ideals. 


2. It has been shown elsewhere *’ that a ring with minimum-condition 
for right-ideals possesses a right-identity element if, and only if, it satisfies 
condition (4. A); and Ch. Hopkins *° has shown that the maximum condition 
for right-ideals is a consequence of the minimum condition for right-ideals, 
provided there exists a right-identity element. It should be noted, however, 
that condition (4. A) is indispensable for the validity of this Theorem 8. 4, 
as may be seen from the following example: denote by FR any infinite abelian 
group without elements of infinite order which contains only a finite number 
of elements of order a prime; such a group is the direct sum of a finite 
abelian group and of a finite number of groups of type ** p®. If we define 
ry = 0 for every pair of elements x and y in FR, then & is a commutative ring, 
satisfying 0°. The ideals in R are just the subgroups of the additive 
group R: and thus it becomes apparent that the minimum condition is 


satisfied by the ideals in RP, but not the maximum condition. 
9. Existence of the identity. The following statement is basic for the 
considerations of this section. 


LemMaA 9.1. Jf conditions (5.B) and (8.C) are satisfied by*? R/K, 
then there exists an idempotent e in R such that e=ex=vze modulo K for 


1 of 
that 
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every element «in R. 


Proof. R/K is a ring without nilpotent right-ideals different from 0, 
by Theorem 1.2; and #/K is, by Lemma 8. 3, the sum of a finite number of 
minimal right-ideals. Hence there exists, by a well known theorem,** an 
identity element in R/K, i.e. there exists an element f in R such that 

°° Baer (1), Corollary to Theorem 6. 

°° Hopkins (1), p. 726, Theorem 6. 4. 

*t The groups of type p%®© have been discovered by H. Priifer; they are generated 
by a countable number of elements g; subject to the relations: g, is an element of 
order 9; = 9 ;P- 

*? The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 
3 Cf. e.g. v. d. Waerden (1), p. 156. 
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2 ==azf=fx modulo K for every x in #. If f is any element meeting this 
requirement, then f?—f—/’ is an element in K; and we deduce from 
Theorem 1.2 the existence of a positive integer n = n(f) such that = 0, 
Thus there exists among the elements which represent an identity element 
modulo K one, say e, with minimal n(e). It is readily verified that e is an 
idempotent (which clearly meets all our requirements), since otherwise *! 
=e — ee’ +e’ [for e’ =e? —e] would be an element which represents 


the identity element modulo K, though n(e,) were smaller than n(e). 


THEOREM 9.2. If R= My, for some (finite or infinite) ordinal m, and 
if condition (8.C) is satisfied by the ring *° R/K, then the property that every 
element x in R is contained in Ra is a necessary and sufficient condition for 
the existence of a left-identity-element in R. 


Proof. If e is a left-identity-element in R, then z= ez belongs to Rz, 
showing the necessity of the condition. We assume now that the condition: 
“x belongs to Rx” is satisfied by the ring R. It is a consequence of Theorem 
5.1 that condition (5. B) is satisfied by every quotient ring of R; and hence 
we may deduce from Lemma 9.1 the existence of an idempotent e such that 
xz == ex==ze modulo K for every element x in R. We denote by W the set 
of all the elements x in RF such that exe —0. Since r=ezr modulo K, it 
follows that W is part of K. Finally we have R= Re + K. 

We proceed to prove by complete (transfinite) induction that WS K' 
for every v. This is certainly true for v1; and thus we may assume that 
WS K* for every u < v. 


Case 1. v=w-+1 is not a limit-ordinal. 


Then we deduce from the hypothesis that x is an element in Rz and from 


the induction hypothesis the inequality: 
< KK” =k’. 
Case 2. v is a limit-ordinal. 


Then K®* is the cross-cut of all the K“* for u<v; and W=K° is an 
immediate inference from the induction-hypothesis. 
It is a consequence of and Corollary 6.2 that K™** Thus 


W, as a part of K™*, is 0. 


** This construction is due to Kéthe (1), p. 169 and Dickson (1), p. 123. 
°° The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 


RADICAL IDEALS. 559 


Since x — ex belongs to W for every 2 in R, it follows that x = ex for 
every in R, i.e. that isa left-identity-element in R. 


Remark. The condition: R = M,, was only needed in the proof to assure 
that condition (5. B) is satisfied by R/K and that K™** 0; and these two 
apparently weaker conditions may be substituted for R = Mn. 


The identity is an element e in F that satisfies ex = re = «. 


Coronary 9.3. If R=Mn for some (finite or infinite) ordinal m, 
and if condition (8. C) is satisfied by the ring * R/K, then the following two 
conditions are necessary and sufficient for the existence of the identity 1 im 
the ring R: 


(i) =0 implies x = 0; and 


(ii) Ra contains x. 


Proof. The necessity of the conditions (i) and (ii) is obvious. If these 
conditions are satisfied by the ring &, then we deduce from Theorem 9.2 the 
existence of a left-identity-element e in R; and e is the identity 1 in R, since 


(v-— ze) R = (x — re)eR = (xe—--ze)R =O implies by (i). 


THEOREM 9.4. Jf R= Mm» for some (finite or infinite) ordinal m, and 
if condition (8.C) is satisfied by the ring ** R/K, then condition (4. A) is 
a necessary and sufficient condition for the existence of a right-identity- 
element in R. 


Proof. If e is a right-identity-element in R, then x= ze is contained 
in the right-ideal 2k, showing the necessity of condition (4. A). If condition 
(4.A) is satisfied by the ring R, then we deduce from Theorem 5.1 the 
validity of condition (5.B) in every quotient ring of R; and hence we may 
infer from Lemma 9.1 the existence of an idempotent e satisfying = er 
=ze mod K for every element x in R. Clearly R=eR-+ K. 

It will be convenient to put 0 = Mo. Then we prove by complete (trans- 
finite) induction that VM, = M,e and that 0 is the only element x in M, 
satisfying ze = (0. This fact is patently true for v0 and thus we assume 
it to be true for every u < v. 


Case 1. v=w-+1 is not a limit-ordinal. 


Then My = Mwe and 0 is the only element x in My such that ze = 0. 


** The existence of the radical K is assured by Theorem 5.1 and Corollary 5. 2. 
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If y is an element in M, such that ye = 0, then yR = yeR + yK = yK; and 
since M,/M, is the anti-radical of the ring R/M., it follows from Theorem 
4.4, (a) that yR=yK =M,. But it is a consequence of (4. A) that y is 
an element in yR and therefore in M,-; and now we deduce from the in- 
duction-hypothesis that y= 0. Consequently 0 is the only element x in 
such that ve =0; and = M;e is an obvious consequence of this fact. 


Case 2. v is a limit-ordinal. 


If x is an element in /,, then there exists an ordinal wu < v such that 
x is an element in My. Hence it follows from the induction-hypothesis that 
= xe showing that M, = M,e and that therefore 0 is the only element 
in M, such that ze = 0. 

Now it is evident that R = M,, = M,,e = Re and that consequently e is 
a right-identity-element for 2. 

By essentially the same arguments as the ones used in the proof of 
Corollary 9.3 we deduce the following statement from Theorem 9. 4. 


Corotiary 9.5. Jf R= M» for some (finite or infinite) ordinal m, and 
if condition (8.C) is satisfied by the ring *® R/K, then the following two 
conditions are necessary and sufficient for the existence of the identity 1 in 


the ring R: 
(1) Rr=0 implies x = 0; and 
(ii) contains 2. 


It has been assumed in Theorems 9.2 and 9.4 and in Corollaries 9.3 
and 9.5 that condition (8.C) is satisfied by the ring R/K. The impossi- 
bility of omitting this hypothesis may be seen from the following example: 
Denote by F a field, by G an abelian group which admits the elements in F 
as operators and whose rank over F' is infinite, and by R the ring of all the 
(proper and improper) automorphisms of the group @ over F' which map 6 
upon a subgroup of finite rank. It is readily seen that R contains neither a 
left-identity-element nor a right-identity-element, that R = M and that K =. 
If r is any element in R, then denote by G, the set of all the elements in 6 
which are mapped upon 0 by r. Clearly G" and G/G; are isomorphic groups 
of finite rank over R; and hence there exist idempotents e, f in R such that 
every element in G@*" is left invariant by e, G, is mapped upon 0 by f and 
every coset of (/G, is mapped by f upon an element in itself, since both 6’ 
and G, are direct summands of G. Clearly r= re = fr showing that every 


subset S of RP is contained in both SR and PS. 
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THEOREM 9.6. Jf conditions (5.B) and (8.C) are satisfied by *® R/K, 
then the following pair of properties is a necessary and sufficient condition for 
the existence of a left-identity-element in R: 


1) Every right-ideal different from R is contained in a maximal right- 
ideal in R. 

(b)** Phe radical K of R is the cross-cut of all the maximal right-ideals 
in R, 

Proof. Suppose that there exists a left-identity-element e in R. If the 
right-ideal J in # is different from FR, then there exists a greatest right-ideal 
Gin R which contains J, but which does not contain e. Clearly @ is a maximal 
right-ideal in #, since Reh. It is a consequence of Theorem 1. 2 and of 
Lemma 8.3 that R/K is a sum of minimal right-ideals; and hence it may be 
inferred from Theorem 3.4 that A is the cross-cut of all the maximal- right- 


ideals in R. 

Suppose now, conversely, that the conditions (a) and (b) are satisfied by 
the ring A. There exists by Lemma 9.1 an idempotent e in RF such that 
«== ex =e modulo K for every element x in R. Since the elements v satis- 
fying ev = 0 are certainly contained in K, it follows that R=eR+K. Ii 
the right-ideal eR in A were different from F#, then there would exist a 


maximal right-ideal G in FR which contains eR. It is a consequence of (b) 
that K = G; and thus we are led to the contradiction: R=eR+KSG< R. 


Hence R = eR and e is a left-identity-element in R. 


Remarks. 1. If & is the ring of all the even rational integers, then the 
radical of # is 0; and it is readily seen that conditions (a) and (b) are 
satisfied by R. Condition (8.C) is satisfied too; but R does not contain an 
identity. This shows the impossibility of omitting the hypothesis that con- 


dition (5. B) be satisfied by R/K. 


we 


2. Suppose that the abelian group F# is the direct sum of a group K 
of type 2* and of a cyclic group of order 2 which is generated by an element e. 
In R we define a commutative multiplication by the rules: we = 0, if at least 
one of the factors uw and v is in K; and e=e?*. It is readily seen that K is 
the only maximal ideal in A, and that K is the radical in R. Thus conditions 
(5.B) and (8.C) are satisfied by R/K and condition (b) is satisfied by R. 
But there does not exist an identity element in R; and this shows the im- 


possibility of omitting condition (a) in Theorem 9. 6, 


** Considering this condition (b) and Theorem 4.4 it may be shown that Theorem 
9.6 is a generalization of a theorem due to M. Hall; ef. Hall (1), p. 362, Theorem 3. 2. 
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10. The quasi-regular elements. S. Perlis ** has recently discovered 4 
characterization of the radical of an algebra which is rather different from 
the usual criteria. We devote this section to a generalization of his theory, 

An element x in the ring F# is termed quasi-regular,*® if there exists an 
element y in RF satisfying: «+y-+a«y=0. If the ring RF possesses an 
identity element 1, then a necessary and sufficient condition for quasi-regu- 
larity of the element z in FP is the existence of a solution z of the equation: 
(1+ 2)z—1. 

The right-ideal J in the ring R shall be termed quasi-regular, if every 
element in J is quasi-regular. 


THEOREM 10.1. Jf z is an element in the quasi-regular right-ideal J, 
then there exists one and only one solution x = 2’ of the equation z+ 2+ 28 
= 0; and such a solution satisfies 22’ = 


Proof. If z is an element in the quasi-regular right-ideal J, then there 
exists an element y in # such that z+ y4-+2y=—0. If y is some solution of 
this equation, then y = — (z+ zy) is an element in J, since z is an element 
in the right-ideal J. Since J is quasi-regular, so is y; and hence there exists 
an element w in such that y+ w+ yw Consequently we find that 


yw) 
and this shows that 0=y-+ w+ yw=—y+z-+ yz: and we deduce zy = yz 
from 
Suppose now that r=—y and «=y’ are solutions of the equation: 
z+2-+2z¢=—0. From what we have shown in the previous paragraph of 
the proof, it follows that 0 = z-++ y +- yz; and thus we find that 


and this completes the proof. 
We denote by S = 8(R) the sum of all the quast-regular right-tdeals in R. 


THEOREM 10.2. S(R) is a quasi-regular right-ideal in the ring R. 


Proof. It is readily seen that it suffices to prove the following statement: 
If uw is contained in a quasi-regular right-ideal, and if v is contained in a quasi- 
regular right-ideal, then wu +- v is an element of some quasi-regular right-ideal. 


88 Perlis (1). 
8° Perlis (1), p. 129. 
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We note that (in the absence of identity elements) the right-ideal generated 
by the element w consists of all the elements of the form: wt-+- wr for rin R 
and 7 an ordinary rational integer (71 need not be an element in #). Thus 
we have to show that (w+ v)t+ (w-+v)r is quasi-regular for every r in RP 
and for every rational integer 1, whenever both wu and v are contained in quasi- 
regular right-ideals. 

Since ur-+ ui belongs to the right-ideal generated by wu, it is quasi- 
regular; and hence there exists an element s such that 


(ur + ut) (ur+ ut)s=0; 


and since v(7 -+ rs + ri) + vt belongs to the right-ideal generated by v, it is 
quasi-regular too; and this assures the existence of an element ¢ satisfying: 


v(r+rs-+ st) + voi +tt+ (o(r+rs -+ st) + v1)t =0. 


Hence 


v)r+(u + v)i)+(s-+ t+ st)+((u+ v)r+(w-+ v)i) (s+ t+ st) 

w)s)t 

+v(r-+rs+ st)+ vi+t+(0(r + rs + st)+ vi)l =0; 
and this proves that (w-+v)r-+- (w+ v)?t is quasi-regular for every r in A 
and for every natural integer i; i.e. w+ v is contained in a quasi-regular 
right-ideal in #, as was to be shown. 

THEOREM 10.3. If the right-ideal J in R consists of elements that are 
quasi-regular modulo S(R), then J=S(K). 

Proof. If the element x in FR is quasi-regular modulo S(#), then ther: 
exists an element y such that e+ y4-+ ry is in S(R); and it follows from 
Theorem 10.2 that x+-y-+ xy is quasi-regular. Consequently there exists 
an element z in FR such that 
yz) ye): 
and z is therefore a quasi-regular element. The right-ideal J is thus quasi- 
regular, if each of its elements is quasi-regular modulo S(R). 

Coroniary 10.4. If the right-ideal J in R is a nilideal modulo S(R), 
then J=S8(R). 


*°T.e. to every element j in J there exists an element h in R such that j +h -+ jh 
belongs to S(R). 

“T.e. to every element j in J there exists a positive integer n such that j" belongs 
to S(R). 
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Proof. If the element w is a nilelement modulo S(P), then there exists 


a positive integer n such that w*"*" is an element in S(#). Since 


2n 2n 
uw +t > (—1)iwi+ wd (—1)iwt = w™, 
i= i=1 


it follows that w is quasi-regular modulo S(R) ; and this shows that our con- 


tention is an immediate consequence of Theorem 10. 3. 


LemMaA 10.5. If the element e in S(R) ts an idempotent modulo the 
(wo-sided ideal T in R, then e belongs to T. 


Proof. \f e is an element in S(R), then —e is quasi-regular. Hence 
there exists an element f in R such that —-e-+f—ef=—0. If e is further. 
more an idempotent modulo the two-sided ideal 7’, then 


e =e? =e(f — ef) =ef — e*f = ef —- ef =0 mod T,, 
i.e @ belongs to 7. 


THEOREM 10.6. If the two-sided ideal T in R is part of S(R), if every 
right-ideal, not 0, in R/T contains a minimal right-ideal, and if 0 is the only 
nilpotent right-ideal in R/T, then T =S(R). 


Proof. If T were different from S(f). then there would exist a right- 
ideal J between T and S(F) such that J/T is a minimal right-ideal in R/T. 
Since 0 is the only nilpotent right-ideal in R/T, it follows that J/T =(J/T)’; 
and hence we may deduce from known theorems ‘** that J/7 contains an 
ilempotent different from 0. But it follows from Lemma 10.5 that this is 
impossible: and this shows that T= S(R). 


Coro.tiary 10.7. Jf every right-ideal, not 0, in R/U contains a minimal 
right-ideal, then S(R) is the upper radical U of R.° 


Proof. It is a consequence of Theorem 1.2 that U is a nilideal and that 
R/U does not contain nilpotent right-ideals different from 0; it is a con- 
sequence of Corollary 10.4 that U is part of S(); and hence we may deduce 
from Theorem 10.6 that U = S(R). 


We denote by S*=S*(R) the sum of all the quasi-regular two-sided 
ideals in R. Clearly S* is a two-sided ideal which is part of S(R) ; and hence 
it follows from Theorem 10.2 that S*(P) is quasi-regular. It is a con- 
sequence of Theorem 10.3 that S*(R/S*(R)) =0. 


* Cf. e.g. v. d. Waerden (1), p. 157, Hilfssatz 3. 
48 This is readily seen to be an extension of Perlis’ (1) Theorems 1 and 2. 
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CoROLLARY 10.8. If every right-ideal, not 0, in R/S*(R) contains a 
minimal right-ideal, then S*(R) =WS(R). 


Proof. Denote by H the two-sided ideal which contains S*(R) and 
which satisfies ///S* = N(R/S*) (=sum of all the nilpotent right-ideals in 
R/S*). That JZ is a two-sided ideal, is a consequence of Lemma 1.1; and 
it follows from Lemma 1.1 that /Z is a nilideal modulo S*. Hence we deduce 
from Corollary 10. 4 that // is part of S(R) ; and we infer from Theorem 10. 2 
that the two-sided ideal // is quasi-regular. Hence H = S* and 0 is the only 


nilpotent right-ideal in R/S*, Applying Theorem 10.6 we see that S* = WS. 


THEOREM 10.9. Jf the ring R possesses an identity element 1, then S(R) 


is part of every maximal right-ideal in R. 


Proof. If S(R) were not contained in the maximal right-ideal @ in R#, 
then R=G-+S and there exist elements g and s in G and S respectively 
such that 1 = g-+s. It is a consequence of Theorem 10. 2 that —s is quasi- 
regular and that therefore —s /— st = 0 for some ¢ in R. Hence 1+ / 
st or 1=g+gt so that 1 is an ele- 
ment in the right-ideal G < FR, a contradiction. 


CoroLLary 10.10. Jf the ring R possesses an identity element 1, and if 
R/S* is a sum of minimal right-ideals, then S(R) = S*(R) ts the cross-cut 


of all the maximal right-ideals in R. 


This is an immediate consequence of Lemma 3.3, Corollary 10.8 and 


Theorem 10.9. 


Remark. The upper radical U of the ring #& is by Theorem 1.2 a two- 
sided nilideal ; and hence it is a consequence of Theorem 10. 2 and of Corollary 
10.4 that U = S*(F). That the ideals U and S* need not be equal may be 
seen from the following example: R is the ring of all the (formal) power 

oo 
series } cit‘ in one indeterminate ¢ with coefficients cj from some commutative 


i-0 
field. An element in 2 possesses an inverse in # if, and only if, “ its absolute 
term” £0; and an element in is quasi-regular if, and only if, 1+ 


#0. This shows that 8*(R) =S(R) whereas U(R) =0. 


THEOREM 10.11. Jf J is a quasi-regular right-ideal in the ring R, then 
M,J° = 0 for every ordinal v. 
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Remark. It is a consequence of Corollary 10.4 that Theorem 6.1 isa 
special case of this Theorem 10. 11. 


Proof. A. If Z is a minimal right-ideal in R, and if z is any element in 
Z, then zJ is a right-ideal in # which is part of Z. Thus zJ is either 0 or Z, 
If zJ were equal to 7, then there would exist an element w in J such that 
zw =z. Since w is an element in the quasi-regular right-ideal J, it follows 
that —w is quasi-regular; and hence there exists an element v in F& such 
that w= v—wv. Consequently 


2w = 2(v—uv) = zv— zv = 0, 


an impossibility. Thus we have shown that zJ —0 for every z in Z; and this 
shows that ZJ = 0 for every minimal right-ideal Z in R. Since the anti- 
radical M = M(R) is the sum of all the minimal right-ideals in R, it follows 
that 

MJ =0 for every quasi-regular right-ideal J in R. 


B. We proceed to prove the theorem by complete induction with regard 
to v. That the theorem holds true for v = 1, has-been shown under <A.; and 


thus we may assume that our assertion is valid for every u < v. 
Case 1. v=w-+1 is not a limit-ordinal. 


Then 4/,/M is the anti-radical of R/Mw and (J + Mw)/Mu is a quasi- 
regular right-ideal in R/M,. WHence it follows from A. that their product 
is 0; and from this fact we deduce that M,J = My. From the induction- 


hypothesis we infer = 0; and thus we find that 
M,J* = JI” MyJ” = 0, 
Case 2. v is a limit-ordinal. 


If x is any element in /,, then we deduce from the definition of My as 
the join of the M, with u < v the existence of an ordinal d < v such that 2 
is an element in My. It is a consequence of the definition of J” that it is 
part of J“; and hence it follows from the induction-hypothesis that J" 
= = 0: and thus we have shown that = 0. 


11. Rings admitting operators. The ring Ff is said to admit the ele- 
ments in the system V as operators, if to every element 7 in FR and to every 
element v in V there exists a uniquely determined element rv in R meeting 


the following requirements: 


ae 
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(i) (r+s)o—rv+ sv; 

(ii) (rs)vu=r(sv) = (rv)s. 

It is readily verified that Jv is a right-(left-) ideal in R whenever J is 
a right-(left-) ideal in R; that = 0 implies (rv)‘ and that therefore 
Jv is a nilideal (a nilpotent right-ideal) whenever J is a nilideal (a nilpotent 
right-ideal). Saying that an ideal J in R is V-admissible, if JV SJ, it is 
now easy to prove the following statement: 

If the ring R admits the elements in the system V as operators, then the 


upper and the lower radical and all the ideals My in the anti-radical series are 
V-admissible.** 


If the ring F satisfies condition (4. A), then there exists to every element 
zin an element x* in such that = re*; and this shows that = z(2z*v) 
for ¢very in &. Hence we have proved the following theorem: 


If condition (4. A) is satisfied by the ring R, then every right-ideal in R 
is V-admissible. 


On the basis of this theorem it becomes evident that most of the theorems 
derived in this paper may be applied to rings admitting operators. 


UNIVERSITY OF ILLINOIS, 
UrRBaNna, ILL. 
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RINGS WITH DUALS.* 
I 


y ReEINHOLD Bakr. 


1. Introduction. Jf / is a right-ideal in the ring R, then the set L(J) 
of all the elements « satisfying +/ = 0 is a left-ideal in R; in this way there 
is defined a monotonically decreasing map of the partially ordered set of all 
the right-ideals in F into the partially ordered set of all the left-ideals in R. 
A monotonically decreasing and biunique correspondence between the ele- 
ments of two partially ordered sets has been termed a duality; and M. Hall ' 
and T, Nakayama * have recently started an investigation of those rings in 
which the operation (J) defines a duality. Particularly significant Is a 
result, announced by Nakayama,* that, under suitable conditions concerning 
the ring R, the operation L(/) will constitute a duality whenever there exists 
a duality of the set of right-ideals in R upon the set of left-ideals in R. 

Thus the following generalization of these problems seems to be quite 
natural: the ring FR’ is said to be a right-dual of the ring R, if there exists a 
duality of the partially ordered set of all the right-ideals in R upon the 
partially ordered set of all the right-ideals* in R’; we propose to investigate 
the structure of rings possessing a right-dual. 

T. Nakayama * has given an example of a commutative ring RF possessing 
an identity-element and a duality of the partially ordered set of its ideals upon 
itself such that neither the maximum nor the minimum condition is satisfied 
by the ideals in R. Thus the following theorem seems to be noteworthy: The 
maximum and the minimum condition are satisfied by the right-ideals in the 

*Received March 15, 1942; Presented to the American Mathematical Society, 
September, 1942. 

1 Hall (1); the numbers refer to the bibliography at the end of the paper. 

* Nakayama (1). 

*Nakayama (2). 

‘It might seem more natural to say that the ring R’ is a right-dual of the ring R, 
if there exists a duality of the partially ordered set of all the right-ideals in R upon 
the partially ordered set of all the left-ideals in R’. But as far as the ring R is con- 
cerned, these two definitions are equivalent, since there exists to every ring R’ an 
anti-isomorphie ring 2”, and since, therefore, the existence of a duality of the set of 
tight-ideals in R upon the set of left-ideals in R’ implies the existence of a duality 
of the set of right-ideals in R upon the set of right-ideals in R”. The definition adopted 
in the text has the great advantage that it concerns itself with right-ideals only, a fact 
that makes for greater simplicity in notation. 

5Nakayama (2), p. 55. 
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ring R, if R possesses a right-identity element, and if there exists to every 
quotient ring of R a right-dual possessing a left-identity element [Theorem 
2.2]. These rings may furthermore be shown to meet a generalized uni- 
seriality requirement [Theorem 3. 2].° 

If the right-ideals in RP form a finite ordered set, then # is its own right- 
dual; there exist 7 examples of such rings where the left ideals do not form a 
finite ordered set so that the operation L(J) certainly is not a duality. If k 
is a primary ring * with identity element all of whose quotient rings possess 
right-duals with identity elements, and if the right-ideals in & do not form 
a finite ordered set, then we are able to prove that L(J) is a duality [Theorem 
5.4]; and we give a complete theory of the structure and of the dualities of 
such rings. [Sections 5 and 6.] 


2. Maximum and minimum conditions for right-ideals. The right- 
ideal J in the ring RF is termed a minimal right-ideal, if 0 << J and if there 
does not exist a right-ideal V such that 0< V < J. Likewise the right-ideal 
J in R is said to be a maximal right-ideal, if J < R and if there does not exist 
a right-ideal W such that CW < R. 

The set S of right-ideals in FR is called independent, if the cross-cut of J 
and of the sum of the right-ideals different from J in S is 0 for every J in 8. 

The element ¢ in FR is a left-identity element in R, if ex =v for every 
element z in fF. Right-identity elements are defined analogously and ele- 
ments that are both right- and left-identity elements are called identity ele- 


ments (in symbols: 1). 


LeMMA 2.1. Jf the ring R possesses a right-dual which contains a left- 
identity element, then R has the following properties: 


(a) If Ji fori =—1,2,-- - are right-ideals such that 0 < J; < then 
their cross-cut is different from 0. 

(b) very right-ideal not 0 in R contains a minimal right-ideal. 

(c) There does not exist an infinite independent set of right-ideals in R. 


Proof. Suppose that d is a duality of the system of right-ideals in the 
ring & upon the system of right-ideals in the ring #’ and that FR’ contains a 
left-identity element e. If the right-ideals J; in R satisfy 0 << Ji < Ji-s, and 
if J is the cross-cut of the right-ideals J;, then the right-ideals J;4 in P 

° This is actually a generalization of the concept of generalized uniserial ring, a8 
defined by Nakayama (1), p. 19, and our concept differs from the one introduced by 
Nakayama mainly in this that it does not impose any requirements on the left-ideals. 
7 Baer (1). 

*T.e. a ring which is simple modulo its radical. 
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satisfy: Jin’ << Ji? < R’; and the system of all the elements contained in 
at least one Ji@ is precisely the right-ideal J¢. Since none of the J;4 contains 
e (as a consequence of R’ = eR’), neither does J¢ contain e. Hence J4 < RP’ 
and therefore 0 < J, showing the validity of (a). 

If V is a right-ideal different from 0 in R, then V4? < R’. Hence there 
exists a greatest right-ideal G in R’ which contains V4, but does not contain e. 
Since R’ = eh’, it follows that G is a maximal right-ideal in R’. The right- 
ideal G4" in R is consequently a minimal right-ideal in F# and it is clearly 


contained in J, i.e. (b) is satisfied by RP. 

If an infinite independent set of right-ideals in R existed, then there 
would exist a countably infinite, independent set of right-ideals Ji AO in R. 
But then the right-ideals 7; = J; would form a properly descending chair 


of right-ideals whose cross-cut were 0, contradicting property (a). This com- 
pletes the proof. 


THEOREM 2.2. Jf every clement x in the ring R is contained in the right- 
ideal xR, and if there exists to every quotient-ring of R a right-dual which 
contains a left-identity element, then both the maximum and the minimum 
condition are satisfied by the right-ideals in the ring R; and R contains a 


right-identity element. 


Proof. It is immediately evident that conditions (b) and (c) of Lemma 
2.1 are satisfied by every quotient ring of R. If the two-sided ideals T; in 
R would form a properly descending chain (7; < Tj-,), then condition (a) 
would not be satisfied by the right-ideals in the ring R/T for T the cross-cut of 
the two-sided ideals 7';; and hence there would not exist properly descending 
chains of two-sided ideals in R. Now Theorem 2.2 is an immediate con- 


sequence of two theorems which we have proved elsewhere.°® 


3. Uniseriality. If the minimum condition is satisfied by the right- 
ideals in the ring FR, then there exists ?° the radical P—=P(R) of R. This 
ideal is characterized by the following properties: (1) P is a two-sided ideal; 
(2) P is a nilpotent ideal, i.e. there exists an integer 1 such that P*—0; 
(3) P contains every nilideal, i.e. every right-ideal J such that there exists 
to every element x in J an integer n satisfying: 2*=0. If there exists a 
left-identity element in R, then it can be shown *! that (4) P is the cross-cut 


®* Baer (3), Theorems 8.4 and 9. 4. 

*° Hopkins (1), p. 714, Theorem 1. 4, 

™ Baer (3), Theorem 3.4. If one considers Baer (3), Theorem 9.6, then one sees 
that this condition (4) and the existence of a left-identity element are almost equivalent 


requirements, 
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of all the maximal right-ideals in R. A right-ideal in # is termed regular, 
if it is not part of the radical P of Rk. If the minimum condition is satisfied 
by the right-ideals in R, then we may deduce from a theorem due to Kothe ™ 
that every regular right-ideal' contains an idempotent not 0. This implies 
in particular that 


minimal regular right-ideals are direct summands of R; 


here we term a regular right-ideal minimal, if no proper subideal is regular, 

Consideration of property (4) of the radical of R leads to the definition 
of the antt-radical M = M(R) of the ring R as the sum of all the minima! 
right-ideals in R. It is a two-sided ideal in R; if the right-ideal J is part 
of M, then J is a direct summand of M and J is the direct sum of minimai 
right-ideals.** 


LemMMA 3.1. Suppose that the minimum condilion is satisfied by the 
right-ideals in the ring R, that R contains a left-tdentity element and that 
there exists a right-dual of R which possesses a left-identity element. Then 
the regular right-ideal J in R is a minimal regular right-ideal 1f,* and only if, 


J contains one and only one minimal right-ideal in R. 


Proof. Assume first that the regular right-ideal J in F# contains one and 
only one minimal right-ideal in R. Since the minimum condition is satisfied 


by the right-ideals in R, there exists a minimal regular right-ideal J* which 


is part of J. It has been pointed out before that J* is a direct summand 
of the ring #, and hence there exists a right-ideal J** such that J is the direct 
sum of J* and /J**, Since J* is regular, it contains a minimal right-idea! 
in R. Since J contains only one minimal right-ideal, it follows that J** does 
not contain any minimal right-idea]; and consequently we may deduce from 
the minimum condition that J** = 0, i.e. that J =J* is a minimal regular 
right-ideal. 

Assume now, conversely, that J is a minimal regular right-ideal in 2&. 
Then there exists a right-ideal V in RF such that FR is the direct sum of / 
and V. There exist furthermore a ring #’ which contains a left-identity ele- 
ment and a duality d of the system of al! the right-ideals in R upon the 
system of all the right-ideals in RF’. It is a consequence of a theorem of Ch. 
Hopkins * that the maximum condition is satisfied by the right-ideals in R; 


12 Kéthe (1), p. 168, Satz 7. 
8 Cp. e.g. Baer (3), Section 4, or Hopkins (1). 
*4Tt should be noted ‘that the existence of a dual is not needed for proving the 
sufficiency of this condition. 
** Hopkins (1), p. 726, Theorem 6. 4. 
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and thus it follows that both the maximum and the minimum condition are 
satisfied by the right-ideals in Rk’. Using the property (4) of the radical, 
mentioned before, we see now that ?(R)4 = M(R’), M(R)4=—P(R’). It is 
readily seen that (P(R) +/)/P(R) is a minimal right-ideal in the ring 
R/P(R) and that consequently ?(R) + V is a maximal right-ideal in R. 
The duality d maps therefore ?(R) + V upon a minimal right-ideal in R’: 
and since (P(R) + V)4 is just the cross-cut of M(R’) and V4, it follows 
that V4 contains one and only one minimal right-ideal in R’. Hence it 
follows from the first part of this lemma that V4 is a minimal regular right- 
ideal in R’; and F#’ is the direct sum of J4 and V4, since R is the direct sum 
of J and V. The arguments used in proving that V4 contains one and only 
one minimal right-ideal may now be applied on J¢ to show that J contains 
one and only one minimal right-ideal. This completes the proof of the lemma. 

The element c in the partially ordered set S is said to be a cycle of order 
n, if there exist exactly n +1 elements z in S which satisfy: Sc, and if 
the parts of c in S form an ordered set. Thus the minimal right-ideals in 
the ring # are just the cycles of order 1 in the partially ordered set of all 
the right-ideals in R. 

The two-sided ideal Mj = M;(F) in the ring F is defined inductively 
by the following rules: Myo=0, Mi:/Mi = M(R/M;). If the minimum- 
condition is satisfied by the right-ideals in R, then Mj < R implies Mi < Mis; 
and if both the maximum and the minimum condition are satisfied by the 
right-ideals in R, then there exists a positive integer m such that R = My. 


THEOREM 3.2. Suppose that the minimum condition ts satisfied by the 
right-ideals in the ring R, that R contains a left-identity element, and that 
there exists to every quotient-ring of R a right-dual which possesses a left- 
identity element. If the minimal regular right-ideal J in R is contained in 
Mi, bul is not contained in Mj-,, then J is a cycle of order i in the partially 


ordered set of right-ideals in R. 


Remarks. 1. The hypothesis that the minimum condition be satisfied by 
the right-ideals in 2 cannot be deduced from the other hypotheses by means 
of Theorem 2.2, since we had to impose there a hypothesis which amounted 


to the existence of a right-identity element, whereas here we assume the 


existence of a left-identity element. 


we 


condition is satisfied by the right-ideals in the ring Rk. Hence there exists, 


2. It is a consequence of a theorem of Ch. Hopkins * that the maximum 


as has been remarked before, a positive integer m such that R= Mn; and 
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of all the maximal right-ideals in R. A right-ideal in Ff is termed regular, 


if it is not part of the radical P of R. If the minimum condition is satisfied 
by the right-ideals in #, then we may deduce from a theorem due to Kothe ™ 
that every regular right-ideal’ contains an idempotent not 0. This implies 
in particular that 


minimal regular right-ideals are direct summands of R; 


here we term a regular right-ideal minimal, if no proper subideal is regular, 

Consideration of property (4) of the radical of R leads to the definition 
of the anti-radical M = M(R) of the ring R as the sum of all the minima! 
right-ideals in R. It is a two-sided ideal in R; if the right-ideal J is part 
of M, then J is a direct summand of M and J is the direct sum of minimai 
right-ideals.** 


LEMMA 3.1. Suppose that the minimum condition is satisfied by the 
right-ideals in the ring R, that R contains a left-identity element and that 
there exists a right-dual of R which possesses a left-identity element. Then 
the regular right-ideal J in R is a minimal regular right-ideal 1f,"* and only if, 


J contains one and only one minimal right-ideal in R. 


Proof. Assume first that the regular right-ideal J in R contains one and 
only one minimal right-ideal in R. Since the minimum condition is satisfied 
by the right-ideals in R, there exists a minimal regular right-ideal J* which 
is part of J. It has been pointed out before that J* is a direct summand 
of the ring FR, and hence there exists a right-ideal J** such that J is the direct 
sum of J* and /J**. Since J* is regular, it contains a minimal right-idea! 
in R. Since J contains only one minimal right-ideal, it follows that J** does 
not contain any minimal right-ideal; and consequently we may deduce from 
the minimum condition that J** = 0, i.e. that J =J* is a minimal regular 


right-ideal. 

Assume now, conversely, that J is a minimal regular right-ideal in A. 
Then there exists a right-ideal V in FP such that FR is the direct sum of J 
and V. There exist furthermore a ring #’ which contains a left-identity ele- 
ment and a duality d of the system of al! the right-ideals in R upon the 
system of all the right-ideals in RF’. It is a consequence of a theorem of Ch. 
Hopkins *° that the maximum condition is satisfied by the right-ideals in RP: 


12 Kothe (1), p. 168, Satz 7. 
8 Cp. e.g. Baer (3), Section 4, or Hopkins (1). 
14Tt should be noted that the existence of a dual is not needed for proving the 
sufficiency of this condition. 
** Hopkins (1), p. 726, Theorem 6. 4. 
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and thus it follows that both the maximum and the minimum condition are 
satisfied by the right-ideals in R’. Using the property (4) of the radical, 
mentioned before, we see now that ?(R)4 = M(R’), M(R)4=—P(R’). It is 
readily seen that (P(R) +J7)/P(R) is a minimal right-ideal in the ring 
R/P(R) and that consequently P(R) + V is a maximal right-ideal in R. 
The duality d maps therefore P?(R) + V upon a minimal right-ideal in R’; 
and since (P(R) + V)4 is just the cross-cut of M(R’) and V4, it follows 
that V¢ contains one and only one minimal right-ideal in Rf’. Hence it 
follows from the first part of this lemma that V4 is a minimal regular right- 
ideal in R’; and F#’ is the direct sum of J4 and V4, since R is the direct sum 
of J and V. The arguments used in proving that V@ contains one and only 
one minimal right-ideal may now be applied on J4¢ to show that J contains 
one and only one minimal right-ideal. This completes the proof of the lemma. 

The element c in the partially ordered set S is said to be a cycle of order 
n, if there exist exactly n + 1 elements x in S which satisfy: xc, and if 
the parts of c in S form an ordered set. Thus the minimal right-ideals in 
the ring #& are just the cycles of order 1 in the partially ordered set of all 
the right-ideals in R. 

The two-sided ideal Mj = M;(R) in the ring RF is defined inductively 
by the following rules: My =0, Miu /Mi = M(R/M;). If the minimum- 
condition is satisfied by the right-ideals in R, then ;, < R implies Mi < Misa; 
and if both the maximum and the minimum condition are satisfied by the 
right-ideals in PR, then there exists a positive integer m such that R = My. 


THEOREM 3.2. Suppose that the minimum condition is satisfied by the 
right-tdeals in the ring R, that R contains a left-identity element, and that 
there exists to every quotient-ring of R a right-dual which possesses a left- 
identity element. If the minimal regular right-ideal J in R is contained in 
Mi, bul ts not contained in Mj-,, then J is a cycle of order i in the partially 


ordered set of right-ideals in R. 


Remarks. 1. The hypothesis that the minimum condition be satisfied by 
the right-ideals in cannot be deduced from the other hypotheses by means 
of Theorem 2.2, since we had to impose there a hypothesis which amounted 
to the existence of a right-identity element, whereas here we assume the 


existence of a left-identity element. 


2. It is a consequence of a theorem of Ch. Hopkins *° that the maximum 


condition is satisfied by the right-ideals in the ring Rk. Hence there exists, 


as has been remarked before, a positive integer m such that R = Mm; and 
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consequently there exists to every right-ideal J in R an integer 7 such that 
JISMi, Mir. 


Proof. If 0<jS1, then (J + Mj_-;)/Mi_; is a minimal regular right- 
ideal in the quotient-ring R/M;-; which is contained in M;(R/M;_;), but not 
in Mj_.(R/Mi_;). We proceed to prove by complete induction with regard to 
j that (J + Mi_;)/Mi_; is a cycle of order j in the partially ordered set of all 
the right-ideals in R/M;-;. It follows from M—=—M, and from Lemma 3.1 
that (J + Mi-.)/Mi.. is a minimal right-ideal in R/Mj-;, i.e. a cycle of 
order 1 in the partially ordered set of al! the right-ideals in R/M;.,. 
Thus we may assume that our contention holds true for 7—1, i.e. that 
(J + Mi-js1)/Mi-ju1 is a cycle of order 7 —1 in the partially ordered set of 
all the right-ideals in We note that Mi-j../Mi_; = M(R/Mi-;); 
and hence we may infer from Lemma 3.1 that the cross-cut of (J -+- Mi_;)/Mi.; 
and Mi-j.:/Mj-; is a cycle of order 1 (—a minimal right-ideal in R/M;_;); 
and now it is readily seen that (J + Mi_j;)/Mi_; is a cycle of order j in the 
partially ordered set of all the right-ideals in R/Mj_;.. This completes the 
inductive proof. Hence it follows, in particular, that J is a cycle of order 1 
in the partially ordered set of all the right-ideals in R, since My) = 0. 


4. Duals of primary abelian operator groups. The abelian group ( 


admitting the elements in the ring F as operators is said to be a primary 


abelian operator group over E, if 


(i) £ contains an identity element 1 satisfying g1 = g for every g in G 
and z1 = 12 for every z in EL, and if 
(ii) £ is a cycle of order m = m(F) in the partially ordered set of all 


the right-ideals in £. 


We note that # is a (not necessarily commutative) field if, and only if, 
m(H#) =1; and one may verify readily that a ring Z satisfying condition (ii) 
has the following properties: each right-ideal in F is a two-sided ideal and is 
furthermore a power of the radical P= P(E). 

If g is an element in the primary abelian operator group G over E, then 
gE is the £-admissible subgroup of G generated by g; and it is a consequence 
of condition (ii) that gH is a cycle of an order not exceeding m(£) in the 
partially ordered set of all the H-admissible subgroups of G. We note finally 
that all the admissible subgroups and quotient groups of primary abelian 


operator groups over / are themselves primary abelian operator groups over FL. 


THEOREM 4.1. Jf the primary abelian operator group G over E contains 
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at least two independent cycles of crder m(E), and if there exists a primary 
abelian operator group G’ over E’ such that the partially ordered set of all 
the E’-admissible subgroups of G’ is the dual of the partially ordered set of 
all the E-admissible subgroups of G, then every left-ideal in E is a two-sided 
ideal in E. 

Proof. Denote by d a duality of the set of all the H-admissible sub- 
groups of G upon the set of all the H’-admissible subgroups of G’. Suppose 
furthermore that V and V are #-admissible subgroups of G such that U < V 
and such that there exist at most two different cycles of order 1 in the partially 
ordered set of the H-admissible subgroups of V/U. It is easily seen that there 
exists one and only one Z-admissible subgroup W of G such that U << WS V 
and such that W/U/ is a cycle of order 1 in the partially ordered set of all the 
f-admissible subgroups of V/U. Since W¢ < U%, there exists an element z 
in U4 which is not contained in W4. There exists one and only one H-admissible 
subgroup Z of G such that Z¢==V4¢+2Hh’. Then V?S2Z4= U4, but 
W4; and hence U=ZSV, but Since W/U is the only cycle 
of order 1 in -V/U’, it is part of every subgroup not 0 of V/U; and thus it 
follows that Z =U or (4 = V4 + zh’, showing that U4/V@ is a cycle. But 
the dual of a cycle is a cycle, i.e. V/U is a cycle in the partially ordered set 
of the H-admissible subgroups of G/U. But it has been shown elsewhere *° 
that this condition and the hypotheses of the Theorem assure the two-sidedness 
of the left-ideals in L. 


5. Primary rings with duals. A ring F is said to be primary, if it 


meets the following requirements: 


(a) # contains an identity element 1. 

(b) The minimum condition is satisfied by the right-ideals in R. 

(c) There does not exist a two-sided ideal 7 in R# satisfying: P< T<R 
(where ? = is the radical of 

A ring R is said to be completely primary, if it satisfies the conditions 
(a), (b) and has the following stronger property: 

(c*) There does not exist a right-ideal J in F satisfying: P< J < R. 

The condition (c*) may be seen to be equivalent to the more symmetric 
condition : 

(c**) R/P is a (not necessarily commutative) field. 

It is a consequence of a theorem of Ch. Hopkins that the maximum 


16 Baer (1). 
'? Hopkins (1), p. 726, Theorem 6. 4. 
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condition is satisfied by the right-ideals in a primary ring #: and thus the 
following facts are restatements of results of G. Kothe: '* 


LeMMA 5.1. The ring R is primary if, and only if, R is the ring Ey of 
all the n by n matrices with coefficients from the completely primary ring Bf. 
The order n and the completely primary ring E are [essentially] uniquely 
determined by the primary ring R = Ey. 


A ring is termed uni-serial, if every minimal regular right-ideal is a cycle 


in the partially ordered set of all its right-ideals.’* The following statement 
may be proved by arguments which K. Asano *’ used for the proof of « 


similar fact: 


LEMMA 5.2. A ring H meeting the requirements (a) and (b) above isa 
completely primary, uni-serial ring if, and only if, every right-ideal in E has 
the form P(E)‘ for suitable i; and the completely primary ring E is uni-serial 
if, and only if, Ey 1s uni-serial. 

We are now ready to prove that primarity and uni-seriality are invariant 


under dualities. 


THEOREM 5.3. Suppose that the minimum condition is satisfied by th 
right-ideals in the rings R and R’, that each of these rings contains an identity 
element and that there exists a duality d of the partially ordered set of all 
the right-ideals in R upon the partially ordered set of all the right-ideals in RP. 


(i) If R is uni-serial, then R’ is uni-serial. 

(ii) Jf R is primary, then R’ is primary. 

Proof. Suppose first that # is uni-serial and that J’ is a minimal regular 
right-ideal in Rk’. Then J’ is, as has been pointed out in section 3, a direct 
summand of Rf’, i.e. R’ is the direct sum of J’ and of some right-ideal J”. 
It is a consequence of Lemma 3.1 that J’ contains one and only one minimal 
right-ideal; and J” is therefore a greatest right-ideal not containing M(R’). 
Using the property (4) of the radical, enunciated at the beginning of section 3, 
it follows that M(Rk’)4* = P(R) and M(R)4¢=—P(R’). Hence J”4” isa 
minimal regular right-ideal in # and is therefore a cycle in the partially 
ordered set of all the right-ideals in R. But R is the direct sum of J’4@” and 
J”4", since R’ is the direct sum of J’ and J”. Thus R is a cycle in the partially 

** Kéthe (1), p. 176, Hauptsatz 12 and p. 179, Zusatz 2. 

** Note that this definition of uni-seriality does not impose any requirements 01 
the left-ideals; cf. °. 
*° Asano (1), p. 233/234, Hilfssiitze 3, 4. 
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ordered set of all the right-ideals in R which contain J’4”’; and J’ is con- 
sequently a cycle in the partially ordered set of the right-ideals in R’, i.e. 
R’ is uni-serial. . 

Suppose now that F? is primary and that 7’ is a two-sided ideal in FR’ 
such that P(R’) <T’ < Rh’. Since R’/P(R’) is a semi-simple ring, there 
exists *? a two-sided ideal 7” such that R’ = 7’ + T” and such that P(R’) 
is the cross-cut of 7’ and T”. It S’=T’4" and S”4", then M(R) is the 
direct sum of S’ and 8”, since the sum of 7’ and T” is R’, and since the cross- 
cut of T’ and.7” is just = M(R)4. Every minimal right-ideal of 
k’'/P(R’) is contained in one and only one of the two-sided ideals T’/P(R’) 
and T’’/P(k’) whose direct sum is the ring R’/P(R’) ; and this implies that 
every greatest proper subideal of M(#) contains one and only one of the two 
ideals S’ and 8”. 

It is a consequence of Lemma 5.1 that F is the ring Ey of all the-n by 
n matrices with coefficients from the completely primary ring #. The ring L 
is isomorphic to a ring eRe where e is a primitive idempotent in # (i.e. an 
idempotent different from 0 which is not the sum of two orthogonal idem- 
potents both of which are different from 0); and it is a consequence of the 
fundamental property of minimal regular right-ideals (mentioned in sec- 
tion 3) that ef is a minimal regular right-ideal. Hence we deduce from 
Lemma 3.1 that e? contains one and only one minimal right-ideal; and this 
makes it evident that # itself contains one and only one minimal right-ideal, or 
M(£) is a minimal right-ideal in £. 

If z is any element not 0 in W(/), then M(£) = 2zE, since £ is a minimal 
right-ideal in #. Since P(£) is nilpotent, M(#)P(£) =0. The set Z oi 
all the elements « in F which satisfy: zz 0 is a right-ideal satisfying: 
P(E) =Z < FE; and since EF is a completely primary ring, it follows that 
P(E). 

We note next the facts that M(R) = M(£,) is the set of all the matrices 
in EF, whose coefficients are in M(£); and that P(R) = P(E,) is the set of 
all the matrices in #, whose coefficients are in P(L). 

Let. z be any element not 0 in M(£); and define, for every matrix (aj;) 
in £,, the map f by (ai;)/ = (zai;). Clearly f is a single-valued transforma- 
tion which preserves addition and which satisfies: R/=—M(R), since zE 
=M(E). It has been shown that zr =0 if, and only if, z is in P(E). 
Consequently (ai;)’=0 if, and only if, every aij is in P(E) i.e. if, and 
only if, (ai;) is in P(R). This shows that f induces an isomorphism of the 


"Cf. e.g. v.d. Waerden (1), p. 170. 
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additive group of the ring R* = R/P(R) upon M(R) and that this induced 
isomorphism maps right-ideals in R* upon the right-ideals in R which are 
part of M(R). If V’ and V” are the right-ideals in R* which are mapped 
by f upon the right-ideals S’ and S” respectively, then it follows from the 
properties of S’ and S” that the ring R* is the direct sum of the right-ideals 
V’ and V”; and every maximal right-ideal in R* contains one and only one 
of the ideals V’ and V”. 

The ring /#* is by its construction essentially the same as the ring of all 
n by n matrices with coefficients from the field E* = E/P(E). Thus there 
0 for 
for j =h’ 
and the elements ei; are a set of n mutually orthogonal primitive idem- 


exists a system e;; of n? matrix units in R* satisfying: eij;en, = 
j j 


potents in R*, 
The right-ideal > ej;R* is clearly a maximal right-ideal in R* so that 
it contains one and only one of the ideals V’ and V”. We may assume, 
therefore, without loss in generality, that 
V" S for i—1,---,h3 V’ SD e;R* for i—h+1,---,n; 
and we deduce from the fact that R* is the direct sum of V’ and V” as well 
as the direct sum of the e;;R* that 


h n 
j=1 

It is readily verified that the n —1 elements + @ni, €22,° * * 5 @n-1,n- 
are mutually orthogonal idempotents of which the first is different from 0 
whereas the n —2 others are primitive idempotents. If en,» were an element 
n-1 
in the right-ideal W = + é@n.)R* + Seik*, then enn = + em)": 
i=2 
n-1 
a . 
+ IL xn, then 0 = ejjenn = 80 that enn = (C1. + 
4=2 
= and hence = €1n€nn = €in€nil: = C1171 = 0, an impossibility. Thus 
W < R*, showing that W is a maximal right-ideal in R* which does not 
5 


V” is not part of W. Since one of the iaeals 


contain @nn. Thus in particular 
V’ and V” is contained in W, we have found that V’< W. Consequently 
€;, is an element in W and therefore en; and @nn = niin are elements in W. 
This impossibility shows that the original hypothesis of non-primarity of FR 
has led us to a contradiction; and this completes the proof of the theorem. 


THEOREM 5.4. Suppose that the ring E is completely primary and 
Then 
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(1) EF, (=F) is its own right-dual. 
(11) There exists a right-dual to En for n > 1 which contains an identity 
dement if, and only if, every left-ideal in FE is a right-ideal. 


Proof. The assertion (1) is an obvious consequence of the fact that the 
right-ideals in form a finite ordered set. 

If every left-ideal in F is a right-ideal, then every ideal in FL (left-ideals 
as well as right-ideals) is a power of the radical P(#) and it is known ”? tha: 
a duality of the partially ordered set of all the right-ideals in Fy» upon the 
partially ordered set of all the left-ideals in Ey is effected by mapping the 
right-ideal J in LZ, upon the set L(J) of all the elements x in EF, which 
satisfy = 0. 

Suppose finally that 1 <n and that there exists a duality d of the par- 
tially ordered set of ail the right-ideals in F’, upon the partially ordered set of 
all the right-ideals in the ring R’ which contains an identity element. It is 
a consequence of Lemmas 5.1 and 5.2 that the ring £, is primary and uni- 
serial; and thus we deduce from Theorem 5.3 that 2’ is primary and uni- 
serial. There exist by Lemmas 5.1 and 5.2 an integer & and a completely 
primary, uni-serial ring /’ such that R’ = Fy. 

Denote by (#,”) the abelian group of all the n-tuplets of elements in F£: 
and by (F,k) the abelian group of all the k-tuplets of elements in F. The 
group (,n) admits the elements in F as operators (multiplication from the 
right), is a primary abelian operator group over E (in the sense of section 4) 
and is the direct sum of n cycles of order m(£): similar statements may be 
made concerning (/’,/). 

If B is an L-admissible subgroup of (£,n), then denote by B? the set 
of all those matrices in /, all of whose columns are n-tuplets in B; and if 
J is a right-ideal in /’,, then denote by J4 the set of all the 4-tuplets in (F,k) 
which are columns of matrices in J. It is readily verified that p is a pro- 
jectivity ** of the partially ordered set of all the H-admissible subgroups of 
(E,n) upon the partially ordered set of all the right-ideals in £,; and that 
q is a projectivity of the partially ordered set of all the right-ideals in F; 
upon the partially ordered set of all the F-admissible subgroups of (F,*). 
The transformation pdq is therefore a duality of the partially ordered set 
of all the H-admissible subgroups of (#,”) upon the partially ordered set of 
all the F-admissible subgroups of (/’,/) ; and hence it follows from Theorem 
4.1 that every left-ideal in F is a two-sided ideal in EF, as was to be shown. 


*? Cf. e.g. Baer (2), Theorem 7.5, p. 210 or Nakayama (1), Theorem 6, p. 9. 
** A projectivity between two partially ordered sets is a biunique and monotoni- 
cally increasing correspondence between the elements of these partially ordered sets. 
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It will be convenient to term a ring R quasi-primary, if R contains a 
identity-element 1, and-if there exists in # a two-sided ideal 7’ << # such thet 
every two-sided ideal different from # in Ff is part of 7. That every primary 
ring is quasi-primary, is a consequence of the following slightly more genera 


statement. 


LemMa 5.5. If the ring R contains an identity element 1, and tf thew 
evists in R a two-sided ideal T, all of whose elements are nil-elements,”* such 
that R/T is a simple ring,” then the ring R is quast-primary. 


Proof. Suppose that the two-sided ideal S in FR is not part of T. Then 
T<S+T and S+T is a two-sided ideal so that R—=S-+ 7. Hence ther 
exist elements s and ¢ in S and 7’, respectively, such that 1=s-+t. Con. 
sequently 1 = (s+ 7¢)"—s, + ¢" for every n and s, an element in the two- 
sided ideal S. Since ¢ is a nil-element, t=O for some 7. Thus 1 is in § 
and S = R, as was to be shown. 


THEOREM 5.6. The ring R is quasi-primary and there exists to every 
quotient-ring of R a right-dual possessing an identity clement 1 if, and onl 
if, R satisfies the following two conditions: 


(i) Ris the ring E, of all the n by n matrices with coefficients from the 
completely primary and uni-serial ring EF. 


(ii) Hither n =1 or else every left-ideal in E is a right-ideal in E. 


Proof. lf # is a quasi-primary ring whose quotient-rings possess duals 
with identity elements, then we deduce from Theorems 2.2 and 3.2 that the 
minimum condition is satisfied by the right-ideals in R and that FR is un- 
serial. Consequently the radical P(R) of PR exists. Since R is quas- 
primary, there exists one and only one greatest two-sided ideal 7 different 
from R. Clearly P(R) =T. Since R/P(R) is semi-simple, there exists a 
two-sided ideal T’ such that R = T + T’ and such that P(P) is the cross-cut 
of T and T’, It is impossible that 7’ is part of TJ’ and hence we have R =T’. 
Thus the cross-cut of # and T is the radical P(R) of R showing that R/P(R) 
is simple, i.e. R is a primary ring. It is a consequence of Lemmas 5. 1 and 
5,2 that there exist a positive integer n and a completely primary, uni-serial 
ring £ such that R = F,; and the necessity of conditions (i) and (ii) is now 
a consequence of Theorem 5. 4. 

If the ring FP satisfies conditions (i) and (ii), then we infer from Lemma 


*4 The element a is a nilelement, if for some i. 
*5T.e. if there does not exist a two-sided ideal 7’ such that 7' < 7’ < R. 
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3.5 that R is quasi-primary. It is easily seen that every quotient-ring of R 
meets the requirements (i) and (ii); and the sufficiency of (1) and (ii) is an 
immediate consequence of ‘Theorem 5, 4. 

We note that we have proved the following fact: 


If the maximum condition is satisfied by the right-ideals in the quasi- 
primary ring R, then R is a primary ring. 


6. The dualities of primary, uni-serial rings. If S is a subset of the 
ring #, then we denote by L(S) the set of all the elements x in R which 
satisfy: and we denote by A(S) the set of all the-elements y in R 
such that Sy = 0. Clearly L(S) is a left-ideal and K(S) a right-ideal in RP; 
and both these functions are monotonically decreasing. 

If E is a completely primary and uni-serial ring all of whose left-ideals 


are two-sided ideals, then the following statements hold: *° 


(1) K(L(/)) =/ for every right-ideal J in £. 

(2) L(K(J)) =-/ for every left-ideal J in Ep. 

(3) The functions K and L define dualities between the partially ordered 
st of all the right-ideals in /, and the partially ordered set of all the left- 


ideals in 


THEOREM 6.1. Jf the ring E és uni-serial and completely primary, if 
2<n, and if d is a dualily of the partially ordered set of all the right-ideals 
in E, upon the partially ordered set of all the left-ideals in the ring R with 
identity element 1, then there exists an isomorphism f of the ring Ey upon the 
ring R such that J¢ = L(J‘) for every right-ideal J in Ey. 


Proof. It is a consequence of Theorem 5.4, (II), of 2 <n, and of the 
existence of the duality d that every left-ideal in # is a two-sided ideal in FH. 
It is a consequence of Lemmas 5.1 and 5.2 that the ring £, is primary and 
uni-serial ; and hence we deduce from 'Theorem 5.3 that the ring F# is primary 
and that every minimal regular left-ideal in R is a cycle in the partially 
ordered set of all the left-ideals in R, i.e. R is left-sided uni-serial. Now we 
infer from Lemmas 5.1 and 5.2 and from Theorem 5.4, (II) the existence 
ofa completely primary and uni-serial ring F, all of whose left-ideals are two- 
sided, such that 2 =F, for some positive integer & (note that certainly 
l¢k). It is a consequence of the remark (3) above that a projectivity of 
the set of all the right-ideals in HZ, upon the set of all the right-ideals in 
R= Ff, is obtained by mapping the right-ideal J in EZ, upon the right-ideal 
K(J¢) in Fy. 


Cf. footnote above. 
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Denote as before by (#,n) the primary abelian operator group over Ff 
which consists of all the n-tuplets of elements in F, and where the elements jp 
FE operate upon the group (F£,n) by multiplication from the right. If 


“== (,,° * *.a,) is an element in (£,n), and if b = (bij) is an element 
n 

in Ey, then ba = (- - -, bjiai,- -) is a well-determined element in (F,n), 
i=1 


If J isa right-ideal in Fy, then J(/,n) is an H-admissible subgroup of (£,n) 
which consists exactly of all the columns of matrices in J; and it is readily 
verified that a projectivity of the partially ordered set of all the right-ideals 
in £, upon the -partially ordered set of all the H-admissible subgroups of 
(#,n) is obtained by mapping the right-ideal J in upon Analo- 
gous statements may be made concerning F; and (F,/). 

If J is a right-ideal in then we put (J(H#,n))? = K(J¢) (F, &) ; and 
it follows, from the results stated at the end of the first and second paragraph 
of the proof, that p is a projectivity of the partially ordered set of all the 
#-admissible subgroups of (/7,n) upon the partially ordered ret of all ihe 
F’-admissible subgroups of (/,/). Since 2 <n, we may apply a fundamental 


af 


theorem on the projectivities of primary abelian operator groups; *’ and hene 
there exists an isomorphism g of / upon F, an isomorphism g of (£,) upon 
(Fh) such that (ae)* = ase® for a in (F,n) and e in £ and such that 
SP for every H-admissible subgroup S of (£,n). There exists an iso 
morphism f of #, upen F; such that (ba)* = bfa* for every b in £, and even 
“in (£,n), since E, is anti-isomorphic to the ring of linear transformations 
of (#,n) and F; is anti-isomorphic to the ring of linear transformations of 


(F.k). Now we find that 
K (J4¢) (F,k) = (J(£,n))? = (J (EF, n))& =JSI(F,k) or K(J4) = J; 
and we infer from (1) above that L(//) = J4 for every right-ideal J in &, 


Coro.uary 6,2. Jf the ring E is uni-serial and completely primary, if 
2< n, and if d is a duality of the partially ordered set of all the right-ideals 


in Ey, upon the partially ordered set of all the right-ideals in the ring R with 


identity element 1, then there exists an anti-isomorphism f of Ey, upon R such 
that J4¢ = K(J4) for every right-ideal J in E. 


Proof. There exists an anti-isomorphism h of the ring R upon a suitable 
ring R*, If J is a right-ideal in /,, then J@ is a left-ideal in R*; and dh 
is a duality of the partially ordered set of all the right-ideals in #, upon the 
partially ordered set of all the left-ideals in R*. Hence there exists by 
Theorem 6.1 an isomorphism r of the ring En» upon the ring R* such that 


*7 Baer (1), Theorem II, 3.1, p. 311. 
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L(J*) for every right-ideal J in H,. It is clear that f—rh™ is an 


anti-isomorphism of upon which satisfies: 
Jt (Jah) == K(Jt*") K (JS), 


Remark. The hypothesis: 2 < cannot be omitted in Theorem 6.1 and 
Corollary 6.2. For suppose that # and F are two countably infinite, com- 
mutative fields which are not isomorphic. Then every proper right-ideal 
in Z, or F, is a minimal right-ideal; and the same holds for the left-ideals. 
Thus there exists a duality of the partially ordered set of all the right-ideals 
in Z, upon the partially ordered set of all the left-(right-) ideals in F., though 
the rings and are neither isomorphic nor anti-isomorphic. 


CoroLLary 6.3. Suppose that EK is a completely primary and uni-serial 
ring, that 2 <n, and that the ring R contains an identity element 1. Then 
there exists a duality of the partially ordered set of all the right-ideals in En 
upon the partially ordered set of all the left-(right-)ideals in R if, and only if, 
the rings FE, and R are isomorphic (anti-isomorphic) rings and every left- 
ideal in EF is a right-ideal in EF. 


Proof. The necessity of the conditions is an immediate consequence of 
Theorems 5.4 and 6.1 and of Corollary 6.2. If, conversely, every left-ideal 
in F is a right-ideal in FV, then it follows from the proposition (3), stated 
at the beginning of this section 6, that a duality of the partially ordered set 
of all the right-ideals in /£, upon the partially ordered set of all the left- 
ideals in /, is obtained by mapping the right-ideal J in Fy upon the left- 
ideal L(J) in Ly. If f is an isomorphism of the ring £, upon the ring £,f, 
then a duality of the set of all the right-ideals in F, upon the set of all the 
left-ideals in 2,/ is effected by mapping the right-ideal J in £, upon L(J)s; 
and if g is an anti-isomorphism of the ring #, upon the ring Ln’, then a 
duality of the set of all the right-ideals in £, upon the set of the right-ideals 
in £,® is obtained by mapping the right-ideal J in By upon the right-ideal 
L(J)* in 

CoroLtuary 6.4. Suppose that E is a completely primary and uni-serial 
ring and that 2 <n. 

(a) There exists a duality of the partially ordered set of all the right- 
ideals in BE, upon the partially ordered set of all the left-ideals in Ey if, and 
only if, every left-ideul in E is two-sided. 

(b) There exists a duality of the partially ordered set of all the right- 
ideals in Ey, upon the partially ordered set of all the right-ideals in E, if, 
and only if, there exists an anti-automorphism of E. 
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Proof. The statement (a) is an immediate consequence of Corollary 6. 3. 
since every ring is isomorphic to itself. If there exists an anti-automorphism 
of £, then every left-ideal in HZ is a right-ideal, since every right-ideal in the 
completely primary and uni-serial ring FE is a left-ideal; and there exists 
clearly an anti-automorphism of £;. Thus the sufficiency of the condition in 
(b) is an immediate consequence of Corollary 6.3. If there exists a duality 
of the partially ordered set of all the right-ideals in 2, upon the set of the 
left-ideals in Hp, then we infer from Corollary 6.3 the existence of an anti- 
automorphism of Hy»; and we deduce from Lemma 5.1 the existence of an 
anti-automorphism of F. 


Remark. It has been pointed out that the hypotnesis: 2 <n is needed 
for the proof of the necessity of the conditions enumerated in Corollaries 6,3 
and 6.4; but it is clear from the proofs that this hypothesis is not needed for 


proving the sufficiency of these conditions. 
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THE LINEAR q-DIFFERENCE EQUATION OF THE SECOND 
ORDER.* ' 


By JEANNE LE CAINE. 


1, The general matrix equation 
, far +l 


in which Y and F# are matrices of order n, leads to a variety of interesting 
functions. If the linear transformation (az + 6)/(cx-+d) has one fixed 
point, there exists a linear transformation on the independent variable by 
which this matrix equation can be reduced to the difference equation 


(2). 


If the transformation (ax + b)/(cx 4+ d) has two distinct fixed points, the 
general matrix equation can be reduced to a q-difference equation 


Y (qv) = R(x) ¥ (2). 


If the limiting forms of the equation are considered, it contains also the 
differential equation 


= R(x) (2). 


The simplest case of the general matrix equation is the case n =1. The 
difference equation in this case leads to the theory of the gamma function, 
which is related to the sine function by the equation (1— =/sin ze. 
The q-difference equation leads to the theory of what may be called the 
q-gamma function. This can be considered the logical “ half” of the Weier- 
strass sigma function on account of the relation 


2) =Tyg?(1— 2) ce 0/2) rite (t), 


The differential equation leads to the exponential function. 
From the point of view of simplicity the next case to consider is the case 


* Received February 7, 1942. 
‘This paper is part of a dissertation written at Radcliffe College under the 
direction of Professor G. D. Birkhoff, while the author was holding the Travelling 
Fellowship given by the Canadian Federation of University Women. The author 
Wishes to express her sincere thanks to Professor Birkhoff for his aid in the prepara- 

tion of this paper. 
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where n = 2, and the matrix R(x) takes the simplified form (1/p(a) ) (Aa + B) 
which can be immediately reduced, by means of the case n = 1, to the form 


The linear differential system obtaine. from this by a limiting process js 
essentially equivalent to the hypergeon et ic equation of Gauss. The linear 
difference system is the hypergeometric  ifference equation. The q-difference 
equation in the general form leads to th: theory of Heine Series. 

The importance of the matrix as a starting point is obvious for differential 
equations from the work of Schlesinger. A detailed treatment of the hyper- 
geometric difference equation from the matrix point of view is given by 
Batchelder.2. The analogous case for gq-difference equations has not been 
treated. 

ln the present paper, the aim is to treat certain questions of importance 
in the classification of the g-gamma matrices of the second order, which are 
the solutions of the q-difference equation 


(1) 2 (gr) = (Ar+ Lb) (2), where A, B are constant matrices of order 2, 


| Ar -+ B| 0, and | q| is assumed greater than one. Some of the known 
facts about Heine Series® are used as are also the theoretical results which 
were obtained by Grévy and Leau, Carmichael, Adams, Birkhoff, and 
Trjitzinsky.* 

In order to make clear the advantages of the matrix method in this 


discussion, the paper is divided into two parts. The first develops some 


2° | M. Batchelder, An Introduction to Linear Difference Equations, Cambridge, 1927. 
°H. E. Heine, “ Untersuchungen iiber die Reihe 
(1— (1 — qa) (1 — gat1) (1 -—q8) (1— 

Journal fiir Mathematik, vol. 34 (1847), pp. 285-328. E. R. Smith, “ Ziir Theorie der 
Heineschen Reihe und ihrer Verallgemeinerung,” Inaugural Dissertation, Miinchen, 
(1911). 

*A comprehensive bibliography on the field of difference equations is given by 
N. E. Nérlund, Differenzenrechnung, Berlin, 1924. This has been brought up to the 
year 1931 by C. R. Adams in an article entitled “Linear q-difference equations,” 
Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 361-400. <A few 
referen.e- of importance in the following are: C. R. Adams, “On the linear ordinary 
q-differe:.ce equation,” Annals of Mathematics, (2), vol. 30 (1929), pp. 195-205; 
G. D. Lirkhoff, “The gencralized Riemann problem for linear differential equations 
and the allied problems for linear difference and q-difference equations,” Proceedings 
of the American Academy of Arts and Sciences, vol. 49 (1913), pp. 521-568; W. J. 
Trjitzinsky, “Analytic theory of linear q-difference equations,” Acta Mathematica, 
vol. 61 (1933), pp. 1-38. 
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THE SECOND ORDER LINEAR @-DIFFERENCE EQUATION. 587 
elementary algebraic theorems regarding the effect of certain types of trans- 
formations on equation (1). The second deals with the explicit form of the 
q-gamma matrices and the relations between them which can be obtained by 
application of the algebraic theorems of part A. 

Among the new results obtained are the following. In 2 a simple normal 
form for equation (1) is set up and the conditions are obtained under which 
(1) can be reduced to this form by the transformation Y(r) =CY(z), 
(a non-singular constant matrix. The following section contains a discussion 
of necessary and sufficient conditions for the existence of a rational trans- 
formation, Y (x) = (a), by means of which equation (1) is trans- 
formed into a linear equation of the same form. 

The explicit forms of the q-gamma matrices which are the fundamental 
solutions of equation (1) are listed in 6. In 7 it is shown that if two equations 
are related by a rational transformation, a rational relation exists between 
the corresponding fundamental solutions of the equations, and that this is 
the only case in which such a relation can exist. The position of the family 
of rationally related equations in the solution of the Riemann Problem for 
equations in which | A | #0 and | B | ~0 is stated in 7. In the concluding 
section it is shown that, by making use of the rational relations between 
and | B} 


are not zero can be represented as a convergent matrix product in which the 


equations, a fundamental solution of an equation for which | A 


polynomial part of each factor can be taken to be linear. 


A: Transformations on the Matrix Equation. 
2. Linear transformations. In the equation 
(1) Y (qx) = (Ax+ B)Y (xz) 
let @,,@2 represent the characteristic roots of the matrix A; b,,b, the char- 
acteristic roots of the matrix B; 2,,a.. the zeros of the determinant 


These six constants will be called the characteristic constants of the matrix 
Ax + B, or of equation (1). A matrix (or equation) will be said to be of 
type I if all its characteristic constants are finite and different from zero. The 
discussion in this and in the following section deals with matrices of type I. 
The modifications necessary for matrices not of type I will be discussed later. 
The characteristic constants of a matrix satisfy the relation bb. = a,02%,@. 
and so not more than five can be assigned arbitrarily. If a,. and bj. are 
simultaneously zero, the matrix (or equation) is said to be reducible, and 
the constants satisfy the additional conditions 6, = — a,%,, = —- 
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If to equation (1) is applied the linear transformation 
(2) Y(x)=CY¥ (x), C a matrix of constants, |C | 0, the equation 
becomes 
(qr) = + B)OY (x) = (C*ACa + F(x) 


which is a linear matrix equation of the same form as (1), and with the same 
characteristic constants. Thus if two equations are related by a linear trans- 
formation (2) they have the same characteristic constants. 


Under certain conditions the converse of this is true. This can be stated 
as follows: : 

THEOREM I. If a), de, b1, be, %1, are the characteristic constants of 
equation (1) and A and B do not commute, a non-singular matrix C ezists 
such that the transformation (2) applied to equation (1) gives 


(1) = (Aw + B)Y(z) 


or 


(4) Y (qv) = ( Y(z). 


In proving this theorem, there is no loss of generality if Ar + B is 

assumed to have the form Song + On bie ) with a.,—0 if am, 
+ dey dot 

and a2; = 0 or 1 if a, = ds, since there always exists a non-singular matrix (’ 

a, 0 

Me 

because A cannot be a multiple of the unit matrix since A and B do not 


such that o740 — ( The possibility 0, a, = dz, is excluded 


commute. 
If b,. 40, the matrix 


1 
‘ lls 


bi tae, 41%, 
bie ay 


is non-singular, and + B)C=Ac+B. 


| | = {(bu+ (d2—a;) — 12} 


If = 0, then = 0; = — and by. = bs = — aya. The diagonal 
elements of the matrix Az + B can be interchanged by a non-singular trans- 
formation (2), and if «+. a further transformation with 


1 


C= 


— fle tobe, (lobe 4. 12 
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puts Aw + B in the form Ar + B. If a, =o, then ka, and b. = kb, 
and the only case in which A and B do not commute reduces to (4). 
That the restrictions made in the above theorem are necessary can be 


seen by considering the commutativity of 4 and B. These matrices commute 


if and only if b; = —- a,%,, bs = — = @. Therefore =A and 
(BC =B are impossible when A and B commute and the conditions 
= = — 4 are not satisfied, and also when these 
conditions are satisfied and A and B do not commute, as in equation (4). 

If the equation takes the form (4), the simple rational transformation 


This is a linear equation, the char&cteristic constants of which no longer 
satisfy the condition %, = %, and can therefore be transformed by a constant 


yields the equation 


transformation into the corresponding form (3). 

In this paper the case where A and B commute will be omitted for the 
sake of brevity as it can be shown that in this case the solution of equation (1) 
can be expressed completely in terms of g-gamma functions of the first order, 


and that the discussion of the equation is analogous to that of first order 


equations. 

In the following, only equations which can be put in the form (3) by a 
linear transformation will be considered. For such equations the charac- 
teristic constants determine the family of equations related to each other by 
linear transformations. The matrix Aw + B will be called the normal form 
of the matrix Ax + B, and equation (3) will be called the normal member 
of the family of equations to which it belongs. 


3. Rational transformations on equations of Type I. If the trans- 
formation 
(5) Y(x) =L(x)¥ (zr), L(x) a rational matrix, | L(x)| 
is applied to equation (1) the equation becomes 
(qr) = (qx) (Ax + B)L(x)¥ (2). 


In general, the matrix of this equation is not linear, and the new equation 
does not fall into the class under consideration. For certain choices of L(z), 
however, the matrix L-1(qr)(Av-+ B)L(a) is again a linear matrix of the 
form Cx + D. 
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THEOREM II. Jf Ax + B is the normal matrix with characteristic con- 
stants de, b1, be, @, and if C2, di, do, Bi, Bz are such that 


(6) cy = C2 = dy = dz = = didz = 
where my, Me, Ny, Ne, ke are arbitrary integers, there exists some non-singular 
rational matrix L(x) such that (Ax + B)L (x) ts the normal matriz 
with characteristic constants ¢,, ¢2, d;, dz, Bi, Bo 


First consider the cases in which one of the integers m,, mo, ,, Na, ke is 
: 1: 2 1 2, 
+ 1, and the others are all zero. These cases fall into three groups. 


(i) m=—m,—=—n, =n. =—0, kz = +1. 
If , L-' (qv) (Ar + B)L(x) is the normal matrix with 
0 1 
characteristic constants ds, by, be, that is k,==1. A simple 
modification of this matrix gives the rational matrix required for the case 
= — 1. 


m, = m, =k, = 0; ny = +1, = 0 or n, = 0, nz = + 1. 
— + aoa, + + 4%), a 
— fle %)/ — 


L-*(qx) (Ax + B)L(x) is the normal matrix with characteristic constants 
Az, bi, by, This is the case ny =1, and an analogous 


rational matrix can be found for each of the other cases in this group. 


(1) 2, =n, =k, =—0; m=—+1, or m—0, m= 1. 


To obtain characteristic constants a,, be, qa, the case m, = 1, 


qa) —- + bee + (a, + a2) 


and similar matrices can be found for the other cases. 

‘The matrix (a) in (i) is always non-singular. The matrices L(x) in 
(ii) and- (iii) will be non-singular unless Ax+ B is reducible, that is 
b; = —a,a, and In this case a satisfactory non-singular matrix 
L(x) can be found as the product where LZ, (2) is chosen 
so that L,*(qv)(Av-+ B)L,(a) = B, has characteristic constants 
1, M2, 61, be, %/q, %q and is irreducible; L.(x) is the appropriate matrix of 
group (ii) or (iii) for 4,2 +B, so that for the matrix (Aiz+ B,) L.(z) 
= A,x + B, the integers m,, mz, have the required values, but k. = 1; 
[3(z) is a matrix of group (i) such that for + B,) the 
value of k. is zero. 


= 
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It is now clear that the normal matrix with characteristic constants 
C1, C2, G1, dz, B,. B, satisfying conditions (6) can be obtained from the normal 
matrix Av + B by a finite sequence of transformations of the forms discussed 
under (i), (ii) and (ili) above. Thus the L(x) of the theorem can be 
obtained as the product of a finite number of non-singular rational matrices. 

It can also be shown that if a linear equation Y(qz) = (Cx + D)Y (zr) 
can be derived from Y (qr) = (Av-+ B)Y(ax) by a transformation of the 
form (5), then the characteristic constants of these equations must satisfy 
conditions (6). 

THEOREM III. Jf for some L(x), (Ax + B)L(x) = Cr+ D, 
then 
(6) = Co = = dz = Bo = G02, did2 = C,C2BiB> 
where My, My, Ny, No, ky are integers, dy, de, by, b2, % are the characteristic 
constants of Ax + B and C2, d,, dz, Bi; are the characteristic constants 
of Cx + D. 


In order to establish this it is more convenient to write 


L-*(qr) (Ax + B)L (x) =Cx+D 
in the form 
(Ax + B)P(x)r(qz) (Cx aft D)r(c), 
or 


( ) (Ax B) +-(Patm ‘ + Lyn+m+1 + +- + oP o} 
— + ( Pat'm-19 + + + (roqgP1 + + roPo} (Cx + D) 


where the rational matrix L(x) is replaced by P(x)/r(x), P(x) a polynomial 


matrix Py + + Pow? +--+ ++ Pav", and r(x) a polynomial 7) + 
am 1 + a”, 
Let the zeros of P(a) be Pon and the zeros of r(x) be yi,° ym- 


The determinant of the left hand side of (7%) is a polynomial with zeros 
M1, Pons and the determinant of the right hand 
side is a polynomial with zeros B,, Bz, * ym. There 
is no loss of generality if all the constants pi, y; are assumed not equal to zero. 
These two sets must be identical. That is, «, must equal B,, B., pi/q for some 
t=1,---,2n or y; for some i=1,---,m. If a=), the required rela- 
tion between «, and f, is established. If #, = p:/q, then since p, cannot equal 
Pi = Bi, Be, or pj/q for some j = 2,° ++, 2n or y; for some j = 1,:--,m. 
If p, = B,, then a,—,/q and the required relation is established. Con- 
tinuing in this way it is evident that for some /, and k., #, = q%, ‘and 
== 
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The remaining relationships can be established from the set of matrix 


equations obtained by equating coefficients of like powers of x in (6), that isf 


BroPo = = ToP oD 


+ Poqr, ) 4. AP of + Phy + 
+ Pyqrz) +A (roP; + Pog) — 19 + rPo)C + + reP,) D. 


It can be assumed that /’, is not the zero matrix. If | Py | #0, the first 


equation implies that b,=d,, and b,=—d,. If | Py |=0, by multiplying 
each side of equation (7) on the right by a suitable constant matrix # and f 


o O 
on the left by its inverse, P, can be reduced to one of the forms te ), 


0 0 


(; Po In the first case the first equation gives = Podis, ber = 0, 


and d,;.=0, whence 6,;=—d,. The second equation now gives robopy 


== that is, if poo 0, b.—gd,. Otherwise the investigation must 


be carried further, but a continuation of a similar argument gives the desired 


result. 


According to these results, there is associated with each equation (1) 


a family of equations, which consists of all those equations which can bef 


obtained from (1) by transformations of the form (4). Such a family of 


rationally related equations is characterized by a set of characteristic con- f 


stants g™a,, q™b,, gha,, ga, where == a,d2%,%2, and 
M,, Ms, Ny. No, k,, k, are arbitrary integers subject to the relation 


m, + m,=—n, kh, + kp. 


4. Transformations on the independent variable. Another way in 
which the equation 


(1) Y (qr) = (Ax+ B)Y(z) 


can be transformed into an equation of the same form is by the transforma- § 


tions on the independent variable, = ka’, k 40, andz—1/2’. If 
equation (1) becomes 


Y (qkx’) = (Akr’ + B)Y¥ or Z(qa’) = (Ake’ + B)Z(z’), 


where Z(z’) = Y(kz’). This is an equation with characteristic constants § 


ka,, kde, by, bo, /k, 

If x=1/2’ equation (1) becomes Y(q/z2’) = + B)¥(1/2’) or 
Y (1/2’) = (2’/| Av’ + B|) (Be + A’) (q/2’), where B’ is the adjoint of 
B and A’ is the adjoint of A. If Y(q/2’) = Av’ + 
where T,{z’/| Ac’ ++ B|} is a solution of the first order equation y(qz’) 
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= Ax’ + B!}y(2’). equation (1) becomes = (B’a’ + A’)Z(2’). 
This is an equation of the same form as (1),-with characteristic constants 
b;, bo, Qi, de, 1/4, 1/%. It should be noted that this discussion is not 


restricted to equations of type I. 


5. Equations of Type II. An equation (or matrix) is said to be of 
type II if a,a,b,b,—0. Equations of this type can be divided into three 
groups: Type ILA, with bb, = 0, 40, and hence are finite and 
a,% = 0; Type IIB, = 0, 40, and a,a, = Type IIC, 0, 
(dg = 0, so that a, 0, and a= o. For equations of type IIA it can be 
shown exactly as in 2 that if A and B do not commute a non-singular matrix 
(' exists such that the transformation (2) applied to the equation puts it in 
the normal form (3). The form (4) is not possible under the condition of 
type ITA. 

For equations of type IIB a modified form of equations (3) must be 
used as normal form since some of the elements in the matrix are indetermi- 
nate. It is unnecessary to consider separately matrices of type IIB since by 
a transformation on the independent variable of the form «—1/z’ as dis- 
cussed in the preceding section, such an equation can be transformed into an 
equation of type ITA. 

For equations of type IIC (a. = 0, 0) the matrix Ax + B can be 
put into the form if a, #0, and | Ax+ B| The 

21 
Q asx 
boo +d, 


and by a transformation of the form « = 1/2’ this can be transformed into the 


normal form in this case is ( ) If a, = 0, b, cannot be zero. 


preceding case. 

Families of rationally related equations can be set up for equations of 
type II as they were in 8. The second theorem of 3 applies without modi- 
fication. The first theorem of 8 can be established by exhibiting matrices 
L(x) similar to those for type ]. Since multiplying the characteristic con- 
stants by powers of g cannot affect the type of the equation, rational relations 


can exist only between equations of the same type. 


B: Relations Between Solutions. 


6. Fundamental solutions. The matrix equation (3) is equivalent to 
the second order equation with linear coefficients 


(8) [ (a, + + + be] y (qx) + y = 0, 


in the sense that each can be derived from the other. A matrix solution of 


o\ | 

077 
= () 
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(3) can be built up from an independent set of solutions of (8), that is a pair 
of solutions y:(2), y2(x) such that y,(x)y2(qv) — Thef 
definition of type given for equations of the form (3) can also be applied 
to equation (8). The forms of the solutions of (8) and therefore of (3) 
are essentially different for equations of type I and type II. 


Heine ° showed that the general series 


satisfies a particular second order equation. Any second order equation (8) 
of type I with the additional condition that a; q"d2, A 


integers, can be reduced to this equation. An equation of type I for which f 


A, A ny, integers, will be said to be of type Ia, otherwise 


of type Ib. Smith® obtained, in terms of Heine series, two fundamental f 
systems of solutions for an equation of type Ia, one valid in the neighborhood f 
of zero, the other valid in the neighborhood of infinity. He also discussed f 
the solutions of an equation (&) of type Ib. His results can be obtained more f 
simply by using the method given by Adams? for equations of order n. Using f 


the notation 


log a, — log b. log (— a2) log a, — log b. log (— 4, 
log g log q log q log q 
log b, — log bz log x 
log q log q ’ 


the fundamental matrix solutions for equations of type Ia are: 


b,t 0 k, 0 


Here k,, k, are arbitrary constants. The matrix (x) is equal to 


and 


x b; 


y+1,8 


be 
q; qu/%2) , (a 


5H. E. Heine, loc. cit. 
*E. R. Smith, loc. cit. 
7C. R. Adams, loc. cit. 


(1— q*) (1— q*"") (1 — (1—¢8) (1 — 
(1—q)(1—q’) (1—q’) (1--q”) (1 — 


a 
I 
0 
| 
sa 
Bit 
If. 

0 2 5 t 
(a 3 A, B) 0 bet 0 kee é 

|| 
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Th 
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and is a matrix of entire functions. The matrix G(z) is equal to 


(1 — a, /2) 


y+1, q,% 19/X), ¢(B,8B—y+ 1, 


It is a matrix of meromorphic functions and is analytic in the neighborhood 


b( a, 


of infinity. 
For an equation (3) of type Ib T,°(z; A, B) is as above unless b, = q”b.. 


in which case T,°(x; A, B) = (x) 1 where So(x) is a matrix of 
power series in analytic at = 0; Ty©(x; A, B) is as above unless a, = 
when A,B) = Soo (zx) (j 1 where Sx(x) is a matrix’ of 


power series in 1/z, analytic at r= o. 
Formal matrix solutions for equations of type II can be obtained by the 


nore 


sing 


— %,) 
oq 


If b, == 0; b. =— 0, r,°(z; B) == (2) ( 


type TIC, Ty A, B) 


gry) 


same method. For type IIA, A,B) = YE (a 


G(x) is a matrix of power series in 1/x which converge everywhere except for 
¢=(. The fundamental solutions about zero have the following forms: 


Ay /d, 


If b. = 0, b, 0, a, 4 0:1,°(2; A, B) = (a 


0 
If = 0, A0, a = A,B) = 8; ) 
1 


)3¢ 0 
0 [— (a,a.%,)*]¢ 


0 
(— 


0 
— Doott, 


ofl 0 ) 
[— (Doxa, )*]* 


The matrices S,(a2), S S,(v) are matrices of power series in 2; the 


Ifb, = A, B 


— 
TR 


elements of one tn are cites series, those of the other, divergent 

series. The elements of S,(#) and S;(x) are convergent power series in 2}. 
Y(a) is any matrix solution of (1) the general solution of (1) is 

Y(x)P(x), where P(x) is a matrix of q-periodic functions, that is, 

P(qr) = P(x).8 


*R. D, Carmichael, “ The general theory of linear q-difference equations,” American 
Journal of Mathematics, vol. 34 (1912), pp. 147-168. 


| 
| 


596 JEANNE LE CAINE. 


7. Rational relations between fundamental solutions. The rational 


transformations (5) by which an equation (3) is transformed into another 


equation of the same form, set up rational relations between the fundamental 
solutions of these equations. This is because these transformations have the 


property stated in the following theorem. 


THEOREM IV. /f the transformation Y (x) = L(x) (x) transforms the 
equation Y (qr) = (Ax + B)¥ (zx) into ¥(qr) = (Cx + D)¥ (2x), then 


A, B) = L(x) C, D) 


and 


(2; A,B) L(2)T,”(2; C, D) i ) 
where 1, T2, are constants. 


Since the two equations belong to the same family of rationally related 
equations, they must be of the same type and their characteristic values must 
have the property that = d, = q"C2, bs = q™d,, bz = dz, = 
where a2, bs, %, are the characteristic constants of Ar + B, ¢s, 
d,, ds, By, B. are the characteristic constants of Cx + D, and m,, mz, 


Ny, No, ke 
are integers. The relations imply that = bot = a™d,"', = 
a,' == 2"c,', From the relationship which exists between the two equations, 
it follows that Ty°(x; A,B) and L(x)T,°(x;C,D) are solutions of the same 
equation, and therefore A,B) = D) P(x), where 
is a q-periodic matrix. If the equations are of type Ia, this relation is 


s(z)( 0 = (x), and therefore P(z) 


r, 0 
: ). The theorem can be estab- 


9 


must be a diagonal matrix of constants, ( 


lished by a similar argument for equations of other types, and for the funda- 
mental solutions about infinity. 


The rational relations which exist between solutions of equations of the 
same family are the only rational relationships which can exist. If Tq°(a; A, B) 
= this value can be substituted for T,°(r; A,B) in the 
relation A,B) = (Avr + B)T,°(x; A, B), giving 


(qu; C, D) = (Ax + C, D) 
or, since D) = Cx + D, 
L (qx) (Cx + D) = (Ax + B)L(2). 


Therefore the two equations belong to the same family. 
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In this way there is set up a characterization of all situations in which 
a rational relationship exists between two fundamental solutions of a second 
order equation, where it is assumed that both are about zero, or both about 
infinity. By looking at individual elements of the matrices involved, in- 
teresting rational relationships are obtained which must be satisfied by the 
series involved in the matrices S(x;A,B) and S(2#;C,D). No trans- 
cendental term occurs, since the relation between them takes the form 


0) 


For matrices of type Ia, the series involved are Heine Series and the 


8(4;A,B) = L(2)S(#;C, D) ( where s;, are integers. 


relations obtained in this way include the known relations satisfied by Heine 
Series. ‘These were obtained by Heine by formal manipulation suggested by 
analogy with the similar relationships which exist between hypergeometric 
series. ‘The approach based on the q-difference equation gives a logical basis 
for these relationships, and a characterization of all the relations of this form 


which can exist. 


8. The Riemann problem. The q-periodic matrix which has the 
property that T,°(@; A,B) =T,~(r;A,B)P(x) is called the fundamental 
periodic matrix for equation (1). For the equation of the first order. 
y(qz) = (1— x)y(x), the fundamental periodic function has been explicitly 


determined.® This function is 


p(x) =17,°(1 -— 2) (1 — 2) (0/2) 


where a(t) is the Weierstrass sigma function belonging to the periods wo = 1. 


= 2mi/log g, and c= (1— 1/q)?(1—1/q’)*: -. 

If (1) is of type Ia the explicit form of its fundamental matrix can be 
obtained by making use of the asymptotic properties of the Heine Series.’” 
The result, expressed in terms of the fundamental periodic function for equa- 


tions of order one is P(r; A, B) = (p(-—aixv/b;) cij), (14, 7 = 1,2), where 


y=0 1q' (1—ayq’/az) (1 — b,q’**/b.) (1 — aeq’/ay) 
veo (1 — (1 — peo (1 — (1 — 


The Riemann problem has been stated and solved for g-difference equa- 
tions of order n, with properties corresponding to those of type Ia as defined 
here!" For q-difference equations of the second order the results can be 


® Birkhoff, loc. cit., p. 564. 
10 Smith, loc. 
11 Birkhoff, loc. cit., pp. 559-568. 
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obtained in a more precise form, and without using the limiting proces 
employed in the general case. The method by which this is done is indicated 
below. 

Assume that two matrices Y)(x) and Yo(z) are defined as follows: 


t 
Yo(r) = by er 


t 
Ve (x) = A(z) 


where B(x) is analytic throughout the finite plane, | B(0)| 0, so that 
is analytic for r 0, 0; A(x) is analytic at r= 0, | A(o)| 40, 
and A(x) is analytic except for poles throughout the finite plane. Let P(z) 
be defined by the equation Y)(x) = Yo(xr)P(zr). Assume that P(x) has the 
property that P(qr) = P(x), and that there exists some loop LZ about « =0 
which cuts the spirals 6c -+ arg q/log|q]| only once, and is such that 
Yo() is analytic outside this loop (x ~ «) and | Yx(x)| 0 outside this 
loop. Then P(x) is analytic outside the loop L, and therefore because of the 
relation P(qrx) = P(x), P(x) is analytic throughout the plane, 0, 
From the definition of P(x) it follows that 


pis (2) = eee by-logas) p-mity,; (x) 


where $i;(7) is analytic, and therefore pi;(2) cijp(—aix/b;) where p(z) 
is the fundamental periodic function for equations of order one. 
Since Y,(x) is unaltered in form if it is replaced by Yo(z) 


0 
d, 0 
0 d, 
are not uniquely determined, but can be replaced by cjei;/di. This does not 


and similarly Yoo(x) may be replaced by Y« (x) ( , the coefficients cy; 


alter the zeros of | P(x)! which are the solutions of the equation 


p(—a,0/b2) p(— 


The zeros of | P(x)| occur in two sets of the form q"« (n = 0, + 1, + 2,:°°). 
If a, is a member of one set of zeros, a member of the second set is given by 
== b,b2/a,a.%,. This follows from the property p(x) = p(1/r). Thus 
the equation | P(z)| determines transcendentally two sets and q"%, 
(n=0,+1,+2,:--). These lie on the two spirals 

arg 


S,: a, = (log r — log | a, |) 
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and 
arg 


q 
So: arg — (logr—log! @, |). 
g | az |) 


If log b,, log b., log a,, log a., and P(x) are assigned in advance, where 
P(x) is subject to the restrictions pij(z) = cijp(—aia/b;), there exists a 
matrix equation with Yo(x), Yo(a#) as matrix solutions. For any loop about 
r=0, not passing through | P(x)| = 0, which has the property that it cuts 
the spirals S, and S, only once, there exist matrices Yy(x) and Ya«(a) with 
the property that | Y,(z)| 40 within and along the loop, and the elements 
of Yo(a) are analytic and | Yoo(x)| 0 without the loop. Matrices having 
these properties are given by the fundamental matrix solutions of some equa- 
tion belonging to the family with characteristic constants q™a,, q"@2, q™0,. 
+n. +h, +k If the loop has the addi- 
tional property that if it cuts the spiral S, between the points a, and qa, 
it cuts S. between a, and ga, the matrices having these properties are the 
fundamental solutions of the equation with characteristic constants a, ds, 


Be, Do. 


9. Expression of the fundamental solutions as matrix products. The 
y-gamma matrices T,°(2;A,B) and T'y~(x;A,B) which are solutions of 
equations of type I can be expressed as convergent infinite products of matrices. 
This infinite product representation is analogous to that for gamma functions 
of the first order. The method is indicated below for T,°(2; A, B), which will 
be denoted by T(x) for simplicity. 

The equation (gr) = (Ax+ B)Y (zx) is equivalent to 

Y (2) = (Aa/q + + + B)Y (x/q"). 
In particular, 

= + B) (Aa/q? + B)- + B)To(x/q"). 
The matrix = Sy(x)To(x), where S,(x) is a power series and 
is a matrix the elements of which are transcendental. Replace T)(x/qg") by 
So(x/qr)To(x/q") where Sox(x/q") is the matrix obtained by including only 
the first & +1 terms of S,(a). Consider the limit 
(9) lim { (Aav/q™ + B)Sox(a/q") To(x/q") }. 

N—>X m=1 

If this limit exists, it is equal to Ty(x) since lim So(2/q")So*(a/q") =I. 


The product can be written in the form 


Suc? (x) (x) II (2/g™-*) Sox 1) (Ax/q™ B) So (2/q™) To(2/q™) 


m=1 
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Each factor here is Sox (qz) (Az + B)Su(z)To(z), 2 = 2/q™, which 
can be written as I + 2*7,-(z)W(z)T(z), W(z) a matrix of power series, 
since So.(z)7(z) satisfies the equation up to terms of the k-th degree. There. 
fore the matrix product for To(z) is 


= Sou? (x) To* (x) TT [1 + (a/q™) (x/q") To (x/q")], 


m=1 


which will converge uniformly in a region FR if k can be chosen so that the 


series (a/q™) converges absolutely in R. 
m=1 
For x in some region R, and m > N the terms of the matrix ¥(x/q”") are 
less in absolute value than some constant WM; therefore the convergence of the 
series depends on the form of the matrices T(z) and therefore on the type of 


b,* 0 
. The general 


the equation. If the equation is of type Ia, 7,(z) -( 0 dat 


term in the matrix series is then 
| /b, )log(a/q™), log (x/ ) Vo. (2/q™ ) 


But (oe Thus the series converges if 


* 
los converges. If b,, lie in the circular ring 


m=1 


then | | <|q| and 


| slog (04/04) ‘logq) | | q << q nk 


Thus in this case the series converges if k >0, that is if k—=1. For am 
equation of type Ia, there is some L(x) such that a transformation (5) trans- 
forms the equation into an equation of the family for which },, b, lie in the 
4, Thus Iy)(z) for any equation of type Ia can be 


ring 
expressed as L(x)II(z) where II(x) is a product of the form (9) with 
chosen equal to 1. . 


For equations of type Ib, k can always be chosen equal to 1. 


SMITH COLLEGE, 
NORTHAMPTON, MASSACHUSETTS. 
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A CLASS OF TRANSFORMATION GROUPS IN E,.* 


By DEANE MontcoMeERY?* and LEo ZIPPIN. 


1. Compact transformation groups in FE, (euclidean n-space) which have 
at least one n — 1 dimensional orbit appear to be of considerable interest, and 
we study such groups here. It is known [6] that with a single exception all 
orbits of such a group are n—1 dimensional. We show that this one ex- 
ceptional orbit consists of a single point, that is, that it is a stationary point 
of the group. Our principal conclusion is that there is a “ ray ” which forms 
a cross section for the orbits and that G@ acts on Hy, in a way which is de- 
termined by its action on one n —1 dimensional orbit and by this ray. - 


2. We follow the terminology of [4] and [6]. We assume that @ is a 
compact connected topological group satisfying the second countability axiom, 
and that to every element g of @ there is given a homeomorphism g(x) of En 


into itself in such a way that 


(1) gilgz(2) |= (9192) (2) 
(2) g(x) is simultaneously continuous in g and z 
(3) if ¢ is the identity of G, e(x) = for all z. 


We assume furthermore that G@ is effective which means that two distinct 
elements of G have associated with them two distinct homeomorphisms. 

We shall have occasion to use the decomposition space 2*, whose points 
are the orbits of @ in H,. The natural transformation Z from EF, to H*, is 
continuous and open. We take it as known [6] that if one orbit is n—1 
dimensional then every orbit is n—1 dimensional except for one orbit of 
dimension less than n-—1, which we denote by G(z) where z is some point 
of this orbit. The space H*, is homeomorphic to a closed half line and its 
end point is L(z). It is not immediately obvious that @(z) is a point but 
this will be verified in what follows. We also take it as known that G must 
be a Lie group. This is because @ acts effectively and with locally connected 


orbits on the connected locally Euclidean space Z,— G(z) [4, 6]. 


3. We begin by proving a lemma on finding cross sections. For this 
lemma it is not necessary to assume that our decomposition is given by a 


* Received June 5, 1942. 
1 Guggenheim fellow. 
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group. In this section, then, we take R to be a compact arc-wise connected 
metric space which is filled with a continuous collection of compact arc-wise 
connected sets. In analogy with the situation for groups we denote by G(z) 
that set of the collection which contains z. The sets of the collection are to 
be mutually exclusive and by definition the continuity of the collection means 
that the natural mapping L from RF to the decomposition space is continuous 
and open. We assume that L(R), the decomposition space of R, is homeo- 
morphic to an interval a*b* and that the collection enjoys the following 
property : 

(A) For every « >0 there is a 8 >0 such that if y is in G(z) and 
d(z,y) is less than & then x and y may be joined by an are in G(x) of 
diameter e. 

We have assumed that any two points z and y of R can be joined by an 
are and we also assume that this arc can be so chosen that its diameter 
approaches zero with d(x,y). This assumption is used for the first time in 
the corollary to Lemma 1. 


LEMMA 1. Assuming the conditions described in the preceding paragraph 
let p be in L~*(a*) and gq be in L*(b*). Then there is a monotonic arc from 
p to q, that is the homeomorphic image z(t) of an interval such that if t; < te, 
then La(t,) La(te). 


This lemma does not assert that a cross sectioning are exists but only 
that there exists an arc which never moves backward. It might of course 
remain in the same set G(x) throughout an interval of values of ¢. 

In order to prove the lemma we begin by choosing an are J from p to q. 
Let a*,, a*., a*;,- - + be the interior rational points of the interval a*b*. 
Let p, and q, be, respectively, the first point and last point in which J meets 
[-*(a*,). Now if p, and gq, are distinct we replace the subare p,q; of J by 
an are (j,g;) which lies in the set Z~*(a*,) and which has diameter less than 
two times (any fixed multiple greater than one would suffice) the greatest 
lower bound of the diameters of such arcs. The arc J, obtained in this way 
joins p and g and cuts Z~*(a*,) in a connected set. If p, and q, are not 
distinct we let J, be J. 

Next let p. and qz2 be respectively the first and last points in which J; 
meets L-*(a*,). If p. and gq, are distinct we replace the arc poq2 by an are 
(peq2) which lies in Z~*(a*,) and whose diameter is less than two times the 
greatest lower bound of the diameters of such arcs. We obtain in this way 
an are J, which joins p and gq and meets Z-*(a*,) and Z~*(a*,) in connected 
sets. Proceeding in this way we obtain a sequence of arcs 
such that J, meets each of the sets D-*(a*,), L-1(b*), L-*(a*,),-- (a*n) 
in a connected set. 
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The arcs pngn are disjoint subarcs of J and hence the diameter of pngn 
approaches 0 as n tends to infinity, because an arc can contain at most a 
fnite number of disjoined subarcs whose diameters are greater than a fixed 
positive number. Because of property (A) and the choice of (pngn) it follows 
that diameter (pPngn) approaches zero. 

By definition there is a homeomorphism h(t) taking the interval (0, 1) 
into J. Under this homeomorphism there is a certain interior subinterval 
I, of (0,1) going into the interval p,q:. By altering A(t) only on J,, or 
not at all if p,,q, are the same point, we obtain a homeomorphism h,(t) 
taking (0.1) to J,;. Continuing this process of alterations we obtain a 
sequence of homeomorphisms h,(t), h2(t),- where Ana(t) takes (0,1) to 
J,. Because of the remarks in the preceding paragraph the sequence of con- 
tinuous functions h,(¢) must converge uniformly. Hence they converge to a 
continuous function z(t). We see also that x(t) is one to one and that it 
defines a monotonic arc as required in the conclusion of the lemma. Our proof 
is therefore complete. 


Corotuary. For each > 0 there exists a 8 >0 such that tf p,q are 
in R, not necessarily in L“(a*) and L-!(b*), and if d(p,q) <8, L(p) 
<= L(q), then there exists a monotonic arc from p to q of diameter <«. 

This can be proved by essentially the same argument as the lemma. The 
first are J joining p and q can be chosen to have small diameter. By property 
A the arcs (fuxqn) can also be chosen with small diameter. Hence the limit 
are will have small diameter as we wished to prove. 

We shall use the symbol ('(s) to denote a finite set of points @;, @2,°° *, a 
in R such that for t—1,---,k—1, we have L(ai;) < L(ais.) and 
d(ai,ais.) <s. We speak of this as a chain of mesh less than s joining 
a, and ay. Note that this finite set is required to be properly monotonic. 

LemMMA 2. If J is a monotonic arc from p to q, L(p) < L(q), and tf 
0 is any open set including J then for every s > 0 there exists a C(s) joining 
pand q which ts in O. 

We first choose on J a finite set of points p= ,,b2,- - +, bx = q such 
that d(bi, < 8/3, and L(b;) = L(bi.,). With the aid of these points 
we shall define a chain C(s) Let p=a,. If L(b:) < L(b2) 


we let ag =. If not let bm be the first point b such that L(a,) < L(dm). 


Then are all in G@(b,). Now choose 22, 80 that 
L(t.) << L(a3)- L(tm1) < L(bm) and so that the Hausdorff distance 
from G(2x2),° @(2m-1) to G(a,) is less than where 8 is chosen so that 


the § neighborhood of J is in O, and so that 8< s/3. We now choose a; so 
that a; is in G(2;) and so that 
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group. In this section, then, we take R to be a compact arc-wise connected 
metric space which is filled with a continuous collection of compact arc-wise 
connected sets. In analogy with the situation for groups we denote by ((z) 
that set of the collection which contains z. The sets of the collection are to 
be mutually exclusive and by definition the continuity of the collection means 
that the natural mapping Z from F to the decomposition space is continuous 
and open. We assume that L(R), the decomposition space of R, is homeo- 
morphic to an interval a*b* and that the collection enjoys the following 
property : 

(A) For every «>0 there is a 8>0 such that if y is in G(x) and 
d(z,y) is less than & then x and y may be joined by an arc in G(z) of 
diameter «. 

We have assumed that any two points z and y of R can be joined by an 
are and we also assume that this arc can be so chosen that its diameter 
approaches zero with d(x,y). This assumption is used for the first time in 
the corollary to Lemma 1. 


LEMMA 1. Assuming the conditions described in the preceding paragraph 
let p be in L-*(a*) and q be in L-*(b*). Then there is a monotonic are from 
p to q, that is the homeomorphic image z(t) of an interval such that if t, < ts, 
then La(t,) Lax(te). 


This lemma does not assert that a cross sectioning arc exists but only 
that there exists an arc which never moves backward. It might of course 
remain in the same set G(x) throughout an interval of values of ¢. 

In order to prove the lemma we begin by choosing an are J from p to q. 
Let a*,, a*,, a*;,- + + be the interior rational points of the interval a*b*. 
Let p, and q, be, respectively, the first point and last point in which J meets 
[-(a*,). Now if p, and g, are distinct we replace the subarce p,q, of J by 
an are (p,g,) which lies in the set Z~*(a*,) and which has diameter less than 
two times (any fixed multiple greater than one would suffice) the greatest 
lower bound of the diameters of such arcs. The arc J, obtained in this way 
joins p and q and cuts Z-*(a*,) in a connected set. If p, and q, are not 
distinct we let J, be J. 

Next let p, and qz be respectively the first and last points in which J; 
meets L-1(a*,). If po and gq, are distinct we replace the arc poq2 by an are 
(poq2) which lies in Z~*(a*,) and whose diameter is less than two times the 
greatest lower bound of the diameters of such arcs. We obtain in this way 
an arc J, which joins p and g and meets L-*(a*,) and Z*(a*,) in connected 
sets. Proceeding in this way we obtain a sequence of arcs J;, Jz," °°, Jin? * 
such that J, meets each of the sets Z-?(a*,), L-?(b*), L-*(a*,),- L-*(a*n) 


in a connected set. 
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The arcs PaGn are disjoint subarcs of J and hence the diameter of pngn 
approaches 0 as n tends to infinity, because an arc can contain at most a 
finite number of disjoined subarcs whose diameters are greater than a fixed 
positive number. Because of property (A) and the choice of (pngn) it follows 
that diameter (fngn) approaches zero. 

By definition there is a homeomorphism h(t) taking the interval (0, 1) 
into J. Under this homeomorphism there is a certain interior subinterval 
I, of (0,1) going into the interval p.qi. By altering h(t) only on J, or 
not at all if p,,q, are the same point, we obtain a homeomorphism h,(t) 
taking (0.1) to J;. Continuing this process of alterations we obtain a 
sequence of homeomorphisms h,(t), h2(t),: - - where ha(t) takes (0,1) to 
J,. Because of the remarks in the preceding paragraph the sequence of con- 
tinuous functions h,(¢) must converge uniformly. Hence they converge to a 
continuous function x(t). We see also that x(t) is one to one and that it 
defines a monotonic arc as required in the conclusion of the lemma. Our proof 
is therefore complete. 


Corotuary. For each «> 0 there exists a >0 such that if p,q are 
in R, not necessarily in L-*(a*) and L-*(b*), and if d(p,q) <8, L(p) 
<= L(q), then there exists a monotonic arc from p to q of diameter < «. 

This can be proved by essentially the same argument as the lemma. The 
first arc J joining p and q can be chosen to have small diameter. By property 
A the arcs (pngn) can also be chosen with small diameter. Hence the limit 
are will have small diameter as we wished to prove. 

We shall use the symbol ('(s) to denote a finite set of points @;, d2,° °°, a 
in R such that for i—1,---:,4—1, we have L(a;) < D(ais) and 
d(ai, dis.) <s. We speak of this as a chain of mesh less than s joining 
a, and a,. Note that this finite set is required to be properly monotonic. 

Lemma 2. If J is a monotonic arc from p to q, L(p) < L(q), and tf 
0 is any open set including J then for every s > 0 there exists a C(s) joing 
pand q which ts in O. 

We first choose on J a finite set of points p= 0,,b2,: - +, bq such 
that d(bi, bis.) <s/3, and L(b,) = L(bis,). With the aid of these points 
we shall define a chain C(s) =a,,:--+,ax. Let p=a,. If L(bi) < L(b2) 
we let a, = b,. If not let bm be the first point b such that L(a,) < L(bm). 


Then are all in G@(b,). Now choose 22, *,2%m-, 80 that 
L(x.) < >< L(atm1) < L(bm) and so that the Hausdorff distance 
from @(m-1) to G(a,) is less than where 8 is chosen so that 


the § neighborhood of J is in O, and so that 8< s/3. We now choose a; so 
that a; is in G(2;) and so that 
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d(bi,ai) <8 (t= 2,---,m—1), 
Choose dm = bm. The set a;,42,° -,am is now properly monotonic and has 
the proper mesh. We continue this process until we come to by where Dp is 
the last 6 such that L(bn) < L(bx). Here we choose a;’s “slanting ” from 
b, toward 6; entirely analogous to the process already described. 

m ‘ ° ° 

[THEOREM 3.1. Under the hypothesis of Lemma 1 there is an arc from 
p to q which is a cross section, that is to say an arc from p to q which inter. 


sects each set G(x) in one and only one point. 


From the corollary to Lemma 1 and from Lemma 2 it follows that for 
every positive number « there is a positive number 6 such that if p and q are 
in R, L(p) < L(q), and d(p,q) < 8 then there is for every s a C(s) joining 
p and q and having diameter less than e. 

Let be a sequence of positive numbers such that e, + e+, 
COL Verges. 

Let be a sequence of positive numbers such that 

& < 

3.2. If p and gq are two points in F# such that L(p) << L(q) and 
d(p,q) < 8; then for every s there is a C(s) joining p and q of diameter < «. 

We choose a C(8,) joining p and gq, and let its points be 

Then for each 1 choose a ('(8,) of diameter < «, joining a,; to a,i,,. Adding 
these points (for all 1) to those of ('(8,) we obtain a C(8,) joining p and 4 
which has the additional property that the finite set between a, and a, i, has 
diameter < ¢,. We shall name the points of the set ('(82) as follows: 


21. 5 Dok,- 


We proceed by induction in a natural manner, the general stage being that 
we have obtained a C'(8m,,) joining p and q and such that the points between 
Am; and GQmiy, (of the previous C'(8,,)) have diameter less than em. The 
points of this C(8m.,) are denoted by 


Let Am be the points of the C(6,) joining p and q which we find by this 
process. Clearly Am is contained in Am,;. We now let A denote the closure 
of A, + A,+- - -, and we wish to show that A is an are forming the desired 
cross section. In order to prove this it is only necessary to prove that A 
contains one and only one point on each set @(z2). 

It is clear that A contains at least one point on each set G(x), that is 
in each L-'(z*) for 2* in a*b*. Suppose now that y; and yz are two points 


of A in a certain set G(a) in R, and let d(y:, yz) =r. Choose N so large that 
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en teva 7/6. 

Let Gym, be the last point of Ay such that L(aym,) precedes L(x) in a*b* 
and let adym, be the first point of Ay such that L(aym,) follows L(x) in a*b*. 
Then mz, is either m,-+ 1 or m,+2. In any case all points of A, + A, 
+A;-+- ++ between dym, and dym, have a distance from dym, which is at 
most equal to 2(ey + < 2r/6. Therefore these points cannot 
have both y, and y, as limit points. Hence A has at most one point on each 
set G(x) and consequently A is an are and an arc of the desired kind. 


4. We return now to the sitvation of the introduction and of section 2, 
that is to the case where we have a compact connected topological group G 
acting in #, and where we assume that some orbit is n—41 dimensional. 
This will be the hypothesis throughout this entire section and the next. In 
2 we have already summarized certain conclusions which we may draw from 
this hypothesis and we shall now draw further conclusions. If H is any 
topological group we shall denote by H’ the identity component of H. The 
symbol G, denotes the closed subgroup of @ leaving z fixed. From [38] we 
know that if y is near enough to 2 then G, is conjugate to a subgroup of Gz. 


THEOREM 4.1. Jf x2 and y are in E,—G(z), then G,' and G,' are 
conjugate. 

For all x and y in E, — G(z) the dimension of Gz equals the dimension 
of Gy. Hence for all y in some neighborhood of a fixed point xz, G,’ is con- 
jugate to G,' in view of the remark made just before the theorem. Now let 
p be a definite point of #,—G(z). We have just shown that the points y 
such that G, is conjugate to Gp? form an open set. But it can also be seen 
that this set is closed in Z,, — G(z) so that it must be all of 2, — G(z) which 
concludes the proof. 

We consider the integral valued function a(x) defined for every z in 
E,— G@(z) to have as its value the number of components of Gz. This 
function is constant on each orbit so that we have an associated function 
a*(x*) defined in L*,—z*. Both of these functions are lower semi-con- 
tinuous and this, together with the fact that they are integral valued, implies 
that they are constant on certain open sets. If a(x) is constant everywhere 
then G, and G, are conjugate for every z and y in E,—G(z). This may 
be proved by a method similar to that used in the proof of Theorem 4. 1. 


TrroreM 4.2. Jf x and y are in E,— G(z) then Grand Gy, are conjugate. 


In view of the remark above it is only necessary to prove that a(x) is 
constant on HZ, — @(z). We have already noted that it is constant on certain 


open subsets of Fy 
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Consider a point of H*,—-z* around which a*(zx*) is constant. If 
a#*(z*) is not constant everywhere then as we move along the ray /*,, in 
either one direction or the other we must come to a first point b* where the 
function has a different value. We assume, to be definite, that b* is such 
that for all points z* of some interval immediately to the left of b* we have 

a*(2*) =r 
whereas 
a*(b*) 
Then str for some positive integer t greater than one so that we may 


also write 
a*(b*) == 


This means roughly that the n —1 dimensional manifold L-'(z*) is wound 
¢ times around the n—1 dimensional manifold Z-1(b*). Intuition tells us 
that such a phenomenon can not occur in F, and this intuitive conjecture can 
be verified in several ways. In this connection see Hilenberg [2] where a 
more general situation of this sort is discussed. We now proceed to carry out 
the verification in a way reminiscent of Eilenberg’s method. 

Let b be a point of Z-*(b*) and let V be that part of a neighborhood 
of b which is inside G(b). We assume V to be so small that for x in J, 
a(x) =r. For any z in V we now define a continuous transformation 7’, of 
G(x) into G(b) as follows: Let gz be an element of G such that 


Gy 
and assume (see [3]) that g, approaches the identity as z approaches b. ‘Then 
if y= (zx) let 
Te(y) = 929 (0). 


This transformation is a local homeomorphism of order ¢ taking G(x) into 
G(b). Under it no point moves very far and 7, has degree ¢ for properly 
chosen orientations of G(x) and G@(b). 

The point z is inside G(b) and also inside G(x) for xz in V. These 
manifolds are orientable and imbedded topologically in Z,. Hence the order 
of z with respect to them must have absolute value one. But in view of the 
results about 7’, the order of one of them is ¢ times the order of the other which 
we see is impossible. Hence a(x) is constant everywhere. 


THEOREM 4.3. If a*b* is any closed interval of E*, — z* then the orbits 
of L*(a*b*) have property (A). 


Assuming the lemma to be false there exists a positive e and for each n 
a pair of points z, and yp» in the same orbit such that d(an, yn) <1/n and 
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t, and yn cannot be joined by an arc in their orbit of diameter less than e. 
We may take it that these pairs of points converge to a point p of L~*(a*b*). 
We now define a homeomorphism 7', of G(an) into G(p) much as the local 
homeomorphism 7’, was defined above. Choose a gn such that 


gnGe,gn = Gy 


and furthermore make this choice so that g, approaches the identity of G 
For any point y = g(zn) let 


D'n(y) = gnggn* (Pp). 


That 7',(z) is uniquely defined und a homeomorphism is not difficult to 
verify. It is a homeomorphism such that 


aly, Tn(y) | 


approaches zero uniformly as n tends toward infinity. 

Hence and 7'n(yn) may be joined by an arc in G(p) ‘whose 
diameter approaches zero when n approaches infinity. Then 7',* will take 
these arcs to arcs of small diameter in G(z,) which join t» and yn. We have. 
therefore, been led to a contradiction which proves the theorem. 


5. If a*b* is any closed interval of H*,—2z* we have now shown. that 
the orbits filling Z-'(u*b*) fulfill all the conditions imposed at the beginning 
of section 3. Consequently there exists an are which is a cross section for 
the orbits of Z~'(a*b*) and which joins any point of Z-*(a*) with any point 
of L-1(b*). If 2 is any point not in G(z) we may, by a repeated application 
of the process, construct a ray beginning at x which is a cross section for 
all orbits not inside G(z). The points on G(x) or outside of G(x) form a 
set which is homeomorphic to the topological product of G(x) and a ray. 
Any subset of this set may clearly be deformed in a natural way to a position 
outside of any preassigned bounded set of Z,. We note that during this 
deformation the set never comes inside G(x), in particular it never comes 
into contact with @(z). For this process we may choose x as near to G(z) 
as we like so long as we choose it outside of G(z). 


THEOREM 5.1. The orbit G(z) 1s a potnt. 


The fact that @ is a Lie group (section 2) implies that if G(z) is not a 
point it is a manifold of some dimension p, and therefore it carries a cycle 
modulo 2 of dimension p. This cycle must be linked with a cycle in the 
complement of G(z) by the Alexander duality theorem. Thus we see that 
there is a cycle C in £,—G(z) which does not bound in #,—G(z). As 
we have remarked this cycle may be deformed to a position outside any 
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bounded set in #,, for instance it may be deformed to a position outside some 
n—1 sphere including G(z). In this position the cycle bounds outside of 
G@(z) and hence in its original position it must also have bounded outside 
of G(z). Hence G(z) is a point, namely the point z. 


THEOREM 5.2. There exists a ray beginning at z which is a cross section 
for all the orbits in Ey. 


We have already seen that we may construct a ray cross section for the 
orbit G(x) and all exterior orbits when z is not in G@(z). Starting with such 
a cross section we choose a point z, not z but inside G(x). We now add to 
the first cross section an are 2,2 which cross sections the orbits G@(z,) and 
(x) and all orbits in between. Continuing in this way we obtain an in- 
creasing sequence of rays whose initial points approach z. This sequence of 
rays approaches a ray which is a cross section of all the orbits in Ep. 


THEOREM 5.3. If x is not z then any cycle of dimension < n-—1 in 
— G(x) bounds tn E,-— G(z). 


This is because any cycle in E,— G(x) may be deformed either to z or 
toward infinity without touching G(z). 

This theorem implies that if x is not z, then G(x) has the same homology 
properties as an n —1 sphere, at least where we use such coefficients in @(z) 
as for instance the reals mod 1, the integers, or the integers mod m. 

Since G, remains constant up to conjugates we have justified our remark 
in the introduction that the action of G is determined by its action on one 
orbit and by the ray cross section. 

Our results also enable us to see that for any x the image of a sphere of 
dimension less than n —-1 in G(x) can be shrunk to a point in G(z). 


INSTITUTE FOR ADVANCED STUDY, 
QUEENS COLLEGE. 
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ON THE DISTRIBUTION OF VALUES OF TRIGONOMETRIC SUMS 
WITH LINEARLY INDEPENDENT FREQUENCIES.* 


By M. Kac. 


1. Let 
n 
(1) f(t) = > ax cos QrAxt, 
k=1 
where the a’s are real and the A’s real and linearly independent. Denote by 


Nr(a) the number of ¢’s in (—T,T7) for which f(t) =a and consider the 
ratio Nr(a)/2T. The problem of finding 


Nn(a) 
(2) 


was considered by I. R. van Kampen, A. Wintner and the present author ’ 
in an even more general case than (1). However, with the exception of the case 
n= 2, a, = = 1, no explicit formula for Z(a) was found and it seemed 
worthwhile to provide such a formula. In what follows we shal! prove that 


Jo(| ax | Jo(| ax | 


#00 +X 
(3) E(a)= cosag dydé. 


-& 


2. Let » be an arbitrary positive number and put 


k=1 

= 0F 

Denote by the number of in for which F =0. 

Then by section 2 of loc. cit if Ga(¢i." + *,¢n) is Riemann integrable the 


limit (2) exists and 
Jo 7 0 


We first prove that Ga is Riemann integrable. 

* Received July 16, 1942. 

‘American Journal of Mathematics, vol. 61 (1939), pp. 985-991, in particular, 
sections 2 and 3. The (At + ¢@)’s in formula (12) should be replaced by 2r(At + ?)’s. 

*The right side of (4) does not depend on w. In loe. cit. we put w= 1/A 
(assuming A, >0) in which case the integral (4) can be reduced to an (n—1)- 


dimensional one. 
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I. Ga(di,: = Ga(P) (0S de <1) is bounded. If Gi(P) were 
not bounded we could find such a sequence {P»} of points in the n-dimensional 
cube that G(Pn) > © asn— oo. {P,} obviously contains a convergent sub- 
sequence which, without loss of generality, may be assumed to be the sequence 
itself. Let Po be the limit of {Pn}. The functions F(z; Pn) and F(z; P,\ 
(as functions of the complex variable z) are analytic and F(z; Pn) converges 
uniformly to F(z; P.) in every bounded region of the complex z-plane. 

Since F(z; Po) is not identically zero it is a well-known theorem that 
the number of complex roots of /(z; Pn) in every fixed region approaches the 
number of complex roots of #(z;Po) in the same region. This will contra- 
dict our assumption that Ga(Pn) — ©, if we fix the region in such a way as 
to contain the interva] (0, ). 


II. The set of points of discontinuity of Ga(P) has n-dimensional 
Lebesgue measure 0. It is easily seen that if P, is such that F(t; P,) 
(0=tS,) has single roots only, Ga(P) is continuous at P=P;. Hence, 
the set of points of discontinuity of Gu(P) is the set H of those P’s for which 
there exists at least one (0 = such that simultaneously 


F(t;P)=—0 and F’(t;P) =0. 
Let « > 0; notice that 


n n 
| F’(t; P)| == 27 | Sin + dx) | = 27> | = MV, 
k=1 1 


k= 
| P(t; P) | 4a? | apd? cos + S40? 
k=1 k=1 


and put M = Max(4M,, M2). Put furthermore t; = je/M (7 -,8), 
where s = [1-+ (Mp/e)] and observe that O—=t) 
Let now £; be the set of those P’s for which 
[|F(tj;P)|<e and |F’'(t;;P)|<« 
and let = > 
j=0 

I assert that C In fact, let Pp H. Then there exists a r (0S 7 =p) 
such that F(r+;P>) = F’(r; Po) =0 and we can find such a 7 that t; <r 
S (teri =p). Hence, 


| F(t;; Po)| == | Po) —F(r;Po)| = M, | t— | 
and 
| F’(t;; Po) | == F’(t;; Po) — F’(7; Po) | = M,|r—t; | < 


This means that and therefore Thus HC £ and 
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8 
meas. = > meas. 
j=1 


In order to find meas. /; let us recall that 


1 (sinesi 
f exp{i( yg + 8) } dédy 


is equal to 1 if both | y| and | 8| are less than «, 0 if either | y| or | 8| is 
greater than «, 1/2 if either |y|—=«, |8|<e or |y|<e, |8|—e, and 


1/4 if |y| = |8|—«. This leads to the formula 
x én 


if one notices that the measure of the set of those P’s for which F(t;;P) —« 
and the measure of the set of P’s for which F’(t;; P?) =e are equal to 0.* 
Now, we note that for every ¢ 


f, exp{i(él’ ++ nF”) }dgi> 
n x1 
=exp(— If f exp {1 cos 2a (Axt + sin 2x (Ant + dx) ) }ddx 
k=1 JO 
= exp(— iaé) Jo(| ae | VE + 
k=1 


and hence 


( sin e€ sin en 
meas, Lj = — 


xX exp(—taé) Jo(| ax | Ve + dédn. 


* The interchange of the order of integration can be justified in a way exactly 
analogous to that followed by Kae and Steinhaus in “Sur les fonctions indépendantes 
Ill,” Studia Mathematica, vol. 6 (1936), pp. 93-94. 

‘This statement can be easily proved. It suffices, however, for our purposes to 
recall that every measurable function ¢(P) has the property that for “nearly all” 
es (i.e. except perhaps a denumerable set) the measure of the set of P’s for which 
¢(P) =e is equal to zero. In view of this fact we may restrict ourselves to e’s not 
belonging to the exceptional set and save ourselves the trouble of proving that in our 
particular case the exceptional set is empty. 
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Jo denotes here, as usual, the Bessel function of order 0. Since Jo(| |) 
=0(|u|-/*) as | w!— co we see that for n= 3 


K = exp(— ia€) T] Jo(| ae | VE + = O(| | 
k=1 


so that K(é,y) « L*/*. Hence, by applying the Hélder-Riesz inequality we have 


+00 +0 
| | sin eésinen | 
\. | oy 
+00 +X +00 +00 
Ey 
-00 -X 
== 
Finally, 


meas. = meas. S meas. = Bse*/* = B[1 + (Myp/e) =0(/*) 


and since e can be made arbitrarily smal! we have 
meas. H = 0. 
The above reasoning breaks down for n = 2. But in this case the proof that 
meas. H = 0) follows from quite elementary geometric considerations. I and 


il imply, in view of a well-known theorem, the Riemann integrability of Gu. 


3. We shall base our future considerations on the following formula 


+X 

(6) Ga(d ,° > Pn) == on SS. cos (él ) | Jae. 
-% 


To prove (6) let the 0S a, << % Sy, be the turning points 
of so that 


r 
(7) cos(€F) | F’| dt = + ([sin — sin 


j=0 


where Bo = F(0), = Bj =F (ASjS1r) and a + or — sign 
is assigned according as Bj; > Bj or Bj < Bj. By a well-known formula 
of Dirichlet 


+00 


| f sin — sin dé 


| 


if 
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is equal to 2, 1 or 0 according as < 0, = 0 or > 0.5 The 
signs in (6) are such that 


ir 
(8) J cos(€F’) | F’ | | dé 
70 


+90 
& sin — sin | 
Te | 


and the right side is easily seen to be equal to the number of zeros of /’ in 
(0,#). This proves (6). Let us notice that r (the number of turning points 
of F in (0,)) although depending on ¢;,° + -,¢n, remains bounded. In 
fact r is the number of zeros of F” in (0,m) and the reasoning given in 2 


I is applicable to this case. Thus there exists a number ( such that 


(9) r< 


4.° Let 
1 m 
(P) = f cos(éF’) | | at | dé. 
-m 70 


It is well known that for every m and } 


| <1 


m S$ 


and hence by (7) and (9) we have 
(P) <C. 
Now, for every P, (P) > Ga(P) as m— and since the (P) are 


uniformly bounded we have by a well-known theorem that 


1 a1 1 x1 
(10) lim Ga'™ (P)ddx* don = J Ga(P) dd, dén. 
0 0 0 


M 0 


On the other hand 


1 1 
wit f f wis [ cos - 
-m 0 0 7 0 


It is obvious that B; and therefore and , cannot be simultaneously 0. 


If 0 or » is a root of F = 0 it is counted as 3 in formula (6). Since the set of those 


P’s for which either 0 or « is a root, is of measure zero the following considerations 
are not affected by this peculiarity of formula (6). 
* This section employs exactly the same reasoning as the one in loc. cit.* 
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which together with (10) implies that 


Ia(é) = f Lf oe | 


is integrable in (-— and that 


1 +00 
(11) Ga(P) d¢; ‘doy = Ia (€) dé. 
Jo Jo « 


-0O 


5. It remains now to compute Za(é). It is well known that for every 


real y, 


ic 
1 — cos yn 
-& 
and therefore 
+00 
je ) iin. 
TW Un 
Hence 
+00 
] D(é, 
La(€) = dn, 
where 
1 
D(é, n) = f [cos (éF) cos (nF) cos |d¢y 
0 


and the interchange of the order of integration is justified by the fact that 
the only infinite integral occurring in the formula is absolutely convergent. 
Now, 


= fexp {1(EF + ynF’)} + {i(éF — nF’) } 


+ (i(— EF + + 
and it follows (see (5)) that 


1 1 
0 0 
= COS ag Il Jo(! lk | . 
k=1 


Putting 7 = 0 we get 


1 1 n 
f cos(€F)dd,: db, = cos aé Jo(| ax | €). 
0 .’0 k=1 


y 


THE DISTRIBUTION OF VALUES OF TRIGONOMETRIC SUMS. 


Thus 


; dy 


cos ag II Jo(| ox | €) Jo(! | V & + 
Ia(€) k=1 k=1 
T 7 


and finally by using (4) and (11) 


1 +00 +X IL Jo(| | é) Jo(| | 
Bla) — J ff cosag dndé. 
AT J 


6. Since Jo(ju|) = O(| as we see that for n= 5 
the integrand of (12) is absolutely integrable. It may also be noted that if 
=z =* a simple asymptotic formula can be obtained if the 
\’s satisfy certain conditions. In fact, we have in this case 


+00 +00 


n 
1 Jo"(E) — TL Jo( VE + 
-x 


dndé 


fe 
and letting é=u/Vn, 9=v/2rVn, a=bVn we obtain 


400 + 


B(bVn) 


To" (u/Vn) — TL Jo( Vu? + Ax20?/n) 
cos bv 
dvdu. 


Assuming now that 


n n 
lim n=? Ay? =A, lim = 0 
k=1 k=1 


we have 
Jo"(u/Vn) exp (— u*/2) 
n 
II Jo( Vw + exp (— u?/2) exp (— Av?/2) 
k=1 
and the convergence is uniform in every bounded region of the (u,v) plane. 
Thus, since all the integrals involved are absolutely convergent, 


E(bVn) cos bu exp (— u?/2) 1—exp dvdu. 
-00 


The last integral can be easily evaluated and we obtain the formula 
— 9 — 
E(bVn)~ = VaAexp (— b?/2 
T 
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ON DOUBLE STURM-LIOUVILLE SERIES.* 


By JOSEPHINE MITCHELL. 


Introduction. In this paper we consider the double Sturm-Liouville series 
(SL series) of a function, Lebesgue integrable! on the square Q (0 Sa Sr, 
0=y=7), that is, the Fourier development of this function with respect to 
the double orthonormal system, {¢m(z)¢n(y)}, (m,n=0, 1, (1). 
Our main method is the comparison of the double SL series of a given fune- 
tion f(x,y) with its Fourier cosine-cosine series (FCC series). A. Haar [9] 
introduced this idea in the one-dimensional case, proving that the difference 
of the partial sums of the SL and Fourier cosine developments of an integrable 
function f(2) converges to 0 uniformly on (0,7); briefly, the two series are 
said to be uniformly equiconvergent.2 The proof depends mainly upon th 
fact that the difference between the SL and cosine kernels (the difference 
kernel) is bounded [9]. 

It is natural to generalize the concepts of ** equiconvergence ” and “ equ:- 
summability ” to the double SL and FCC series. However the “ cross product” 
terms of the corresponding difference kernels are not bounded (as Haar has 
pointed out), so that in the case of equiconvergence we have found it necessary 
to put some restriction on the given function to be expanded. 

In discussing the equiconvergence of the double SL and FCC series 
(Part III) we assume that the given function is of bounded variation (Tonelli) 
({17], p. 443) and obtain equiconvergence of the SL and FCC series over 
the square Q (Theorem III). Since this condition is included in all of the 
older sufficient conditions for the convergence of the double Fourier series as 
well as in some of the more modern ones,* we get various sufficien! conditions 


for the convergence of the double SL series (Theorem IV). 


* Received July 1, 1942; Revised January 18, 1943. 

‘In this paper integration is Lebesgue integration. Also, a measurable function 
f is said to be of class L” if | f |” is integrable. 

2 We may consider instead of convergence some of the various methods of summa 
tion of series and define cquisummability of two series. 

3 Well-known suflicient conditions for the convergence of the double Fourier series 
are, e. g., that the function be of bounded variation (Hardy) [10] or of bounded varia: 
tion (Arzela) [7]. Other sufficient conditions are given by L. Tonelli [17] and in 
generalizations to two variables of the tests of Dini, de la Vallée Poussin, Lebesgue. 
ete. For a statement of the tests and the connections among them see J. J. Gergen’ 


paper [8]. 
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Part II contains our principal theorem (Theorem I) on the (C,1.1) 
equisummability of the double SL and FCC series, namely that the SL series 
of an integrable function f(2,y) ts (C,1,1) equisummable with its FCC 
series at every point (x,y) in Q for which 


We also prove that the two series are equisummable almost everywhere (a. e.) 
in Q (Theorem IT). 

To get a summability theorem for double SL series we consider the 
corresponding theory for the summability of the double FCC series. In 1918 
H. Geiringer ([7], also [17]) following the method of proof introduced by 


Lebesgue, proved that the Fourier series of f(x,y) is (C,1,1) summable to 
f(z,y) at every point (z,y) where 


(C) lim (x+u,y+v) —f(a,y)| du dv =0, 


h-0, k-0 


if, also, the two simple integrals of |f| are bounded. A. Zygmund [19] 
proved the summability at all points (z,y) for which (C) holds and 


h 
(D) f(etuy+v) —f(a,y)! dudv < y)< 
Sz). 


Relating these conditions to the problem of “ strong derivability ” 


of double 
integrals, which has been thoroughly investigated in the last few years by 
8. Saks, A. Zygmund and others [19], he showed that (C) and (D) hold a.e. 
for a function of class L? (p> 1) and that therefore the Fourier series of 
such a function is summable a.e. A more recent investigation by B. Jessen, 
J. Marcinkiewicz and A. Zygmund [16] has extended this result to a class 
of functions f(x,y) such that flog*|f| (ef. footnote ‘) is integrable 
(denoted by class (B)). By showing that for such functions condition (A) 
holds a. e.* we deduce that the SZ series of a function f(x,y) of class (B) ts 
(C,1,1) summable to f(a, y) a.e. 

Finally in part [V we consider a modification of the Abel-Poisson summa- 
tion method. Instead of multiplying the n-th term of the Fourier develop- 


oo . 
ment, > cavn(6), of a given function f(6), defined on (—z7,7), by r’, 
n=0 


we form the sequence {vn(6,r)}, (n =0,1,2,: ++), where vn(6,1r) is har- 


‘For a discussion of the relation between functions of class (B) and conditions 
(C), (D) and (A) see 4. 
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monic in the intertor of the unit circle and reduces to va(@) on the circum- 


co 
ference and consider the limit of the series cnvn(6,r) as r approaches 1 
n=0 


(modified Poisson method of summability) (6.1). For ordinary Fourier 
series this reduces to the usual Abel-Poisson summability. This procedure, 
which can be generalized in various ways to more variables, was introduced 
by S. Bergman ([4], [5]) in a much more general connection in the theory 
of functions of two complex variables. Applying this summation to the SL 
system we show that the double SL series of an integrable function is equi- 
summable with its FCC series (Theorem V). Lastly we state a theorem on 
modified Poisson summability for the development of an integrable function 
with respect to more general orthonormal systems (Theorem VI). 


PART I. The Sturm-Liouville System 


1. Definitions and theorems. 


1. The SL system ([9], [18]). Consider the SZ orthonormal system 
{on(z)}, (n= 0, 1, 2,-- -), defined on (OS The ¢n(z) are the 
characteristic functions of the differential system 
(1) + (Q(z) +A)u—0 

du/dx—hu=0 for du/dx + Hu=0 for constants), 
where A is a parameter (— © <A< ~) and Q(z) is continuous. If, also, 
Q(x) is of bounded variation, Liouville, and Hobson [12], have proved the 


asymptotic formula 


(2) dn(x) = (2/r)* cos nz + B(x)" 


where the function B(z) has a continuous derivative, the continuous func- 


(n = 0, 1, 2,° 


tions pn(x) are bounded in absolute value independently of n and 2, and for 
n == ( the second term on the right is zero. 

Now let f(z) be a function, integrable on (0,7). The development of 
f(x) by the SL system 


(3) 1(s)4n(s) ds, (nen, 1,8,° 
n=0 7 0 


is called the SL series of f(x). 
It has been proved that the SL system is complete with respect to 1n- 
tegrable functions [18]. 


fem 


80, 
the 
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Using the system {¢m(z)}, we can form the double SL orthonormal 
system (m,n =0,1,2,---), where (z,y) is a point in 
0Sy7). 

Now let f(x,y) be an integrable function in Q.° Its double SL series is 


(4) S n(y) ° 


m=U, n=0 
where 


In this paper we compare the double SL series of f(x,y) with its double 
FCC series 


(6) AmnDnn COS ME Cos NY 
m=0, n=0 


Ann = m=n=0,=—t if m=0,n>0 0rm>0,n—0,—1 if m>0,n>0 


where 
(7) ( f(s, 4) cos ms cos nt dsdt, (m,n = 0,1,2,-- -). 
x 
2. Equiconvergence and (C,1) equisummability for f(x). 


Denote the partial sums of the SL and cosine kernels, respectively, by 


(8) Ky (2,8) = 

and 

(9) 8) = (2/7) (4 + COS vz COS VS), 
p= 


and define the “ difference kernel,” ®n(x,s), by 
(10) ®, (2.8) = Ky (a, s) (2, 8). 
Similarly denote the corresponding arithmetic means ((C,1) means) by 


Ko(2, + Kn-1(2, 8) 


(11) A (2, 
and 
(12) C*, (a, 8) C'o(2, § ) 


n 
and define the “ (C,1) difference kernel,” ®*,(a,s), as in (10). 


* Whenever we consider f(a, ¥) beyond the square Q, we extend it as an even-even 
function of period 27 in each of the variables # and y. 

*The completeness of the double SL system with respect to integrable functions 
is an immediate conseyuence of the corresponding property for the simple system 
({20] p. 13, Ex. 6). 
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Haar’s proof of the equiconvergence theorem and the analogous proof 
for the equisummability theorem involve the boundedness of the difference 
kernel [9], that is, 


where ® is independent of n, x and s, and 


| (x, s) | | (2, + + ®,_1(2, s)| < ®. 


(14) 
n 


THEOREM 1? (Haar). The SL series of a function f(x), integrable on 
(0,2), is uniformly equiconvergent with its Fourier cosine (FC) series [9], 


THEOREM 2. The SL series of a function f(x), integrable on (0,7), is 
uniformly equisummable (C,1) with its FC serves. 

2. Two properties of the difference kernels ®,(x,s), ®*,(x,s). The 
tollowing lemmas enable us to prove general (C, 1,1) equisummability theorems f 
for the double SL and FCC series * (cf. Part II). 


Lemma I. The difference kernel ®,(2,s) converges to 0 uniformly with 
respect to sas n—> if s is in any closed interval not containing the point «. 


Proof. Let x be an arbitrary fixed point in (0,7). 


From the asymptotic formula 1 (2) for the SL functions we easily see 
that the sequence ®,(z,s) converges uniformly for s in any closed interval f 
(a,b) in (0,7), not containing the point z, as n—> oo. Hence the limit f 
®(z,s) is a continuous function of s in (a,b). 

Further | ®,(2,s)| = so that 


b 
(1) lim .(z,8)ds— 8)ds. 


But from Haar’s theorem 


(2) lim s(x, s)ds—0, 
a 
b 
for f K,,(z,8)ds is the partial sum of the SL development of the function 
a 
equal to 1 in (a,b) and 0 elsewhere, and similarly for f Ci (a, s) ds. 
a 


Consequently ®(z,s) —0 for all s in (0,7) different from z. 


7 We indicate known theorems and lemmas by arabic numbers and new ones by 


Roman numerals. 
® We intend to use Lemmas I and II again in a later discussion on the equicon- 


vergence of the SL and FCC series. 
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This same property is, of course, valid for the kernel ©*,(2,s) defined 
in 1.° 
LEMMA IT, 


(3) lim f | &,(x,s)|ds=0 for all x in (0,7). 
0 


OO 


Proof. This property follows for each x in (0,7) from Lemma I by the 
Lebesgue theorem on the integration of sequences. The same property holds 
for the kernel ®*,(z, s). 


Corotiary. If f(x) is integrable over (0,7), then for all x in (0, 7) 


(4) lim | @, (2, s)| f(s)ds =0. 


0 


PART II. On the (C,1,1) Equisummability of the double SL and 
double FCC Series. 


3. Theorem on Equisummability. 


1. T'HrorEM I. Let f(a,y) be integrable in the square Q (OS 257, 
0Syn). Then the double SL series of f(x,y) is (C,1,1) equisummable 
with its double FCC series at every potnt (x,y) in Q for which 


h %k 
(A) dudvsC, (0<|h| Sx, 0<|k]S=), 


hk 0 O 
where C =C(2,y) < 


Proof. Denote the SL and FCC (C,1,1) partial sums, respectively, by 


(1) = f, f K* (a, 8) K*n(y, t) f(s, dsdt 
0 


(2) y) = (2, s) CU t)f(s, t)dsdt. 


Then omn(2,y) —o’mn(@,y) equals the sum of the three integrals 


(3) = f (x, s) (y, t) f(s, t) ds dt, 
0 0 


1) (2, y) f (2, 8) (y, t)f(s, t) dsdt, 


(5) y) = f f (x, 8)C*n(y, t) f(s, t) dsdt. 
0 0 


*It is well-known that Lemma I is valid for the Fejér kernel C*,,(#,8). Thence 
it also holds for the SL kernel K*, (2,8). However we do not use this fact. 
'’ For a further discussion of condition (A) see 4. 2. 
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It will, obviously, be suificient to prove that | |, | | and | | 0 
mn mn mn 

as m,n—> ©. 


2. The fact that | ¥ (z, y)|—> 0 follows at once from the uniform 
boundednesss of ®*. 


Now 


so that in discussing ¥‘*) (x,y) we consider the two integrals 
mn 


( 


2sin* $(s + 2) 

anc 

mn y Me 2sin? 4(s — nl¥, ©, Us ° 


If r= 0 or 7, Wmn(x, y) reduces to the same value as Wmna(z,y). If 
is ar interior point, we can choose a 8 >0 so that OS 2r@—8<2+55r 


and then ! 
For fixed 8, a sufficiently large m gives 
(10) | Y’mn(z, y)| <<, where y is an arbitrary positive number. i 
To consider the integral y) we decompose it into 
f 
0 0 0 0 y-€ yte 
Let 


(12) g(h,k)= f de, f uy dui, 


It is readily shown that s 
1 sin? 4mu 
3 — = for O9<us .g. [17]. p. 176). 
Then | 
y+e — r) | 
4 t) f(s, t)dsdt | 
sin® 
= 2 | 
<1 | 


gq (u, €) du. 
o (1+4mu)?°s” 


| 
| 


m 


udr, 
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Integration by parts of the right hand integral with condition (A) gives us 


(15) | 1, |< | _mO(m,¢) ¥ _m*O(u, €) du 


(1+ + 4mu)* 

Secondly let 
(16) Mn =Mn(e) = max *,(y,¢). 


By Lemma I, V/,—0 as n— © for fixed e«. Then 


™ sin? 4m( x) | 
17, | ox | 


(u, r) du. 


Va 


0 (i+ J 


Again integration by parts with condition (A) gives 


| 
8 » | <= 4 n 2 ‘or 


Now it is readily seen that ¥’mn decomposed as in (11), involves four 
integrals of type 7, and four of type /:, satisfying inequalities like (15) and 
(18) respectively. From inequalities (15) and (18) and Lemma I, it now 
follows at once that lim ¥’mn(z,y) =0. Consequently 


mn 


(19) lim | =0. 


MO, NO 

Similarly for | ¥‘°) (x, y)| and the theorem is proved. 

4, Summability for the double SL series and further results on Equi- 
summability. 

1. It is easily deduced that condition (A) is satisfied at almost every 
point (2, y) provided that 
(B) f(a,y) log* | f(x,y)! belongs to L over ([14], p. 221). 
On the other hand it is well-known that the Fourier series of functions satis- 
fying condition (B) are summable (C,1,1) to f(z,y) almost everywhere 
[14].1* It follows that the double SL series of the function f satisfying (B) 
is summable (C,1,1) to f(x,y) ae. 


™ Logt | f(7,y)| is defined as equal to log | f(x,y)! if | f(v,y)| > 1, equal to 0 
otherwise (cf. e.g. [20], p. 150). flog+|f| of class Z implies f of class L ([{11], p. 99). 
“If f(v,y) is extended beyond Q as an even-even function its double Fourier 
series reduces to the double FCC series. 
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We shall prove now the following 


THEOREM II. Let f(x,y) be integrable over the square Y. Then the 
double SL series of f(x,y) is (C,1,1) equiswummable with its double FCC 
series at almost every point (a,y) in Q.™* 


Proof. It is sufficient to prove that Vv") (ty) > 0 a.e. We use the fact 
us T T 

that f (a, 8) f(s, t)dsdt converges to f f(z, t)dt at all points z 
0 0 0 


where the derivative of ff f(x + u,t) —f(z, t)| dudt exists and equals 
0 (a.e.).34 

Now 
(1) S| + | 


mn 
where 


(2) —{'f (a, 8) t) f(z, t) dsdt 
0 0 


f(y, OF tat 


and 
(2) J, s)®*, (y, t) (f(s, 4) —f(a, t))dsdt. 
0 0 


By Fubini’s theorem f(2,¢) is integrable with respect to ¢ for a.a. 2. There- 
fore by Theorem 2 the right side of (2) -~0 as n— o for a.a. @ and uni- 
formly in y. Hence J;-—>0 as n— © for a.a. (x,y) in Q. 


Again 


(4) Jo = C*m(ax, 8) g(s)ds 


Where g(s) = { f(s, t) —f(a,t)| dt. From the theory for simple Fourier 


ef 
series the second factor on the right of (4) > 0, as m— ©, at all points 2 for 
which the derivative of the indefinite integral of g(s) is 0 (a.a.x). Hence 
J,->0 as for aa. (2,y) in Q. Consequently | as 


m,n—>o. Similarly for | | and the theorem is proved.’ 


2. It has been proved that the double FCC series of an integrable func- 
tion f(z,y) is (C,1,1) summable to f(z, y) at all points for which the two 

'S This theorem was suggested by the referee. 

'*The latter statement can be proved by a generalization of the proof of the 
corresponding one-variable theorem given in ([13], vol. 1, p. 582). 

15It must be noted that this proof of the fact that | ¥(2)|—>0 does not use 


mn 
Lemma I. However the proof seems to us less straight-forward than that of Theorem I. 
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conditions (C) and (D) (see Introduction) hold and that for functions of 
class L? (p> 1) these conditions hold a.e. [19]. We now point out that 
even for functions of class (B) condition (C) holds a.e. and that moreover 
(C) implies (D) a.e., thus affording a second proof of the summability 
theorem for such functions; since obviously (D) implies (A) everywhere we 
have a proof of the corresponding summability theorem for double SL series 
which shows the connection of these different conditions. 

This fact follows for condition (C) from the recently proved theorem 
that the integral of a function f of class (B) is “ strongly differentiable ” *° 
lo f(a, y) a.e."* by Lebesgue’s argument ([13] vol. 1, p. 582). 


Condition (D) can be proved to result from (C) a.e. as follows. If h,k 
are sufficiently small (< 8,) (D) is given by the statement of condition (C). 
Also (D) follows readily if h,k 2 8,. Ii h <8; and k= 4, then 


h *k 


1 h 


Now the monotone function f (f f(s,t)| dt)ds is differentiable to 


us 
| f(x, t)| dt at a.e. point in (0,7) (even if f(s, t) belongs to LZ), Con- 


sequently for such « and sufficiently small h (h < 82) 


T 
(6) ; f(r tut)! dudtS | f(a, t)| dt +e. 
bL Jo 70 J 0 
Hence 
(7) ik f f(a+tu.y tv) —f(x,y)| dudv 
Jo Jo 
1 
{ f(a, t)| dt+e) + 1 f(a, 
0 


A similar result holds if h = 8, and k <8. Therefore from the results of 


the four cases condition (D) follows from (C) a.e. 


16 Strong derivability of a double integral means that 
h k 
(1/hk) fin tuyt+v)dudv >f(a,y) as h,k>o0. 


17 Such theorems have been proved by S. Saks, B. Jessen, J. Marcinkiewicz and 
A. Zygmund, etc. For the particular statement of the theorem used here see ([16], 


p. 122). 
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PART III. On the uniform Equiconvergence of the double SL and 
FCC Series. 


5. Equiconvergence theorem and sufficient conditions for the con- 
vergence of the double SL series. 


1. In this section we proye a theorem on the equiconvergenve of the 


double SL and FCC series of an integrable function f(z,y). Since the 


difference kernel is not bounded a proof similar to that of Haar’s theorem 
cannot be generalized to two variables. Further, the Fourier kernel is not 
positive as in the case for Cesdro summability. We prove equiconvergence 
for integrable functions f(z,y) which are of bounded variation as defined 
by Tonelli (b.v.T.). This condition is only slightly stronger than that of 
bounded variation in each variable and is by no means sufficient for the con- 
vergence of the double Fourier series as L. Tonelli has shown by a counter- 
example ([17], p. 485). 


DEFINITION. A function f(z,y) is said to be of bounded variation 
(Tonelli) in Q tf 


(i) f(z,y) ws of bounded variation in (0,7) as a function of y for 
almost all x, 


(ii) f(x,y) ts of bounded variation in (0,7) as afunction of x for a.a. y, 
(iii) the total variation of f(x,y) with respect to y, namely, 
(1) Vi(z) = sup > | —f (a, Yo < 
is dominated by Hy integrable function U,(x), that 1s, 
(2) SU;(2), 


(iv) and similarly the total variation of f(x,y) with respect to x, namely, 
V2(y), is dominated by an integrable function Us(y) ([17], p. 443).%8 


2. THeoreM III. If the integrable function f(z, y) is of b.v.T. in 
square Q, then its double SL series is equiconvergent in Q with its double 
FCC series. 


Proof.® In analogy to the notation of 3.1 call the partial sums of the 
double SL and FCC series 


78 L. Tonelli imposed originally integrability on V,(z) and V,(y). The extension 
considered here is due to C, R. Adams and J. A. Clarkson [2] and J. J. Gergen [8]. 

*®°The proof of this theorem suggested itself by reason of certain similar ideas 
used by L. Tonelli in Serie Trigonometriche ([{17], Ch. IX). 
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Sun(asy) Kn(2,8)Kn(y, t) f(s, t) dsdt, 


Sun (x,y) — Cn (2, 8) On(y, t) f(s, t) dsdt, 


respectively. Also, using as before m(z,s) = Km(z,s) —Cm(z2,8), we set 


r °T 
(z,y) = f (x, 8) t) f(s, t) dsdt, 
0 
— Cm(x, 8) u(y, t)f(s, asd, 
0 


T 
(x, y) J f ®,, (x, 8)Cn (y; t) f(s, t)dsdt, 
0 0 


: ‘ sores 29:73 | ay (2) | (3) (, 
and show that the three integrals Y) I> | (z,y)| and | Of (2, y) 


As for integral (3) 3 the convergence of or" (z,y) to 0 follows from the 
: | 


uniform boundedness of ®m(z, s).*° 


d (3) 
on- | (4) 
the 
the (5) 
em 
not (6) 
nce 
ed 
of 
yr 
(8) 
/, 


Then 


(10) 


To consider 0? 


(2, Cn (2, 8) @n(y, t) f(s, t) dsdt put 
0 0 


Pa(s) =Fa(s,9) = f t) f(s, t)dt. 


Then F',(s) is of bounded variation with respect to s in (0,7) for all y in 
(0,7) and (n=0,1,2,-- -). 


Proof. Leto be any subdivision of (0,7),0;0=8 <8 << 


k 
(9) 2 | F (sv) — F,(8y-1) | = ,(y, t) (f (Sv, t) — f (Sv-1, t) ) dt | 


T k 
Sf 01 | — at. 
0 


by (1) and (2) in the definition of b. v. T 


k 

f (sv, t) —f(sv-1,t)| S Vo(t) for ¢ and V.(t) SU2(t) 
y=1 

(for al! ¢) so that 


k a 
> | Fa(sv) — Fa(8y-1)| S f | &n(y,t)| U2(t)dt. 


20 By applying a well-known convergence theorem due to E. W. Hobson ([13], 


vol. 2, pp. 422-4) we see that the convergence of 0,,,(a,y) to 0 is uniform. 
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Therefore 
(11) Va(r) =sup | Pa(sv) — S | t)| U2(t)dt. 
o 0 
Hence F,(s) ** is of bounded variation and can be represented as F',(s) 
= F,(0) + Pr(s) —Nn(s), where the positive, monotonic non-decreasing 
functions, P,(s) and N,(s), are the positive and negative variations, respec- 
tively, of F,(s) in (0,8). 
Then 


(12) (x,y) 5) (Fa(0) + Pa(s) —Nn(s) 


vin 


and we can use the second mean value theorem getting 


T T 
On (a, 8)ds —0) Cm (2, 8) ds 


0 


(13) (2, y) =F, (0) 
us 
({13], vol. 1, p. 568). 
b 
Now it is well-known that | f Cn (a, s)ds |= M, where M is independent 


of m and z for all a, 6 such that 0 [aS b =z ([13], vol. 2, p. 510). Hence 


(14) | (x, y)| SM(| Fn(0)| + Pa(w—0) + 
= M(| Fn(0)! + Vn(r—0)). 


Now | Fn(0)| SS | Pn(so)! + Va(w) where so is such that f(so,¢) is an 
integrable function of ¢ (a.a. 8). Since also Va(r—0) S Va(r), then 
from inequalities (14) and (11) 
(15) | (x, y)| S M(| Pa(so)| + 2Vn(z)) 
T 
0 0 


By Haar’s theorem and the corollary to Lemma II the right side 0 as 
(x, y)| as m,n— for all (z,y) in Q. Similarly 


n—o. Hence 


for | ©) | and the theorem is proved. 
3. Remark on equiconvergence by rows and columns. A_ double 
ox 
4 
series >) Am, is said to be convergent by rows if all the series > Am 
m=0, n=0 n=-0 
*1 f(s) may be defined by (8) for only a.a.s. For all exceptional s it may be 


defined as equal to either F, (s+ 0) or 


ent 


1ce 


an 


en 


as 


ly 


le 


in 
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(m=0,1,2,---) and the series (Amn) converge. (Similarly for 
n=0 


convergence by columns). 
By a method similar to that used in the proof of Theorem III the fol- 


lowing equiconvergence theorem can be proved. 


THEOREM III’. Jf the integrable function f(x,y) is of b.v.T in Q, 
then its double SL series is equisummable by rows and columns with its 


double FCC series. 


4, Sufficient conditions for convergence of the double SL series. Any 
one of the following conditions on the function f(x,y) is sufficient for the 
convergence of its double FCC series and also implies that the function is of 
b.v. T. [1] so that Theorem ITI is applicable. 


(i) f(@,y) is of bounded variation (Hardy) ([10], [1]), 
(ii) f(a, y¥) is of bounded variation (Arzela) ({3], [7], p. 114), 


(iii) f(a, y) satisfies any one of the many conditions sufficient for the 
convergence of the double Fourier series given by L. Tonelli ([17], pp. 450- 
73). In all these conditions he demands that f(z, y) be of b. v. T. plus some 


other restrictions. 


(iv) A condition recently introduced by J. J. Gergen [8] is of the same 
character. 

Hence 

THEOREM IV. The double SL series of an integrable function f(x, y) 
is convergent at all points (a, y) in Q for which any one of conditions (i) to 
(iv) is satisfied. If (x,y) is a point of continuity of f(x,y) the sum of the 
series is f(x,y). If it is a point of ordinary discontinuity the sum is 


+0)+ f(e+0,y—0)+ f(w—0, y + 0) + f(7—0, y—0)). 


PART IV. Modified Poisson Summability and its Application to 
the SL Series. 


6. Modified Poisson summability method. 

1. Let f(@) be integrable on (—z2,7). Applying the well-known Abel- 
Poisson summation method to Fourier series, we multiply its n-th term by r*, 
getting the series 


oo 
(1) dbo + cos + 6’, sin = 1), 


n=1 
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which is. absolutely and uniformly convergent for (—7 S@0S 7) iff | 
(O=r<i1). Then if f(@,7) has a limit as r—-1—0, the Fourier series 
is said to be summable by this method. Fatou has proved that for any J , 
integrable f(@) 
(2) lim f(@,7) =f(0@) ae. [6]. 


The analogous theorem is not valid for two dimensions. If it is assumed that 
logt | f(6,¢)| is integrable, summability a.e. does follow [14]. It 
has been shown that the method works also for more general orthonormal 
systems {vn(@)}, (n =0,1,2,---), if f(@) belongs to Z? and if suitable 
restrictions are imposed on the v,(@) ([15], pp. 186-94). (The SL system 
satisfies these restrictions. ) 

To get more general results the Poisson method may be modified as 
follows. Let vun(6,r), (n =0,1,2,-- +), be the function harmonic in the 
interior of the unit circle and reducing to v»(@) on the circumference, that is, 


(3) Un (8, 7) P (6,1, s)Un(s) ds, (n = 0,1,2,: -), 


where 


(4) 1,8) = 24 1— 2recos (@—s) 

and 

(5) lim vp (9, 1) = vn(0) a.e. (Fatou). 
r-1-0 


(For vn(s) = cos ns, vn (6,7) =cosn6r" and similarly for the sine.) We 
then form the series 


n=0 
(the modified Poisson ((m.P.)) sertes of f(@) formed with respect to 
{vn,(@)}) and consider the limit as r-1—0. The orthogonal series 


> cnvn(O) of an integrable function f(@) will be called summable by the 


n=0 


(m. P.) method if 
(7) lim > 1) 


n=-0 


exists. The method reduces to the Abel-Poisson for ordinary Fourier series. 


a 
Similarly we may define summability of the double series ¥ Cmnvm(0) Un(¢). 


m=0, n=0 


In this case we consider the limit 


(8) lim > CmnUm (6, r) Un (¢, p) > 
r>1-0 m-=0, n=0 
p—1-0 


We 
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where Um(@, 7) and Un(¢,p) are defined by (3). However it must be remarked 
that our method could be generalized in several ways to the case of two 
variables (see [4]). Carrying through the generalization for the double SL 
system by introducing double harmonic functions on a bicylinder we can prove 
equisummability (m.P.) of the double SL and FCC series for an integrable 
function without any further restriction (7.2). (For the one variable case 
the proof is exceedingly simple.) In 7.3 we generalize some of our results to 
other orthonormal systems. 


2. The modified Poisson method for orthogonal series of functions 
of L* [5]. 
CO 
| 
THEOREM 3. > ¢nv,(0,17) converges absolutely and uniformly for all 0 
n=0 
in (—7,7) and r in any closed interval in the interior of (0, 1).7? 


Proof. By the Schwarz inequality 


(9) cnvn (9,7)! S en?)8( vn? (4, 7) 
Then by (3) and Bessel’s inequality applied to each factor on the right of (9) 
n=0 -T 
ord 


THEOREM 4, Let {vn(0,r)}, (n=0,1,2,:--) be an orthonormal 
system complete with respect to functions of class L*. Then the orthogonal 
sertes of {(@) with respect to this system is equisummable (m.P.) with its 


Fourier series. 


The proof of this theorem, namely, that 


(11) lim | cavn(0,r) —f(0, r)| = 0, SOS 
r-1-0 n=0 


is given in [5] by showing that the (m.P.) series 3} ¢nvn(@,r) is equicon- 
n=0 

vergent with the Poisson integral f(@,r) for (0Sr<1). 


7. Application to SL series of functions of class L. 


1. Equisummability of the simple SL and FC series. The following 
theorem is easily proved: 


*2This proof of Theorem 3 seems to be more direct for real functions than 
Bergman’s proof. 
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THEOREM V’. The (m.P.) series S dnon(0,7r) of any integrable func- 


n=0 
tion f(@) is uniformly equiconvergent on (0,7) with its Poisson integral 
(O=r<1). Uniform equisummability (m.P.) on (0,7) of the SL series 
of f with its FC series follows. 
Proof. Since the SL functions, {4.(@)}, (n =0,1,2,: - -), are defined 
on (0,7) we consider 


(1) =  P(6,r, 8) bn(s)ds, 
0 
where 


2) P(6,r,8) =— 
(2) 8) 227 | 1—2rcos (@—s)+r° 1— 2rcos 8) 


If we suppose that f(@) is even, then 

(3) f(9,r) r,s) f(s)ds (cf. 6 (1)) 
0 

and, in particular, 


(4) cos nO ram f P(0,7,s) cos ns ds, ] = f P (0,7, s)ds. 
0 
Call 


(5) on(8, r)= andy (9, r), 

and 

(6) o'n (0,1) == dbo + by cos 


We prove that 
(7) lim | on(0,r) —o’n(6,7)| =0 for all 6 in (0,7) and (0Sr<1). 


Using ®,(s,u) defined in 1 (10), we get by direct computation 


(8) u) PO, 7, 8)f(u) duds | 


=| f P(0, r,s) ®,(s, u)f(u)du)ds | (by Fubin 


< P(6,r,5)| | &n(s, u)f(u) du | ds 


<l | Gals, au | ds. 


23 This corresponds exactly to what we have done for the cosine kernel in 1. 


1 § 1—r 23 
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(16) A‘) (0,6; 7, p)= 
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By Haar’s theorem this last expression is less than e(1-+7r)/(1—1), for 
n > Ne, € an arbitrary positive number, which proves the theorem. 
2. Equisummability of the double SL and FCC series. We now prove 


the corresponding theorem for the double SL series of an integrable func- 


tion f(6,¢). 
oO 
THEOREM V. The (m.P.) series > dnndm(9,1)dn(,p) of any in- 


m,n=0 
tegrable function f(0,6) is equiconvergent with its double Poisson integral 
oer (OS r<1, OSp<1). LHquisummability (m.P.) over Q of the 
double SL series of f with its FCC series follows. 
Proof. Corresponding to the notation used in (5) and (6), we let 


msn 


(9) Tmn (8, r; p) (9, r) p)> 
V5 
and 
(10) (0, = >> AvpDvp cos v6 cos pp 


where ayy, Avy and by: are defined as in 1, and we prove that 


(11) lim | onn (8, 6315p) —o’nn(8, p)| = 0, 


n->0CO 


for all (0,¢) in and (0OSr<1,0Sp<1). Now 


(12) onn(9, r; p) Qyp P(6, r,s) P(¢, P> t) bv (s) dsdt 


T (Fr = = 
Km(s, Kn (t, v) P (8, r, 8) p, t) f (u, v)dudvdsdt 
J0 Wo 
and similarly 


mn 


T 
(13) o'mn(8,¢37,p) = = Ambry f f P (0, r, s)P (4, p, t) cos vs cos pt dsdt 
V5 0 0 


0 “o 


Let us set (in analogy to 8. 1) 


(14) AW (0,637, p)= u)Cn(t, v) P(8, r, 8) p, t)f(u, v) dudvdsdt, 


(15) (9, $57; p) C'n(8, u) v) r, 8) p, t)f (u, v) dudvdsdt, 


8 


f,,(s, v) P(6, s) P(¢, p, t)f (u,v) dudvdsdt. 
0 


= 
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oo 
TuEorEM V’. The (m.P.) series S anon(6,7) of any integrable func- 


n=0 
tion f(@) is uniformly equiconvergent on (0,7) with tts Poisson integral 
(0O=r<1). Uniform equisummability (m.P.) on (0,2) of the SL series 
of f with its FC series follows. 


Proof. Since the SL functions, {¢n(6)}, (n = 0,1, -), are defined 
on (0,7) we consider 


(1) bn(8,7) = 8) ds, 


where 

1 1—r 


If we suppose that f(@) is even, then 

(3) f(9,r) —{ Pe, r,s)f(s)ds 6 (1)) 
0 

and, in particular, 


T 
(4) cos nO ram f P(6, cos ns ds, 1= f P (6,7, 8)ds. 
0 
Call 


(5) on(9,r) = andy (9, r), 

and 

(6) o'n(9, 7) = + > by cos vO r’, 


We prove that 
(7) lim | on(0,r) —o’,(6,r)| =0 for all 6 in (0,7) and (0Sr<1). 


Using ®,(s,u) defined in 1 (10), we get by direct computation 


(8) w) PO, 7, 8)f(w) duds | 


f u)f(w)du)ds | (by Fubin! 


IIA 


1 | ds 


< 11 | Gals, | ds. 


1—r 


28'This corresponds exactly to what we have done for the cosine kernel in 1. 
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yin!) 


(14) A? (8,657, — f u)Cy(t, v) P (8, r, 8) P(d, p, t)f (u,v) dudvdsdt, 
0 


(15) 75 p)— f 
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By Haar’s theorem this last expression is less than e(1-+7r)/(1—r), for 
n > Ne, « an arbitrary positive number, which proves the theorem. 


2. Equisummability of the double SL and FCC series. We now prove 
the corresponding theorem for the double SL series of an integrable func- 
tion f(0,¢). 

oO 
THeoreM V. The (m.P.) series of any in- 


m,n=0 
tegrable function (0,6) is equiconvergent with its double Poisson integral 
over (OS r<1, 0OSp<1). Kquisummability (m.P.) over Q of the 
double SL series of f with its FCC series follows. 


Proof. Corresponding to the notation used in (5) and (6), we let 


(9) (9, $37; p) => (9, r) 
and 
(10) mn (9,31, p) = >> AvpDvp COS vO COS ph 


where @vp, Ava and by are defined as in 1, and we prove that 


(11) lim omn (8, p) — o'mn(8, $37, p)| = 0, 


for all (6,¢) in Q and (OSr<1,0Sp<1). Now 


m,n 


(12) 7p) 2 P(6, 8)P(¢, p, t) bv(s) du (t) dsdt 


f f Kmn(s, u) Kn(t, v) P (8, s) P(¢, p, t)f(u, v)dudvdsdt 
and similarly 


mn 


(13) o’mn(9, 637, 9) = Avubvp f P (0, r, s)P (4, p, t) cos vs cos pt dsdt 
0 


v,u=0 


Cn (8, U)Cn(t, v)P (8,1, 8) P(, p, t)f(u, v)dudvdsdt. 
0 “o 


Let us set (in analogy to 3. 1) 


(16) A‘) (0,657, p)= { (s, U) On v) P(6, r, 8) P(d, p, t)f (u, v)dudivdsdt. 
0 


8 


f C'm(s, U) ®n(t, v) s) P(¢, p, t)f(u, v)dudvdsdt, 
“0 


mn 
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We wish to prove that the three integrals | A“ |, | A@ | and | A’ | 0 
as m,n—> for all (6,4) in and (0OSr<1,0Sp<1). 
To consider A‘ (6,;1,p) proceed as in inequality (8) and then 


(17) | AN (8 $57 0)! 


| P(6,7,s)| | P(¢,p, Pm (Ss, U) (t, v) f(u, v) 
| ®,,(s, vu) ®,(t, v) f(u, v)dudv | dsdt. 


But we have proved in 5. 2 that the inner integral on the right side converges 
to 0 uniformly with respect to (s,#) in Y as m,n—> ©, so that 


1+-p 
1—rl—p 


IIA 


e for 
n 


(18) | AM (6, $317; p)| < > Ne 


e an arbitrary positive number. 
Considering AY”) (6, $; r,p) we have that 


(19) | (6, p)| 


mn 


f f(u, Cm(s, u)P(6, sasy(f ®, (t, v) p, t) dt) duit 
lle 0 0 
(u; | Cm (s, u) P(@, 8) ds) | f ®, (1, v) P(¢, P> t)dt 
0 0 ‘ 


Now by formula (4) 


IA 


an 
(20) | Cn(s, cos vu cos v6 | 
0 


i 


Secondly by Haar’s theorem, for arbitrary positive e«, 


(21) | &,(t, v) p,t)dt | <« for n>N=N;,(¢,p), 

so that 

(22) |A@(6,¢;r,p)|S f(u,v)! dudv, for n > N and all 
Hence 


(23) lim A") (6,5 r,p)| =0, for all (6,¢) and (OS=r<1,0Sp< 1). 


MPM, NPN 
Similarly for | A“) (@,4;7r,p)| and the theorem is proved. 


3. Remark on the modified Poisson method for more general ortho- 
normal systems. The applicability of this method is not limited to the SL 


( 
1 
\ 


—> 0 
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orthonormal system. We have seen in 6.2 that the (m.P) series of any 
function of class L? with respect to a complete orthonormal system coincides 
with the Poisson integral of f. If we assume that the function f(@) is of 


class L, we can prove the following theorem. 
TueoreM VI. Let {vn(0)}, (n=0,1,2,---), be a complete ortho- 


normal system and let Ln(0,s) =D vv(0)vv(s). If the condition 
=0 


h 


(M independent of h, n and @), is satisfied, then the (m. P) series of an 
integrable function f(@) is equiconvergent with its Poisson integral and the 
development of f(@) is equisummable (m. P.) with its Fourier series. 

The proof of this theorem will be given on another occasion. This 


theorem can be generalized in various ways to more variables. 


Bryn COLvece. 
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LINEAR TOPOLOGICAL SPACES.*? 


By D. G. Bourern. 


1. Introduction.? A (real) linear topological space, 1. t.s., is a linear 
tlausdorff space in which the operations of addition and multiplication by a 
real number are continuous. Axioms sufficient to ensure that a space is a 
l.t.s. have been given by Kolmogoroff [1] and von Neumann [2] and the 
relation between these axioms has often been discussed [3(2),4]. For con- 
venience in reference we state an axiom system which, with the exception of 
axiom 1, [3], is that given by von Neumann. 

We understand by 3t a neighborhood basis {N} of the origin, 6, in L. 
For this neighborhood basis and for all bases introduced in this work (includ- 
ing those for the conjugate space as well) the basis at a point not the origin 
is obtained by a translation. Thus the basis at 2 is 3t + Zo. 


I. 9(N|NeR} 
II. If V,,N2eM there is an eM such that N; C N, 9 
Forany Ne there is an N, such that aN, C N forall | | = 1. 
IV. Forany NV there isan NV, such that VN, + N,CN. 


V. For arbitrary ze L and N ¢ 9 there is a real number @ such that re aN. 


The symbol Z with null element @ will henceforth denote a 1.t.s., 1.e., 

a space satisfying these axioms. If L is locally conver, then 

VI. N+ NC 2N. 
A set BCL is bounded if for each Ne 8 there is a real number 2 such that 
BC aN and L is locally bounded if it contains a bounded open set. In view 
of Axiom III, « may be taken non-negative in Axiom V and in’ the definition 
of boundedness. 

We denote the closed hull of A by A, the convex hull by A, the set of 
inner points in A by A and the complement of A by A. The set of all linear 
functionals on L is designated by L* and its hull and general elemeuts are 
denoted by 6* and f or F respectively. We write LZ and L for the lim sup and 


* Received October 25, 1941; Revised December 5, 1942. 

' Presented to the American Mathematical Society, October 25, 1941. Some of the 
results were announced in D. G. Bourgin, “ Some properties of real linear topological 
spaces,” Proceedings of the National Academy of Sciences, vol. 27 (1941), pp. 539-544. 

2 Numbers in brackets refer to the bibliography. 
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lim inf respectively and ¢ for the empty set. The Euclidean n dimensional 


space is denoted by Rn. 

A brief partial survey of some of the contents follows. Some general 
results for convex sets are developed first and these in part involve regular L 
convexity and weak closure properties. For locally convex spaces, regular L 
convexity is no stronger than closure and convexity. Although usually Z is no 
longer an |.t.s. in its weak topology, we can associate a new space of equiva- 
lence classes of L which is a locally convex 1.t.s. Most of the conclusions 
involve specialization of L. Thus if L is locally convex there is a valid analogue 
of Mazur’s Theorem [5] on the equivalence of strong and weak closure of 
convex sets in Banach spaces, and a result of the type of Helly’s Theorem 
obtains if we require besides that Z* be metrizable. If Z* is normable then 
L is the union of a denumerable number of multiples of some bounded set. 
A necessary and sufficient condition for the metrizability of L* is given in 
terms of the existence of a certain basis for the bounded sets in L. The 
sufficiency condition is valid for a general l.t.s. If Z is locally bounded 
(locally convex) its completion is locally bounded (locally convex) and the 
conjugate spaces of L and its completion are equivalent in the Banach sense. 
The results of Hyers [3a] are extended and sharpened significantly. Thus it 
is shown that the quasi norm satisfies conditions similar to those for the 
spaces Lp,0< p<1. The exact conditions depend on the choice of the 
fundamental bounded open set and in general the quasi norm need not be 
continuous. It is shown, nevertheless, that there always exists a topologically 
equivalent continuous quasi norm. The weak topology of the conjugate space 


of a locally bounded 1. t.s. yields many results of the sort familiar for vector 
normed spaces. For instance regular L* convexity is equivalent to weak § 


closure and, the unit sphere is bicompact in the weak L* topology, etc. How- 


ever, the exact relation between transfinite closure and weak closure is not yet 
settled in this paper. 


2. The general linear topological space. In the main, the results in 
this section require no specialization of L and are, besides, of use in later 


sections. It is convenient to introduce the neighborhood systems 


U=— {UV}, U = |OSAS1,2e N}, 


and U* =U .—U. In referring to neighborhoods in Z or L* we shall omit 


the basis when the meaning is plain. Thus we write U for Ue ll and N for 


Ne etc. We assume throughout the paper that Z contains more than one 


element. It is easy to see that equivalent bases Jt’ may be chosen in which the 
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neighborhoods are all open (closed) sets. (In the first case the sets U or U®* 
are, accordingly, open). 


LeMMA 1. The neighborhood systems U, U% and MN are equivalent 
neighborhood bases for L. 


It is trivial that an arbitrary U contains an N. On the other hand for 


arbitrary V and some N, we have zV,C N for | | =1. Hence 


U,= {ac |0SAS1,ce (ac |—1 SAS 


That U(U*) satisfies the axioms for an |. t.s. may now be shown directly. 
If 2 satisfies VI this need not be true of all equivalent bases. A not altogether 
trivial example is furnished by J, which may easily be shown to admit the 
equivalent metric (7,0) =log,*(1+]a |). Here N’ = {x |(2,0) 
is out of accord with VI. .\ more natural example is the locally convex space s 
[8] whose metric spheres are plainly not convex. However the convexifications 
of the equivalent neighborhoods do satisfy VI of course and are understood in 


all references to locally convex spaces, below. 


LEMMA 2. The space L is completely regular. 


An Il. t.s. is evidently a uniform space [6] or struct [7] whence the 
lemma follows immediately. For the actual applications in this paper merely 
the weaker, regularity property of J is required, in the main. 

Let La,%e be an l.t.s. with neighborhood basis Ng. The topology of 
the product space L% = IIL, is given by the neighborhoods 


| tec} X I{Lg| BeA—o} 


where V;e€ 9; and o is a finite subset of M. It is well known that L™ is an 
l.t.s. Obviously if each Lg is locally convex, L™ is locally convex. 

LemMa 3. Jf Lg ts locally bounded then a necessary and sufficient 
condition for L™ to be locally bounded is that % is finite. 


Evidently local boundedness implies that for some NV, {N/m, m = 
constitutes a neighborhood basis. Since {{—o is non-empty, for non-finite YI, 
this necessary condition cannot be met. An immediate consequence is that if 
the spaces Lg are Banach spaces and 2% is non-finite then L™ is not a Banach 
space. If 9% is finite then if Gq is open IG, is open in L™ and if besides Ge 
contains @ and is bounded then the neighborhood basis in L™ is given by 
{(1/n) 1G}. 
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We shall say that U encircles @ if every half ray with 6 as an end point has 
an interval in common with U. That the encirclement properly imposes no 
restrictions on the 1. t.s. is evident from the next lemma. 


Lemma 4. Every N encircles 0. 


From the definition of U it is patent that if a)>«U then the interval 
from @ to z is contained in U. Since N contains some U, if the lemma were 
false there would be an & such that Ate U for all A > O in contradiction with V. 

Lemma 5. If A ts closed and x ¢L is disjunct from A then, for some 


U’ and U”, (A+ 0’) (2, + U0”) =@. 


Since A is closed we can find U,»* such that (a + U,*)* A =g¢. In 
view of I and IV, U,.* > U,*+ U.—U. for some U,* and U2. We assert 
(A + U2) 9 (a + Ui) =¢. Otherwise for some 2,¢ A, ye U,* we should 
have + + U,. This implies successively — (ao + — Uz and 
+y,—U.Ca + + U.— Uz in contradiction with the fact that 
A is disjunct from 2) + U,*. In view of Lemma 2 we can find U; such that 


Us U and hence (A + U;) (Zo ) == 


LEMMA 6. Jf K, and K» are conver then K, + Kz is conven. 


LemMa 7%. If K is conver then K and K are convex. 


By a translation we can arrange to have 6e kK. Assume the first assertion 
false. Suppose, then, that and yet (1—A)a.eK for 
some A,0 << A <1. Then for some U’, (z+ U)* K =g. By III and IV we 
can find U’ to satisfy AU’ + (1—A)U’CU. Let (xi + UU’) OK Fo. 
i= 1,2. Evidently Ay, and (1—A)y.e K. Hence we arrive at the contradiction 
6A [A(z,+ U’) KC +(1—A)r, + Ul =o. 

Let With no loss of generality we may assume = 6. Let U, 
and be contained in K. Suppose that for some <A <1, 
Ar.e K. Let U0,C U,*U.. Choose y arbitrarily in Ar,.+ U3. Thus 
y¥=Ar,+2,2eU3. Clearly z and z+ a, are both in A. Moreover 


+U,CK or Ar, ¢ K in contradiction with an earlier assumption. 


(1—A)z+A(z+ 2.) =y is in K by the convexity of A. Hence Ax, 


LemMa 8. If K AL is convex and 6e K there is a triangular pseudo 
norm* || \lx satisfying (1) O= | | (2) | for 


A we define | by inf fh >Olreh(K Lp) \ ete. 
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The frontier points are those for which 


J (6) K= {2| | K= {2| |e 


We define || z |x as inf{h >0|arehK}. Let UC K, then for any 
ze L we have xe for some «>0. Clearly = | 6 9. 
Since || x ||x is merely the Minkowski functional determined by K, properties 
(2), (3) and (4) follow by standard arguments. 

We have left (5). In contradistinction to the locally convex case, this 
is not intuitively so evident when one considers the possibilities inherent in 
neighborhoods with spines. However the proof is direct. Let U,*C K, then, 
(for arbitrary « > 0,) in view of III and IV, U,* > (2/e)U.% for some U,'. 
Then || + 2 |lx < « for ee U.* and so || + x |x is continuous at @. Hence by 
(4), || a lx is everywhere continuous.* If 7, is a frontier point, every 
neighborhood of x; contains points of A and points of K. Thus every neigh- 
horhood of 2, contains some points for which || z |/x <1 and some for which 
| 2 = 1. Therefore || zo =1. On the other hand if || 2 =1 and U 
is arbitrary, then by Lemma 4, there is a 8 > 0 such that (1 + 8)z, e220 + U. 
Hence by (3), (14+ 8)a,@K, (1—8)a eK or x is a frontier point. The 
forms of A and KA’ are now; seen to be those given in (6). 

Extending a familiar usage we shall say K is regularly L convex if for 
every K there is an foe L* such that fo(%o) > fo(z). 


LemMaA 9. Jf K is regularly L conver then K is convex. 


TueoreM 1. Jf KL is conver, closed and K 6 then K ts regularly 


convex. 


It is no loss of generality to take @ as an inner point. Let ae K. The 
linear space L, is defined by Write fo(tzo) 
|| lx for all ¢. Since || = f(tzo), the function | z ||x is available 
for p(x) in the Banach statement of the Hahn-Banach Theorem [8; p. 27]. 
Thus there is a distributive functional /’, on L which agrees with fo on Z, and 
= || Now | (| x || — |x). In connection with 
(5) of the previous lemma we demonstrated the continuity of | tlk and 

Thus is continuous at and so throughout L. Hence 
choosing Fy so that Fy(2) = || 2o |x it follows from (5) that 


‘The argument used to establish such a result for the case of locally convex spaces 
[2] makes unnecessary use of VI and so could not be cited directly. 
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> 1=— sup || |x = sup Fo(z). 
K K 
(it is trivial that every non null linear functional on Z may be related to a 
Minkowski functional. Thus let K = {x| | f(x)| <1} and plainly 6eK 
since {z| | f(x)| <1} is open. Moreover either f(ro) = || 2 || or f(— 2) 
== || — 2, || for the frontier points + 2). 


LEMMA 10. If is conver, and K, then {x} || 1) is 
regularly L convex. 


3. The weak topology of L. The generic w(L) neighborhood of @ is 
denoted by W(9;f1,- -,fn3e) (or merely W)= | fi(x)| 
where {fi} consists of linearly independent elements of L* in the sequel. 
The neighborhoods of 2» are then given by 2) + W. In general it is not true 
that the system of weak neighborhoods, W = {W}, is consistent with the 
axioms for a 1. t.s. For instance in the space S or ZA it is well known that 
L* consists only of the null element 6*. Hence I is not satisfied. 

Let © = {x | f(x) =0 for all fe L*} and The sets 0, Y 
considered as elements of a new space LE are designated by O and X respec- 


tively. Evidently if ee W then x-+ Oe W and accordingly W is made 
up of distinct X sets. Since © is closed we define a natural basis at O by 


The topology so defined is tacitly understood in subsequent references to L. 
Manifestly then, L is a space of disjunct equivalence classes defined on L. 


THEOREM 2. The space L is a locally conver 1.t.s. 


In view of Theorem 3b kav, and z, + x2 correspond to kX, and X, + X, 
where € X;,1 = 1, 2 so that L is a linear space. Write X = Tz. Obviously 
T is continuous since W —T(W). Now I and II are satisfied since L is 
obviously the Hausdorff topological quotient group L/® with addition as the 


group operation. Now 


for |«|=1, or III is satisfied. Since | f(x: + S| f(ai)| + | 
it is apparent that IV and VI hold. Finally suppose z,¢ Xo, and let 
= fi (Zo), If a>sup|ci| then aoe (a/e)W (9; €) 
and so (a/e)W(O;f;,: - 


-,fn;«€) which is the requirement of V. 
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CoroLuary. /f © = 4, L ts locally convex in its w(L) topology. 


This includes the case of a locally convex L. 
It is easy to give examples of linear topological spaces for which © is 
neither 6 nor L. Since L*,=0*,0 << p< 1 [9] take 


L=L?X Rk, = {(4,y)| ve LD’, ye R}. 


Then © = { (2, 6)}. 


THEOREM 3. The set @ has the following properties: (a) © is conver 
and closed. (b) @==@ fora~0. (c) If P isa linear operator on L, to Ly 
then P(@,) CO. (d) If L* AO* then@=g. (e) For regularly L conver 
K, either K or K contains X. (f) If Lis conver O=8. 


The first three assertions are obyious. Suppose (d) false. Let 2, + U, C0. 
Then x, and so U, also, are both in ®. Hence by (b) and V, LC® or 
L* = 6*, If (e) is false then x, and x, may be found in Y with f(z,) > f(z) 
in contradiction with the definition of Y. Assertion (f) is a trivial conse- 


quence of Lemma 2, and Theorem 1. The converse of (f) is false. For 
instance In a sequence space the functionals f" = (8,",° +), with 
the Kronecker 6, cannot all be zero for any x. Hence, for instance, the non- 
locally convex Ih, O< p<1 has O86. (We remark parenthetically that 
while the metrizability of Jp, 0< p<1, has long been recognized, the trivial 
observation that a valid metric for this purpose is S| 2; |? seems to have been 
overlooked. With this metric, it is at once evident that lp is locally bounded 
as is well known. Moreover a familiar tvpe of argument establishes that lp 


is complete). 


TuroreM 4+. The following conditions on K CL are equivalent. (a) K 


is regularly L conver. (b) K ts convex and w(L) closed. 


That (a) implies (b) is trivial. The demonstration of the converse is of 
conventional type. Thus if € let W(20; fn3€) be disjunct from K. 


We map Z on RF, where the correspondence is given by 
= {f,(z),- fn(z)}. 


Then A’,, the map of A, is convex. Now 2% =wy(a@o) is not in K,, the closure 
of K, in Ry. Indeed if || z— 2 || <« contains points of Ky then 3 | fi(r) 
—fi(ao)|? for some xe K and accordingly | fi(r) —fi(ro)| but 
this is impossible since W and K are disjunct. Some functional %oe¢ R*, 
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satisfies > sup Bo(z). Now %o(z) is of the form SAifi(z) and hence 
Kn 
with Fo = 3,"AGfi we have 


= Fo(to) > = F,(z). 
Kvidently (a) implies that T(K) is closed and convex. 


THEOREM 5. If @©=86 and K is a closed finite dimensional set then K 
is regularly L convez. 


Let {xj |i=1,---,N}CL be linearly independent. Since © = 6 the 
following steps are valid. Choose f,e Z* so that f,(7,) =a,!~0. Write 
(22) Then =0. For some fs, 
Write f.(2;) =ai7, t= 1,2. Hence A —a,'a.* 0 and so two linear 
combinations of f, and fs, designated by F* and satisfy (aj) = 
i,j =1,2. An induction shows that we can find {f‘} to satisfy fi(avj) = 3;', 


1,7 =1,- --.N, whence it follows incidentally that we can always satisfy 
for arbitrary choice of {ci}. Let the N dimensional 


manifold Ey be the closed linear extension of K, with basis {z; | i=1,--- , N}, 
If 2) Ey then we can find f, to satisfy = 8)', += 0,1,- -,N. If 
aye K then, for some + Uys K =¢, Uy =U%Ey. Now 


is a symmetric convex set in Fy. It is well known that Ly is homeomorphic 
to Ry with Q the homeomorph of a convex bounded set containing an open 
set in Ry. Hence eQ C Uy if > 0. Write 3,5 If | Ai — 
<@/N, i~1,---,N, obviously = 3(Ai— Uy. Thus 
W (203 F",€0/N} ==9 since a) =A; and hence in 
view of Theorem 4 our proof is complete. 

The following example shows that © = 6 does not assure that all closed 
= 1, 2; = 0}. 


convex sets are regularly L convex. Define K in lz by {x| || # 


Then K=—R. To see that K is convex consider any segment H with end 
points z,y in K. We may require ||z||—|| y | —1 for if ze H* K then, 
by continuity, H would contain 2’, of norm 1 with the order x, 2’, z, y/, 4. 
It is easy to verify that || Ax + 1— Ay | —1— (Aaj? + ACA — 
(xiyj(1 — + — — Ais], Aij = + (A—A) 
x (yiy;)”. Terms with ij are omitted and the typical term is clearly 


non-negative. Hence HC kK. Now 6€K yet =0 f(r) for all 
K 


Indeed write f = (a, d2.: - -) with a; = 0 for this is the only case in doubt. 


= {x | > | 1} 


hence 
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Write = 3,%yi/N*, = (8,',8/,-- Then || =1 and 2VeK. 
Now /,/2* is the space in [8,9]. Thus — © <a inf a; <0 and 0= f(z’) 
= Hence K is not regularly L convex. Incidentally 


k= 
THEOREM 6. If ACL is w(L) closed then A is closed. 


Suppose and let W(a3f1,- - -,fn3e) Since fi is con- 
tinuous, | for all rex, +U;. Thus 2, +n"U:.C W. 


4. Locally convex spaces. The hypothesis of local convexity is wnder- 
stood in the statements of the results in this section. 


LEMMA 11. The completion of L is a locally conver |. t.s. 


We assume the material in Tukey’s Chapter VI [7] but translate .cover- 
ings into neighborhoods by his Lemma 3.3. Thus the equivalence classes of 
Cauchy phalanxes in ZL are put in 1—1 correspondence with the elements 
{X} of L’. If X,Y have representatives {x(a)| M1}, {y(b)| B} we inflate 
them to phalanxes on the common stack © and define X + 1)’ by the repre- 
sentative {x- + y- | ©} and kX by {kx(a)}| W}. It is easily verified that these 
definitions are consistent with the correspondence of elements of Z and the 
convergent Cauchy phalanxes and that L’ is the (essentially unique) complete 


l.t.s. desired ° when the neighborhood basis is defined by 
V = {X | {r(a) + Ui | CT}. 


If ¥, Y V then, for some representative {r(a) | %} and some U,(U,U, 
some representatives, {r(a) + U,|%}, {y(b) + B} are in U. The 
convexity of implies + U3) + (1 — A) (ye + Us) = Ae + 1 
—)ye + U; CU where U;C U,* U2 and hence AX + 1—AY, since it has 
the representative {Are + 1—Ay- | ©}, is contained in V. 

An alternative argument of independent interest uses the quasi norms 
associated with a neighborhood basis. Let ||| X |||o*=L || {x(a)| %} 
It is easy to show that ||| X ||!v* is independent of the choice of representative 
for Since 


L {ae + yo| ©} flor L {xe | ©} or + L {ye | C} 


| is triangular, 


® Axioms I, IT, IV reflect known properties of the completion of an Abelian topo- 
logical group. Axiom IIT is easily verified. For V let XY ~~ {w(a)|q}. Suppose that 
V comes from U. Choose U, to satisfy U, CU. Then x(a) €x(a,) +U,,; 
For some k=1, kU,. Then +0, Ck, + U, + 0,C kv, 
asa, or XekV, since q’ = {a | a&a,} can replace q. 
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whence it follows readily that ||| |||v* is triangular. Order U* by U* < Ur 
if and only if U* C U*’. It may be verified that {||| |||v* | ot © U*} is a col. 
lection of triangular quasi norms satisfying conditions [3b] guaranteeing that 
L’ is a locally convex 1. t.s. which is obviously complete and identical with 
that obtained in the preceding proof. Incidentally it is plain that the com. 


pletion of a convex set is convex. 

It would be of interest to investigate further the relations between con- 
vexity and regular L convexity. If every closed convex set is regularly 
L convex (this obviously implies © = 6), is L convex or is B bounded if B i 
bounded? It seems probable that both these implications are false. 


Lemma 12. If K is closed and conver and x,€K then there is a closed 
conver set K’ with K’ ~¢ such that 2 ¢ K’ C K. 


According to Lemma 5, (K + N,) * (a + =¢. Since N, satisfies 


VI, N, is convex [2] and therefore, in view of Lemmas 6 and 7, A +N, 


is convex.® Inasmuch as 2 + is open it follows that (K + N,)* + =9, 


Hence the conclusion of the lemma is valid for K’ = K + Nj. 


THEOREM 7. If K is convex then K is w(L) closed. 


This is an extension of a fundamental result for vector normed spaces 
due to Mazur [5]. If K =L the theorem is trivially true. Suppose 2% € K. 
The set K’ of Lemma 12 is regularly Z convex according to Theorem 1, 
Hence F'o(2) > sup Fy(r) = sup F(x) for some Fe L*. That is to say K 


is regularly L convex, whence, by Theorem 4, K is w(L) closed. 


5. Metrizability of L*. Let BCL be a bounded set containing 6 and 
let 8 stand for the collection of all such sets. The neighborhoods B*, of L*, 
are defined by B* = {f| | f(z)| < 1,2 B} and are plainly convex. The set 
B is said to determine B*. The neighborhoods of fo are of the form fp + B*. 
With this neighborhood topology L* is an 1.t.s. Plainly if B’ > B” then 
B’* C B’*, Tn general the converse implication is not valid, but cf. Lemma 14. 
We shall call the sequence {B,}e¢%8 an outer countable basis if for every 
PB « B, we can satisfy BC B, for some n. (The notion of an outer countable 


° Even if K, and K, contain inner points and are closed and convex, K, + K, need 
not be closed unless a compactness condition is imposed on K,. For instance in the 
Euclidean plane let K, consist of the branch of the hyperbola zy =1 in the first 
quadrant and all points lying above this branch. Let K, be the reflection of A, in the 
wv axis. Then K, + K, consists of the upper half plane exclusive of y = 0 and accordingly 


is not closed. 
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basis and Theorem 8 were suggested to me in conversation by Professor 
Kakutani). 


THEOREM 8. Jf L has an outer countable basis {Bn} then L* is 
metrizable as an F' space. 


It is well known that an 1.t.s. space may be metrized as a possibly 
incomplete F space if there is a countable neighborhood basis at any point 
[3(b),4]. Accordingly we need merely show there is a countable basis {B*n} 
in L*, Let the neighborhood B* be arbitrary and let B be any determining 
set of B*. By hypothesis B, © B for some n, and hence, B* O B*,. 

Simple examples show that the sufficiency condition stated in this theorem 
is not, generally, a necessary condition. If B is any determining set of B* 
then {Av||A| <1, 2e B} is obviously bounded and also a determining set 
of B*, In the sequel all determining sets are tacitly assumed to satisfy 
B= re B}. 


LemMA 13. If L is locally conver and B =—B then 
B= {2| | f(z)| =1,fe B*}. 


Denote {x | | f(x)| = 1, fe B*} by B’. Now B and B are bounded. Moreover 


according to Lemma 7, B is convex. Write D(—— D) for B (this notation 
is used in the following theorem also). Now B’ is clearly convex and closed 
and so B’ -) D. Also, D is regularly convex in view of Lemma 7 and Theorems 
fand 7. Hence for arbitrary 2) € D and some fo, 


| d > a sup | 
Write f, for 2fo/a-+d. Then 
| fi(%)| >1> | fi(x)|° 


Accordingly f,¢ D* C B* and therefore 2 € B’. Thus D- B’, and so D= B’. 
Kvidently we have as a special case 
B= {x| | f(x)| <1, fe D*} = {2 | | f(x)| <1, fe (B)*}. 
TueorEM 9. If L is locally convex then a necessary condition for L* 


to be metrizable is that L admit an outer countable basis. 


If L* is metrizable there is a countable neighborhood basis {B*n} at 6*. 
Denote by B, ¢ B any determining set of B*,. Define Dy as Bn. Cf. Lemma 13, 
We wish to show that {D,} is an outer countable basis. If this were not true, 
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then, for some B’ € B, we should have B’* Dn ~ ¢ for all n. Since D*, C B*, 
it is clear that D*,, C B’*, where m is some fixed value of n. Since Dm is 


regularly ZL convex, if 2 ¢ B’* Dm we have 
sup (z) =— inf =a=O0 and 
Da 
Then, with F, = 2F,/2a + 8, we have F,(2o) >1>sup|F,(z)|. That is 
De 


to say F,eD*» and F,& B’* or D*m C- B*’ in contradiction with the definition 
of D*,. Accordingly Dm = ¢ and hence {Dy} is an outer countable set. 


Lemma 14. If L is locally convex and B*, > B*, then, if By ts a 
determining set of B*;, B, _ Bo. 


The boundedness and convexity of B are covered in the proof of 
Theorem 9. By Lemma 13, 


B, = {z| | f(x)| <1, fe B*,} C | f(x)| S1, fe = Be. 
The following theorem extends an important result due to Helly [10]. 


THEOREM 10. Let L be locally conver and L* metrizable. Then there 
ts a fixed closed convex bounded set B in L with the property that, whenever 
{f*} C L* and {ci}, i=1,: - -,N are so chosen that 


| | S 


for arbitrary {Ai}, the system fi(x) = cy is satisfied by some xe (M + 
for each e>0. 


By a well known result of Eidelheit and Mazur [11] on equivalent 
metrics in an F’ space, we may require that (pf, 0*) be strictly monotone in 
» = 0 for each fixed f (the demonstration given by the authors remains valid 
when the completeness requirement on F is dropped). Moreover (f, 6*) 
== (—f,6*) [8]. For some set in the outer countable basis of L, say 


B= B, {f | (f,6*) <1} 


Denote the general point é,,: - -,éy in the N dimensional Euclidean space 
by z. Let 
K =—K = {z| & = fi(x),ve (M+ €)B}. 


Evidently K is a convex, bounded, continuous map of (M-+e)B. If the 
theorem were untrue % = (¢:,- °-,¢v) €K. Then some supporting hyper- 
plane, = 1. of K contains z. Thus 


1s 
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for ce(M+c)B 
while 
Aici =1 or | <1 for wre (M + ¢/2)B, 


SAfie (M+ ¢/2)B*. Accordingly, 


((M + << 1 =| ric: |. 
Then 
6*) <1 =| |. 


This is in contradiction with the hypothesis of the theorem. 

If the metric satisfied (pf, 0*) S u(f, 6*), for all f and » = 0, we could 
of course replace by but such a metric must 
obvously be a norm. (Take p’ =yp'> 0 and ff —ypf, then it follows that 
ul (f,0*) S Sp’ 6*)). If B is w(L) bicompact or bicompact of 
order 82, Theorem 10 may be extended to the case that a in {¢a | a} has power 
at most &., by straightforward modification of the writer’s proof for the 


Banach space case [Theorem 15: 12]. 


THEOREM 11. Jf L ts locally conver with L* metrizable and separable 
y 


then L 18 separable. 


The hypotheses of the theorem imply the existence of an outer countable 
Lasis {B,}. Evidently the neighborhood systems 


(fll and {f|| f(z)! <1,2e By} 


are equivalent. Since UB, = L, if the theorem were false some Bn, denoted 

henceforth by B, would not be separable. Let T° be the set {f | || f la = 4} 

where || f jz sup | f(x)|. In view of the separability of L* a sequence 
B 


{f7} CT may be found which satisfies the condition 


| fo—flla<e #9; 
for any >0 and foe T. Since | f*(a7)| =8 for some eB and 
0<8< 4. Let Le and Ly,} be the closed linear manifolds determined by 
B and {2%} respectively. Since L tg} is separable some 2, say 2, is in Lg 
but not in L {or}: Now Lg} is convex and closed and by Theorem 7 is a 
regularly ZL convex linear manifold. Hence for some 


fie L*, > sup fi(x) = 0. 
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Moreover, since f; is linear, Theorem 2 of Wehausen guarantees that 


If: co. Hence lace Now 
| = | fo 2) =8 


for all o which is in contradiction with the definition of {f*}. 
The theorem is still true if the condition of metrizability of L* is replaced 
by the requirement that there be a denumerable collection {Cy} of bounded 


sets in JZ such that? 


(a) U UmC,=—L and (b) BCU mC, 


m=1 n=1 m=1 


tor each bounded set B and some n. 


oO 
THEOREM 12. Jf L is locally conver and L* is normable then UnB=L 
n=1 
for some bounded total set B in L.* 


Define B as in Theorem 10. Let 2” be arbitrary and write B’ for 
<1}. Then B* {@f| || f | < 1}> BB* for some B > 0. In view 
of Lemma 14, BB > B’; that is to say xe mB for any integer m > B and 
hence Evidently f(x) for all xe B implies f= 6*. The 
theorem may also be established by considering the topology induced on L by 


L** and clearly B may be taken as {x | | f(x)| = 1, || f || = 1}. 


Corotitary. Jf L is locally convex and of the second category then a 
necessary and sufficient condition for L to be normable is that L* be normable. 


The condition is obviously necessary. On the other hand if LZ contained 
no bounded neighborhood then B would be nowhere dense and hence L would 
be of the first category. However the presence of a bounded neighborhood 
means that Z is both locally convex and locally bounded. and hence normable. 

The following example is of interest here and in connection with 
Theorem 19 below. Let F be a non-separable, reflexive Banach space. We 
denote by Z the elements of # under the w(/) topology. Then ZL is a sequen- 
tially complete, non-metrizable, locally convex space of the first category. 
Nevertheless L* is normed. Incidentally it is apparent that if L | f"(a) || << 
for all xe L, then || f" || < M (in particular w*(L*) convergence of {f"} to 
fo implies || f" || << M) yet Z is of the first category. 


*It is not true however that if L = U® ,.mB, then {mB} is an outer countable 
basis, even if ZL is normed. The Hilbert parallelotope, taken as the set B, in L?, 
furnishes an immediate counter example. 


L 
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6. Local boundedness. Let A be a bounded open set in Z and let 
A’ == ||A|S1, re A}. 


Then A’ is easily verified to be hounded and open in L. Define the quasi norm 
|| by the usual scheme 
|| || = inf{h |rehA’}. 


Hyers [3a] has shown that this quasi norm satisfies (1) || 2 || =1 and 
| || =0 implies c= 6. (2) || tz || =| || 2 |]. (3) For every > 0 there 
is a 8>0 such that <7» whenever | <é and <6. 
(4) The sets {x| | x || <«,¢ >0} form a system equivalent to U. (5) For 
every cel and there is a 8>0 such that || <7 for 
ly—a2|| <6. 

We shall extend and sharpen these results significantly. 


THeoreM 13. Jf L is locally bounded the quasi norm satisfies 
for some b = 1 depending on A and L. 


We shall refer to 6 as the multiplier of the quasi norm. The neighborhood 
system at @ may be taken as U-= {U | U = A’/n, n=1,- - -}. For some 
values of p we have A’ + A’/2C pA’, p= 1, by IV. Hence p’ exists such 
that p/A’ tA’ + (1—1#)A’ for all OS¢S1. Let be the inf of all 


such p’. If || vi || = Ai, = 1, 2, then (Ay + €) A’ for all > 0. Therefore 
+ (Ay + Az + 2e) 
A, +e Ao +e | 
A’ A’ | C(b+8)(A Ao + 2€) A’. 
Since this is true for each 8,« > 0 it follows that 


| + ae S + Az) = || + | 


It thus appears that the quasi norm for a locally bounded ZL is formally 
similar to that for the spaces Lp,0 << p< 1. (The example of the spaces 
Lb, 0<p<1 shows that functionals exist even when the norm is not tri- 
angular). It is important to remark that b should be written more felicitously 
bs for, as is easily seen, it varies in general with the choice of the bounded 
open set, A. The quantity B, = inf {b4 | A bounded and open in L} is a char- 
acteristic of Z alone. However Br may not be a multiplier. Cf. Section 7. 


All references to } below are really to a ba. 


d 
€ 

y 

(l 

| 

l 

l 

1 

e 


652 D. G. BOURGIN, 


Let Aj be a bounded open set in L;, i= 1,2, and associate A’; as before. 

Let P be a linear operator with domain LZ, and range in L.. The subscript 

t= 1,2 affixed to a quasi norm or to b will indicate the space under con- 

sideration. Define || P || by || ? || =sup || P(x)|]2. The space of such opera- 
A’; 


tors is denoted by P and it is known that P is a locally bounded 1. t.s. 


satisfying (1), (2) and (5), [3(a)]. ‘ 


THEOREM 14. The quasi norm in P satisfies 


[Pi + Ps |< Ps Pe 
Evidently 
| + || =sup | + 
S sup bz ( (2) + || |e) 
A’; 
= P, t ||). 
LEMMA 15. ZJ/f Ly. is normed, (a) P is a normed vector space and 


(b) If P ts additive and || P(xr)|! = M |x|) for all re L,, then P is linear 


[3a]. 


Condition (a) is satisfied for instance when P is L* 


THEOREM 15. The locally bounded space L may be completed with 
preservation of local boundedness. 


Let the equivalent metric neighborhoods of L (cf. Section 5) be written 
Sa = {x | (2,0) < d}. Consider the typical element of L’ to be the class of 
equivalent Cauchy sequences in L, where two Cauchy sequences are equivalent 
if they ‘mesh’ to a Cauchy sequence. The points of L’ are denoted by 
capitals and the distance is defined by (V, Y) = lim (2", y") where XY ~ {2"}. 
Y ~ {y"} i.e, {a"} and {y"} are representative Cauchy sequences of the 
classes defining X and Y respectively. As is well known this distance is a 
metric and if {z"} converges to x) and {y"} to y, then (Y,V) = (20, yo). 
Moreover in view of the triangle property of the metric, Sy = {XY |(Y, 0) < 8} 
is an open set. Plainly L’ is an 1. t.s. and is complete in the metric sense. 
Now A contains sp, where PD is some positive d, by the equivalence of the 
original and metric topologies. Then sp is bounded in L and so Np is bounded 
in L’. Indeed this is tantamount to the assertion that for arbitrary e < D 
and some h we have hSpC S¢. Let h’ satisfy h’sp C se, e’ <e. Then if 
XeSp and X ~ {x"} we must have r"€ sp for n > N. Hence (h’r", 6) < & 
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for n >N. Thus =lim (h’x", 6) < e. Since Sp is bounded and 
open, L’ is locally bounded. Incidentally sp = {Ar|resp,|A|S1} and 


Sp = {rAX At Sp 


TrHeorREM 16. Jf L is locally bounded and 2" converges to xo then 


We have || 2” —.z, || — 0. From Theorem 13 we have 
b || a” or = ! 2 
On the other hand. in consequence of (5), |] a || > || a" || —»y for n> N»- 
Hence || a” | 


A consequence is that the quasi norm relative to A’ is always upper semi- 
continuous but not necessarily continuous except at @ and, in fact, Hyers has 
given an elementary example of a discontinuous quasi norm. These remarks 


lend interest to the next result. 


THrorem 17. Jf L is locally bounded there is a continuous quasi norm.® 


Let sy. defined above, be the basic open bounded set defining the quasi 
norm. Let «”"—.2, and denote || 2” by An» We need only the case Ay =~ 0. 


We assume without loss of generality that (mr, @) is monotonic increasing in 


pp — O [11]. Now, for 0 8 < A, 


(A 6),0) >d > (2"/(A" + 8), 
(2/(A" + 8), 0) — +5), 6). 


Thus 
(.0o/ (Ao - 6). 6) (A” + 8).6@). 
Hence 
(Ao — = L(A" + 8)". 
Thus LAn = A 28 or, since 6 > 0 is arbitrary, Z || x, || = |] xo ||. In view 


of Theorem 16, 


or || 2 || is continuous. (We have shown incidentally that a certain sphere in 


the equivalent metric is the A required). 


* This gives an affirmative answer to the “ general question” ‘raised by Hyers 


[3(a), p. 566]. 
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7. An example. This section concerns itself with an example of a 
locally bounded 1. t.s. for which Bz is not a possible multiplier. Consider the 
linear sequence space @ with the distance given by 


y) => | | 


where 
pi = (1+ (log (i + 


Write qi = pi*. Evidently pi increases monotonely to 1. It is easy to verify 
that (z,y) is a metric and that @ is an l.t.s. Since (Ar, 6) = 6) 
for 0A 1, it follows that @ is locally bounded. Although it is irrelevant 
to our purpose, it may be mentioned that the standard procedure establishes 
that @ is complete. It is plain that an equivalent metric, denoted by (7. y¥)y. 


is defined by 
N 


=> | [PN + | — yj |”. 
N+1 


It is an easy matter to show that, with the choice A’ = {x |(7,9)y < 1}, the 
associated multiplier 6 is 2%N-*. Hence p= 1. We assert that 1 is not a 
possible multiplier. Suppose the assertion false. Then @ is normable and 
hence locally convex. Then the neighborhood s = {x |(z,@) < 1} contains a 
convex open set K which includes 3 = {x | (x,6) < e€} for some e > 0. Hence 


sCKCs. Now s contains 
where 8,” is the Kronecker delta. Then 
2M — Mant” /S Man € Se 


where Manifestly a, and hence the convergence of 


%1°%a, is guaranteed by the fact that 


co oo 
dz 
(log 2) dw converges. 
1 0 


Write o = %,~a, where manifestly o >1. Then 


(27,0) > 6) 
(e/o) (n +1)t*> on, 


which is incompatible with s,C s. Actually all that is needed for this example 


— 


he 
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is pif 1. It may be remarked parenthetically that if pi) 0, the resulting 
space is neither locally bounded nor locally convex. 


8. The conjugate space L*. The w*(L*) topology is induced by the 
neighborhood system U* = {U*} where 


O* am U*(0* +, = {f | | | << es t—1,- a}. 


Obviously 1; of Section 3 may replace 7; and Z* is an |.t.s. in its w*(L*) 

topology. We define regular L* convexity for K C L* by the property that 

if K then there is an roe L for which fo(z.) > sup f(zo). This implies 
K 


that K is convex. 


THEOREM 18. The statements (a) KC L* ts regularly L* convex and 


(b) K ts conver and w*(L*) closed, are equivalent. 


The proof follows the pattern of the demonstration of Theorem 4 with 


the roles of LZ and L* interchanged. 
LemMa 16. Jf L is locally bounded the system 
W={U'}, 
is equivalent to U*. 


The lemma is a trivial consequence of the fact that A’ is total [8, p. 58] 
for L*, i.e., f(a) =0 for all ve A’ requires f = 


THEOREM 19. If L’ is the completion of L then L* and L’* are quasi 


equivalent. 


Quasi equivalence is defined below. Sets and functions in L’ are primed 
and the theorem stems from the fact that with our method of completion ZL is 
isomorphic to a dense set in L’.. In this sense ZC L’. Since f is uniformly 
continuous on J it has a unique extension f’. Moreover every f’ determines 
a unique f. Thus (A) and L’* are in 1— 1 correspondence. Using Zorn’s 
Jemma we can define a maximal family D’ C WB (ef. Section 5) subject to 
(a) {AX A'S1, Ye B’}, Be D’. (b) No set of D is dense in 
another. Write B= B’sL. The sets B comprise a maximal family D with 
properties analogous to (a) and (b). Plainly (B)®D and ®D’ are in 1—1 
correspondence. If the sets of D’(D) are ordered by inclusion the quasi norms 
| f’ le (| f |x) are triangular and satisfy the conditions of Hyers [3b]. They 
determine the ordinary topology of L* and L’*, If B corresponds to B’, B is 
dense in B’ so (C’) || f |» = || f la. The satisfaction of (A), (B), (C) con- 
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stitutes quasi equivalence. For a locally bounded L, L* and L’”™ are easily 
shown to be complete and the quasi equivalence reduces to Banach equiva- 
lence [8]. 

Many results concerned with the w* topology of the conjugate space of a 
vector normed space have valid analogues when J is a locally bounded 1. t.s. 
The following results are of this tvpe where, to avoid trivialitv, we assume 


throughout that L* contains more than one point. 

THEOREM 20. locally hounded then necessary and sufficient 
conditions for the w*(L*) sequential convergence of {f"} to fo are (a) || f* 
=: WM and (b) {f"(2x)} converges pointwise on a dense set in L, 


THEOREM 21. /f L is separable then S* is w*(L*) sequentially separable, 


THEOREM 22. If L 1s locally bounded and S* is the unit sphere 


f | | f = 1} then S* is bicom pact in the w*(L*) topology. 


We vary the Banach space type of proof [13] by not making use of the 
Tvchonoff theorem. It is easy to show that S* is w*(L*) complete. Moreover 
it is immediate that S* is totally bounded or what is equivalent, largely com- 


pact [7; p. 64]. in the sense that for every W(6*;2',: > -.2":e) and some 
finite collection - -.f" in S*,S* CU W(ffzaty: Accordingly 
S* is w*(L*) bicompact [6, 7. Theorem 8.14]. Similarly if 6= 0, w(L) 
completeness of a bounded set implies w() bicompactness. 

The definition of transfinite limits given by Banach [8] may be used 


without change for L* when L is locally bounded. 
LemMMA 17. For L locally bounded, if 
ll fe | S M, l=é<7,7 
a limit ordinal, and fee L*, then foe L* exists, such that 


L fe(z) Sfo(z) = fe(x) 
E<T 
forallxe Land | fp. SM. 
Let p(r) = Lfe(x) in the notation of Banach, p. 28. Then p(z) 
= M||xr| and p(x) satisfies the conditions of the corollary to the Hahn- 


Banach Theorem (though M || z || cannot be used for the same purpose since 
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ly ihe quasi norm is not triangular). Hence an additive functional fy exists 
a- satisfying | S M and therefore, by Lemma 15(b) fo is linear. 
The function f, is a transfinite limit of {fe}. A set K C L* is transitively 
a closed if it contains all its transfinite limits and plainly it is then convex. 
LemMA 18. For L locally bounded and || fe || SM, f, 
satisfies 
L fe(z) S L fe(x) 
nt 
for xeQ CL then there is a fransfinite limit fo, || fo | SM, of {fe} which 
agrees with f,(2) on the closed linear extension of Q. 
le 
Lemma 19. Jf L is locally bounded, and if K C L* is either w*(L*) 
i closed, regularly L* conver or transfinitely closed, then K is closed. 
THEOREM 23, If L, is locally bounded and K C L* is bounded then a 
7 necessary and sufficient condition that K be w*(L*) closed and convex is that 
K ts transfinitely closed. 
F The necessity argument may be patterned with obvious changes on 
Banach, p. 122, paragraph 2, and Theorem, 20. 
ly Let K be the w*(L*) closure of K. Suppose K =~ K and let fot KK. 
) Well order all the sets, Y, of LZ, i.e, {Ye | 1S < y} where y is a limit 
number (since L* =< 6*). We develop a familiar type of transfinite induction 
d argument. The fact that || f || = MW for all K is tacitly assumed in all state- 


ments made below about the existence of various transfinite limits. Since 
foe K, for any Vy and integer m there is a linear functional in K, say fy” 
which satisfies 

| (Xn) — fo(Xy) < i/m: 
Ilence 


L fy" —1/m = L fy (Xn) fo(Xy) 


Mt 


L fn" (Xn) + 1/m = L fy (Xq)- 


m 


in view of the transfinite closure of K and Lemma 18, some transfinite limit. 


*If, for instance, A is a closed vector subspace of Z such an analysis as that given 
ss by Banach for the case LZ is a Banach space meets difficulties in the last step due to 


eC the fact that b > 1, [8, p. 119]. 


m = 
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K, of {fn”} exists satisfying = fo(X,). Suppose is not a limit 
ordinal and that e K satisfies =f)(Xp) for {Xp | <—1)}. 
We have shown the existence of an element fy-, in K such that fy-.(4,.) 
==fo(Xn1). Define {F’|1 Sv < y—1} by ft, < and Fr 
= The transfinite limit, denoted by f”, agrees with fy on {Xp | < 7}. 

Suppose that for some 7 S y it is impossible to find an element of A which 
agrees with fp on {Xp|1Sp <7}. Let Q be the set of such y's. This set 
has a first element y and in view of considerations given above we need only 
consider the case that m> is a limit number. Then for every £< 7 there is 
an such that f§(Xp) =fo(Xp) for 1S p<. Hence 

<f(Xp) SLft(Xp) for 1Sp<. 

Accordingly an K agrees with fy on {Xp |1Sp < mo} or Q. Hence 
Q =gand foe K or Ko K =g. The writer has not been able as yet to settle 
the question of whether the theorem remains valid if the boundedness 


restriction on K is dropped. 


THEOREM 24. Zf L is locally bounded and T C L* is compact then UT is 


w*(L*) bicompact. 


By reason of earlier theorems in this section the proof follows the pattern 
of the Banach space case [12]. 

In view of the existence of a Hamel base every 1. t.s. admits non-null 
distributive functionals [8; p. 231]. Let D* be the space of distributive 
functionals on Z under the w*(D*) topology defined in the obvious way. 
It is trivial that if Z is finite dimensional then D* = L*. 


THEOREM 25. If O=6 then L* is w*(D*) dense in D*. 
This is an obvious consequence of the argument in the first part of the 


corollary to Theorem 4. 
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TWO OBSERVATIONS CONCERNING ALGEBRAIC EQUATIONS 
FOR MATRICES.* 


By Ivan NIVEN. 


1. Let W be a matrix of order n ina field k, and y(z) =0 its minimum 
equation in k of degree m= m(W) =n. This integer m is called the index 
of W. Any polynomial F(z) in & defines a matrix A =F(W), and all 
matrices of this form constitute a ring R[W] of order m over k; indeed 
F(W) =0 if and only if F(z) is divisible by y(z). Hence m(A) S m(IV), 
and in case m(A) = m(W), the ring R[A] coincides with the ring R[W], 
so that W is a polynomial in A with coefficients from &. A matrix A is said 
to be non-derogatory if its characteristic equation is its minimum equation, 
m(A)==n. Now suppose that the matrix A is given, and that W is to be 


found. Then we have the following theorem: 


If a polynomial F(z) and a matrix A ina field k are given, then a solu- 


tion W of F(W) =A ts expressible as a polynomial in A with coefficients | 


from k, W=f(A), if and only if the index of W equals the index of A. In 
case A is non-derogatory, every solution W of F(W) =A is a polynomial in 


A, and is likewise non-derogatory. 


From now on we assume k to be algebraically closed, so that the minimum 
function y(z) of the given matrix A in & splits into powers of r distinct linear 


factors z— 


= 


2. Let P(w,z) be a polynomial of two variables w, z in k which actually 
contains w; we wish to solve the equation P(W, A) =0 by a matrix W = f(A) 
in R[A]. Considering the equation P(w,z) =0 as defining an algebraic 


function w(z), we speak of the finite Taylor expansion 


(1) $(z) = B+ Bi(z— a) Bai(z—a)* 


* Received May 4, 1942. 
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as a branch at z —« which is regular up to the h-th order if 
P(o(z), =0 (mod (z— @)*). 
The condition P(f(A),A) 0 amounts to 
P (f(z), z) =0 (mod y(z)). 


or to the set of r simultaneous congruences 


P(f(z),z) =0 (mod (z — a;)™*) (1 1, 
whence follows this almost trivial] 

Principle of Construction: If for each i=1,:--,r we can obtain a 
branch oi(z) at z= «a; which is regular up to the order m; then the simul- 
faneous congruences 

f(z) = ¢i(z) (mod(z — (i—1,---,r) 


uniquely determine a solution W=f(A) of our equation P=0O. Every 
solution We R[A] is determined in this fashion. 


Special cases: 
a) For «=a; choose a root w = B of the equation P(w,2) =0. If 


OP (B. a) 
(2) x0 
dw 
we get a uniquely determined regular branch ¢(z) at z = « which begins with 
the constant term 8 and may be continued up to an arbitrarily high order. 


(A) 
raic 


* For the general formulation of this principle of which I had proved a special case, 
I am indebted to Professors MacDuffee and Weyl. The principle is quite compre- 
hensive; our special case (b), for example, embraces the main results in W. E. Roth’s 
paper, “ A solution of the matrix equation P(X) = A,” Transactions of the American 
Mathematical Society, vol. 30 (1928), pp. 579-596. A different approach to the problem 
is to be found in the first half of M. H. Ingraham’s paper, “ Rational methods in matrix 
equations,” Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 61-70. 
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b) An equation of the type F(w) =z. The condition (2), F’(B) €0, 
is not only sufficient, but also necessary for the regular expansion ¢(z) at 
z == a to permit continuation beyond the initial term 8. Combining this with 
the second conclusion in 1, we obtain the following result: Under the hy- 
pothesis that A is non-derogatory, the equation F(W) =A is solvable if and 
only if for every multiple root a of the minimum equation y(z) = 0 of A the 
equation F(w) —a=—=0O has at least one simple root wf. If for every 
i=1,---,r we choose B; as a root of F(w) — a; —0, which is simple in 
case @; is a multiple root of y(z) =0, then there is exactly one solution 
W = f(A) satisfying the r conditions f(a;) and all solutions W are 
obtained in this fashion. 

c) The equation w? =z, q a positive integer. By case (b) the matrix 
equation W%’ = A has a solution which is a polynomial in A if and only if 0 
is not a multiple root of the minimum equation of A. The polynomial (1) 
is seen to have coefficients given by the formulas 


By =Boi(1/q), Bin ((=1,- -,h—?2), 
and thus we have found the branches needed in the construction. Since 1/4 
has q values unless a 0, we have found the q” (or q"™' if some a; is 0) 


solutions W which are polynomials in A. 


PURDUE UNIVERSITY. 
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ON SOME CUBIC DIOPHANTINE EQUATIONS.* 


By E. RoseNTHALL. 


1. In this paper we shall adhere to the following notation: large capital 
letters A, B,- - - (with or without subscripts) will represent integers of the 
quadratic number field Ra(p) where p= %$(—1-+ iV/3); the letter will 
be reserved for the units of this field. Small latin letters a,b,- - - represent 
rational integers, and the conjugate of a number X is denoted by ¥. The 
symbol (A, B,C',: - -) signifies the g.c.d. of A,B,C,-- ; A|B means A 
divides B. and (A,B) =1 denotes that A and B are coprime. 

The integers of the field Ra(p) are of the form ¢ + dp, or of the form 
+ V— 3b) with a and of the same parity; also = 1. 


2. In this paper we solve completely in integers of Ra(p) a multi- 
plicative equation of the form 
(2.1) wWW =nNN 


and deduce from this the complete rational integer solution of certain in- 
teresting cubic diophantine equations. The method of proof will indicate 
how some types of diophantine equations reducible in a quadratic field may 
be solved completely. 

Since the integers of Ra(p) obey the fundamental law of arithmetic, 
namely unique decomposition into prime factors, multiplicative equations in 
this field can be solved completely in parametric form by the method of 
reciprocal arrays.’ 

To solve (2.1) we require the following fundamental lemma. 


LEMMA 1.‘ All integral solutions of 
XY =ZW 


are gen by =US, Y=VT, Z=UT, W =VS; and tt suffices to take 
(S.T) =1 

This lemma (as stated in the paper referred to) is for non-zero integers 
XY. ¥, Z, W. However the solution given includes all the possible zero solu- 


* Received August 19, 1942; Revised February 19, 1943. 

‘E. T. Bell, “ Polynomial diophantine systems,’ Transactions of the American 
Mathematical Society, vol. 35 (1933), pp. 909-910. Also E. T. Bell, “ Reciprocal arrays 
and diophantine analysis,” American Journal of Mathematics, vol. 35 (1933), pp. 50-66. 
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tions without violating the conditions on S and 7’. For example, the solution 
X =Z=W=0 is obtained by taking U=S=0, T=1, and S, T are 


coprime. 
3. We now solve equation (2.1). 


THEOREM 1. The complete solution in integers w, W, n, N satisfying 


equation (2.1) is given by 
(3.1) W=SUL, w=iVV, N=SUV, n=tLL 
and it suffices to take (UL,UV) = (VV,LL) =1. 


Proof. By Lemma 1 all required values of w, W,n, N are of the form 


V=RBH 
(3. 2) W=—SBG Y=SCF 
w= TC n== TAG 
with the g.c.d. conditions 
(3. 3) (WN) =R, ( (w,n) =T. 


From (3.3) it follows that R = eS; substituting this in (3.2) we sce 


that the parameters must be restricted to satisfy 


(3. 4) eAF=BG and «-BH=OP. 


Hence (3.2) becomes 
W=—SBG N=SOP 


3.5 
w=TC H n==TAG 


with conditions (3.4). By Lemma 1 all A, Ff, B, @ satisfying (3.4): are 


given by 


B=—A,B, G=—C,D, A—A,D,, F=—C,B,. 
Then (3.4). becomes «4;H = CC, and so 

eA, =A.B., H=C.D., C=AD., 
Substituting these values in (3.5) we have 


W = (B:D,), N = 
w= TA.,C,(DD_ TAC2(B.D, ) ( B.D,). 
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Since the integers Bs, B,, D, always occur as factors of the products B,B,, B.D, 
we can put B.B, = K and B,D, = L; we also make the reversible substitution 
D, = eV and replace eS by the parameter S. Then we have 


(3.6) VV, N = n ==(TA2C2) LL, 


where 7'A.C. must be restricted to be a rational integer. Thus (3.6) is a 
complete parametric representation for the indeterminates satisfying (2.1). 

However if we put A.C.K =U, TAC, =t then all numbers in (3.6) 
are included in (3.1). But by direct substitution we see that all the numbers 
(3.1) are solutions of (2.1). Hence (3.1) is the complete solution of (2.1) 
where S, U, L, V are arbitrary integers in Ra(p), and ¢ is any rational integer. 


4, From Theorem 1 we can deduce the complete rational integer solution 


f e+y=2'+w*. This equation can be put in the form (2.1), viz., 


(4.1) (X4+ 4)X¥¥=(V¥+ V)VYY 
where X =4[(r-+ y)+ v= Y=3[(2+w)+ -—~ 0) 
are integers of Ra(p). If 2 == y, we have the trivial solutions with zr = z. 

In 6 we prove the following theorem. 

THEOREM 2. The set of all integers X, Y (with X ~Y) satisfying 
(4.1) is given by 
(4. 2) A 3p, 6g) (e+ fp)LU, Y = (V—3p/6q) (e+ fp) UV 
where e+ fp =UV- VV —UL- LL, and 6 is 1 unless V—3|(e + fp) and 
then 0 = 3; it suffices to take q = (e,f) and (LU, UV) = (VV, LL) =1. 

5. To obtain the solution of (4.1) in the form (4.2) we require the 
following three lemmas. 

LEMMA 2. Jf the product X¥ ts pure imaginary and if X =aA where 
A is not divisible by a rational integer then Y = /—3bA/0 where 6 is 1, 
or 3 if 

Proof. Put X =aA=—a(m-+np) and =b(s+tp) where (m,n) 
=(s,#) = 1. Then since is pure imaginary we must have 

ns + mt — nt = 2(ms — nt) 

from which it follows that m(2s—-t) =n(s-+t); and since (m,n) =1 
we have Hence s=k(n-+ m)/3, t=k(2m—n)/3 


and since (s,/) 1 we can write 


10 
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s=(n+m)/8, t= (2m —n)/8, 
which gives Y = b{(m-+n) + (2m —n)p}/0=bV— 34/6. 


Lemma 3. If D=(l-+ mp) is a g.c.d. of a+ bp and c+ dp, then 
(a,b, c,d) = (l,m). 


Proof. We know that if a rational integer ¢ divides a + bp then ¢ divides 
both a and b. 

Therefore if ¢ = (I,m), then q|D and q is a divisor of a and b, c and d; 
and if s= (a,b,c,d) then q|s. Also s divides a + bp, c + dp, and therefore 
s|D. Then s|/ and s|m, and therefore s|q. Hence s|q, q|s and so s =q, 
(a,b, c,d) = (l,m). 


Lemma 4. If the matria of the coefficients is of rank 2, then all integral 


solutions of the simultaneous equations 


AX + BY+ CZ =0, A,VY+ =0 
are given by 
XN =(2£/D) (BC,— B,C), =(£/D)(A,C — AC,),Z =(E£/D) (AB, — A,B) 


where E is an arbitrary integer and it suffices to take D = (BC, — B,C, 
A,C — AC,, AB; — A,B). 
For, solving algebraically, Y, Y, Z are certainly given by 


X = 2(BC,— B,C), Y =2(A,C—AC,), Z=a(AB,—A,B) 


where & is in the field; writing « in lowest terms E/D, D must be a divisor 
of BC, — B,C, ete. Hence, multiplying up by a suitable factor, it suffices 
to take D as stated, and F£ is arbitrary. 

The case where the matrix is of rank 0 or 1 will be considered in the 
application to which the lemma is put. 

6. We now prove Theorem 2. Considering each element of (4.1) as 
independent, then by Theorem 1 all A, Y¥ satisfying (4.1) are of the form 


with (UL,UV) = (VV,LL) =1 and the parameters must be restricted to 


satisly 


iVV=0, SUV+SUV—tLL=0. 


SUL + 80L 


Considering this system in the indeterminates S, S, ¢ and taking the matrix 


of the coefficients to be ef rank 2, then by Lemma 4 all S, S are given by 


“aul 
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S = (E/D) (e+ fp), — (B/D) (e + fp’) 


where F is arbitrary and it suffices to take D = (e + fp,e + fp’). From the 
expressions for S and S we get ED + ED =0, and hence ED is pure imagi- 


nary; thus by Lemma 2 we can put 
D=(k+lp)=qK, E=V—3 pK/6 with q= (k,)), 


and @=1 unless V—--3]K, that is V—3|(e-+ fp) and then 6=3; from 


Lemma 3 it follows that ¢q= (e,f). Hence 
= V— 3 p/6q 


where gq = (e,f), and Theorem 2 is proved for the case considered. 

If the matrix of the coefficients is of rank 1 then €V = «el = U or U =0 
viving in (6.1) the trivial solution Y = Y; and if the matrix is of rank 0 
we get Y = Y = 0, a solution which is included in (4. 2). 


7. From Theorem 2 we deduce the following result. 
THEOREM 3. All sets of rational integral values z, y, z, w (except r = 2) 
satisfying the equation 
(7.1) 
are given by 
r= p(a—2b)/6q, y= — p(at+ b) z= p(e — 2d) /0q, w = —p(c+d) /6q 
where a+ bop =UL(e+ fp). c+ dp=UV (e+ fp), and gq, 6, e+ fp, are 
as defined in Theorem 2. 
For from Theorem 2 we have 
+ y) + V—3(4—y)] = (V— 3p/6q) (a + dp), 
(2+ w) + V—-3(2—w)] = (V—3p/6q) (c + dp). 
Kquating real and imaginary parts and solving for 2, y, 2, w yields the 
required results. Further it suffices to take (UL, UV) = (VV, LL) =1 
8. The complete solution of the equation mM M —nNN also yields the 


complete rational integral solution ° of 


(8.1) -+- 2° — 3ryz = + + — 


?R. D. Carmichael, Diophantine Analysis, New York, 1915, pp. 63-65, discusses 
this equation and gives a four parameter rational solution. 


= 


668 E. ROSENTHALL. 


where 
m=x2+y+2, M=(rt#—z)+ p(y—z), n=u+rvu, 
N= (u—w) + p(v—w). 


Then from (3.1) all rational integers satisfying (8.1) are obtainable from 


=a, utvtw=thLL=a, 


8. 2) 
(c—z)+ p(y—2z)=SUL=b+ep, (u—w)+ p(v-—-w)= SUV 


and it suffices to take (LE,VV) = (UL,CUV) =1. Solving (8.2) for 


X,Y, 2, U, W gives 


r== + 2b--c), y= 4(a—b + 2c), z=4(a—b 


u=4(a, + 2b,—c¢,), v= 4(a,— b, + 2c,), w==4(a,—b, C1} 


(8.3) 


for the complete rational integral solution of (8.1). 


It is desirable to know how the parameters ¢, U, L, V are to be selected 
so that (8.3) always gives integers. These expressions are integers if 
a+ 2b—c=0 (mod 3) and a, + 2b;—c,=0(mod3). This implies 


tVV + SUL + SOUL=0 (mod 3) 
‘(LL + SUV + SUV =0 (mod 3). 


(8. 4) 


If both UL and UV are prime to 3, then it suffices to take S satisfying 
the linear congruence AS = B (mod 3), where UL:UV —UL-UV =A, and 
—t(VV UV —LL-UL)=B8. This congruence is solvable if (3, A)|B. 
Since A is divisible by Y— 3, B will have to contain the factor \ 3 or 
(V—3)? If it happens that UV, L, V are selected so that (VV -UV 
—UL- LL) does not contain this factor then it suffices to select ==0 (mod 3) ; 


otherwise ¢ is arbitrary. 

If one of UL, UV (say UL) is not prime to 3, then it suffices to take 
UV prime to 3; whence UV must be prime to 3. Thus Z must be divisible by 
V— 3, and it follows therefore that LZ =0 (mod 3) and SUL + SUL=0 
(mod 3). Hence (8.4) becomes 


(8. 5) tVV =0 (mod 3), SUV + SUV =0 (mod 8). 


From (8.5), we-have {==0 (mod 3) since VV, LL are coprime; and 
(8.5). holds if and only if V—3 divides SUV, whence V—3 divides S 
since UV is prime to 3. Summing up, we have, in this case, that (8.3) yields 
integers if and only if 8, Z (or V) is divisible by V— 3, and t= 0 (mod 3). 


| 


Or 
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9. As a further illustration of the method used here for solving dio- 
phantine equations, we now solve completely in rational integers the equation * 


° 


(9.1) = 2°, 
For this purpose we require the following lemmas. 

LEMMA 5. Jf the product \¥Z is a rational integer then all values of 
X,Y, Z are given by 


Proof. Precisely as in Lemma 2 it follows that if the product RS is a 
rational integer then all R, S are given by R=ak, S=pK. Hence since 
V(¥YZ) is rational we can put Y¥ =ak, YZ = pk; whence by Lemma 1, 
we have 


Y=FG, Z=—HJ, p=FJ, K=HG. 


Again, since YJ is rational it suffices to take F = bC, J =cC: make the 
change in parameters H— B, G@— 4, and the lemma is proved. 

We note that it suffices to take A, cC coprime (Lemma 1); further any 
factor common to a and ¢ can be absorbed into the B and so we can take 
(a,c) = 1. These facts will be required in 10. 

LemMMaA 6. The complete set of integer values X, Y satisfying XX = YY 
is given by \ =e&ST, Y =ST. and it suffices to take T divisible by no 
rational integer. 

Proof. This equation Y£ = YY can be considered as a particular case of 
Theorem 1 by placing w= n= 1, from which it follows in (3.1) that /= 1, 
V =e,. On making the reversible substitution = € We 


obtain the required result. 


LemMa 7. All integers \. z satisfying XY = 2* are given by V = eT’, 
aTT. 
For, from Lemma 6 all required A, are given by =eST, z= ST, 


where ST must be a rational integer; then we can put S—=aT, since T is 
divisible by no rational integer. 
Lemmas 6 and 7 furnish the complete rational integral solutions of each 
of the equations * 2? + my? = 2? + mw? and «2° + my’? =u? for those m in 
37, E. Dickson, History of the Theory of Numbers, vol. 2, pp. 578-581 gives an 
account of the investigations on (9.1). 


‘If m=1(4) replace form u* + mv* by u? + uv + 4(1—m)v’. 


— 
= 
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which the integers of the quadratic field Ra( W—m) are uniquely decom- 


posable into prime factors. The complete solutions of these equations for any 


value of m are readily obtained by other methods,’ but for our purpose the 

form of solution given here is desirable since it occurs in multiplicative form. 
10. We now return to equation (9.1). Defining the integer 1 as in 4, 

this equation takes the form 

(10.1) (X + 2-2-1, 

Then from (3.1) it follows that all VY, V+ 1. z of (10.1) are given by 

(10. 2) X=SUL, z=SUV, 

where ¢ and L must satisfy Thus (=1 (sinvee LL >0), L =e; 


and with the reversible substitution V = el’, (10.2) becomes 


and it suffices to take A’ divisible by no rational integer (it can be absorbed 
into S). 


Since SAP must be a rational integer, then 


S—aAB, K—AC, P—cBC 


and it suffices here to have ¢ prime to a and A (see remarks at the end of 
Lemma 5), and we have 
(10.3) VY=at?R, z=acAARR 
in which, since B and C always occur as the product BC, we have put BC = R. 
Further, the parameters of (10.3) must satisfy 
= ( which is equivalent to 
(<?R —- a1?) (c?R—aA*) = (adA)?. 


Put aA? = then (10. becomes 


i c* 


where (a1.1)* = HH. Whence, by Lemma 1, 


(10. 5) H=ebT*, aAA =bTT. 


Solving (10.5). by Theorem 1 we finally get 
°L. E. Dickson, Introduction to the Theory of Numbers, pp. 40-41; also see 
Ex. 5, p. 43. 
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(10. 6) H=emGG(MFE)*, a=mER, A=MFG. 
Again, since RP is an integer we must have c? dividing H + aA?, that is 
it must divide mGF?E(eGM?E + EM*G). Since c is prime to a and A, 
then we have c* prime to each of m, #, F, G, M. Hence c? must divide 
+ 


Substituting (10.6) in (10.4) we have 


Put mF F =k and EG = R, and we get 
K M* + ek 
(10. 7) KM 
KM? ! g 2 
= ech*(KK)°M M ( ) 


and it suffices to have ¢ prime to each of K, M and k. 


All the integer solutions of (10.1). and hence of (9.1), are given by 
(10.7), and in order to obtain all the integers in (10.7) we can take c, k 


arbitrary and V any integer prime to ¢ and then select the coordinates of AK 
KM? + 
to make (= — -} integral. This is done in the following way. 


Put K u+ vp, and let WM? = m + np. (whence m,n. c? are coprime). 
f f 
Then if we take « 1. p. p® in succession the congruence KM? + eK M*? =0 


(mod c*) becomes 


u(2m —n) =(m-+n)v (modc?), ulm — 2n) = (2m —n)v (mod c’), 
u(m + n) = (2n —m)v (mod c?) 
respectively ; and for «== —1, -—p, —p* respectively we get the congruences 
un == r(n—m) (mod um == rn (mod c*), u(n—m) =vm (mod 


Since c? is prime to at least one of the codrdinates m or n it follows that in 
the last three congruences either the coefficient of u or of v (at least) must be 
prime to c*. If this coefficient is the coefficient of u, then select v arbitrary 
and solve the congruence for the unique u, and similarly solve for the unique rv 
with arbitrary wu if the coefficient of v is prime to c’. 

In the first three congruences, also one of the coefficients (that is, of u 


or v) must be prime to c*, and so we can always find a unique uw or vr. For 


m- 
hy 
he 
n. 
4, 
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example, (considering the first congruence), suppose that 2m —n, m -+ n, ¢? 
have the factor p43 in common. Then p|3m and hence divides m, n, c’, 
which is impossible since c’, f° are coprime. 

Also if 3 is a factor of c? then 2m—n (and hence m + n) is prime to 3, 
for otherwise M? = 4(2m--n + \/—3n) would be divisible by V—3. and 
so M* would have a factor in common with c’. 

Thus in all cases either the coefficient of w or v is prime to c*, and K 
ean be found. 


11. The equations which we have solved completely in rational integers, 
viz. (7.1), (8.1), and (9.1) are merely particular cases of the equation 
(2.1). By suitably selecting the indeterminates w, W, n, V in (2.1) the 
complete solution to many other interesting equations can be obtained; for 
example any of the equations +- y* + 2° — 3ayz u? + ue + 
or (2° + y*) (ue + v*) = Moreover Theorem 1 holds in any 


normal algebraic field whose integers can be decomposed uniquely into prime 


factors. 
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A NOTE ON SOUSLIN’S PROBLEM.* 


By Epwin W. MILLeEr. 


As is well known, the following properties characterize the linear con- 


tinuum J as a type of linear order. 


(1) JL has no first and no last element. 

(2) JL is continuous; i.e. every cut in Z is a Dedekind cut. 

(3) There exists a denumerable subset D of Z such that between any 
two elements of 1 there is an element of D. 

As an immediate consequence of (3) we have 


(4) Any set of non-overlapping intervals on LZ is countable. 


Souslin raised the following question.t Do properties (1), (2) and (4) 
characterize the linear continuum? In other words, do properties (1), (2) 
and (4) imply property (3) 7 


The purpose of the present article is to prove the following 


TuroremM. In order that there exist a linear order which possesses 
properties (1), (2) and (4) without possessing property (3) tt is necessary 
and sufficient that there exist a partial order P of power 8, such that 

(a) if VCP and Q =, then Q contains two comparable elements and 
fwo non-comparable clements ; 

(b) if 2 and y are non-com parable elements of P, then there exists no z 
in P such that r<zand y < z. 


Proof of the necessity. Suppose there exists a linear order M possessing 
properties (1), (2) and (4) but not property (3). Let J, be any interval 
on M, and let 2 be any ordinal <Q. Suppose an interval Zg has been defined 
on M for every 8 < a. There must exist an interval J on M which contains 
no endpoint of any interval /g (8 < «), for otherwise the denumerable set 
consisting of the end points of the intervals 7g (8 < «) would be dense in M, 
and (3) would be satisfied. Let J, be any proper subinterval of such an 
interval J. Clearly, if 8 < 2, then either J, is a proper subinterval of Ig or 
else Ig a= (), 


* Received July 10, 1942. Author died July 23, 1942. 


1 Fundamenta Mathematicae, vol. 1 (1920), p. 223. 
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We now define a partial order /’ whose elements are the intervals J, 
(a <Q) by setting Ig < J, if and only if Jg Ig. Clearly, P Further- 
more, if J, and Jg are non-comparable then J,:Jg—=0, and (b) is at once 
seen to be satisfied. To see that (a) is satisfied, let Q be any nondenumerable 
subset of P. Now Q must contain two comparable elements, for otherwise 
there is determined a nondenumerable infinity of non-overlapping intervals 
on AM. Suppose that every two elements of Q were comparable. It follows 
that there would exist a decreasing Q-sequence of intervals on WM: J, [®),- 
++ (a<Q). Let aq be the left-hand endpoint of The intervals 
(da; 4a+1) do not overlap, and a contradiction of (4) is obtained. 

In proving the conditions sufficient we shall make use of the following 


theorems.” 


THEOREM A. /f P is a partial order of power &,, and every subset of P 


of power &, contains two comparable elements, then almost every? element 


of P is comparable with 8, elements of P. 


THEOREM B. Jf P is a partial order of power &,, and every subset of P 
of power So contains two comparable elements, then P contains a linear order 


of power 


Let B be a partial order, and A a subset of B such that the elements of 4 
are mutually incomparable. We shall say that A is marimal (relative to B) 
provided z¢« B —A implies that x is comparable with some element of A. 


The notation xy will be used to mean that x and y are incomparable. 


Proof of the sufficiency. Let P be a partial order of power &, possessing 
properties (a) and (b). In virtue of Theorem A, almost every element of P 
is comparable with 8, elements of P. Furthermore, it follows from (a) and 
(b) that for every element 2 of P, at most 8, elements of P precede x. 
Accordingly we can remove a countable set from P so as to obtain a partial 


order P’ (of power &;) which possesses the following properties. 


If QC PF’ and then Q contains two comparable elements 


and two non-comparable elements. 


?Theorem A is an immediate consequence of Lemma 5.21 in a paper by Ben 
Dushnik and the author, entitled “ Partially ordered sets,” American Journal of Math 
matics, vol. 63 (1941), pp. 600-610. Theorem B is a special case of Theorem 5. 23 of 
the same paper. 

> By “almost every” element of P is meant every element with the exception 


of a countable set. 


| 

| 

| 
| 
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(b’) aw, yel’, «by implies that there exists no z in P” such that « < z 
and y <2. 
(c’) wel” implies that there exist 8, elements of 2” which follow z. 


(d’) vel” implies that at most No elements of P’ precede x. 


Now let A, be a maximal set of mutually incomparable elements of P’ 
such that .1,—=&,. The existence of A, follows from (a’) and Theorem B. 
Let Q, denote the set of all # in P” such that x precedes an element of A. 
In virtue of ((’) we have QO; = No. Let « be any ordinal <Q. Suppose that 
Ag and Qg have been defined for all B < @ so that Ag = So, Og No, the 
elements of Ag are mutually incomparable, 4g C eee + Yn) and is 

<f 
maximal relative to 2?” — & (An + Qu), and Qg is the ce of all x in P” such 


that « < an element of ig. We shall now define Aq and Qa. 


Case 1, % is a limiting ordinal. 


In this case, we merely take Ag so that 1g =o, the elements of Ag 
are mutually incomparable, Ag C — (Ag + and is maximal relative 
B< a : 
to P?’ — DS (Ag+ Ve). We then define Qa as the set of all x in P’ such that 


a<an element of lg. We have Qa S No. 


Case 2. % is not a limiting ordinal. 
Denote the immediate predecessor of « by y, and for any 2 in A, denote 
by B, the set of all elements of — (1, which follow We have 
B<a 


B,=%8,. Let Cy be such that C, No, the elements of C; are mutually 


incomparable, C, C B, and is maximal relative to By. We now denote > Cz 
weAy 


by Ag. We have Igo. Let Qa denote the set of all 2 in P’ such that 
a<an element of Ag. We have Now AgC — (Ag Qa). 


p< 
We shall show that the elements of -t¢ sre mutually incomparable and that 


Aq is maximal relative to — ¥ (Ag + Qe). 
: 
Let a and b be any two elements of tq. If there exists an 2 in A, such 
thata +b CC,, then certainly ag Suppose ae Cz, be Cy, ~ y. Assume 
a<b. Then <a, since ae Cy and C,C B,. Hence «<b. But y <b 


since be Cy and C,C RB, However, «dy since the elements of A, are 


mutually incomparable. But this contradicts (b’). 
Now suppose that 4 is not maximal relative to P’ — ¥ (Ag + Qg). Then 
there exists an w in 7” —{ > Ve) + Aa} such that Since 
B<a 


| 
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there exists an element y of A, such that y< a. Hence we By, and since 
xghAg, we have r@Cy. But this contradicts the fact that Cy is maximal 


(Ag+ Qg) and Ay is maximal relative to > (Ag+ Qe), 
<a 


relative to B,. 
We now put A = Aq. 
We shall make use of the following properties of the partial order A. 
(I) A=D Ag; Ac Ap if P. 
(11) The elements of Ag are mutually incomparable. 
(IIL) we Ag implies that < elements of Aas. 
(IV) B<-a, re Ag, ye Ag implies that r< y or 
(V) B< a, we Aq implies that there exists one and only one element rg of 
Ag such that rg < x; furthermore we have 7, < 
(VI) QCA, Q=R8, implies that Q contains two comparable elements and 
two non-comparable elements. 

Properties I, II, [1], IV and VI are obvious from the way in which 4 
was obtained. To prove V we proceed as follows. Let we Aq, and let B be 
any ordinal < a There exists an element ag of Ag such that .g is comparable 
with x, since Ag is maximal relative to P’ — (Ap+ Qp). In virtue of IV 

we have 7g <r. In virtue of If and (b) there cannot be two such elements 
vp. Now let » and v be ordinals such that p< v< a. We cannot have 
since and av <7. In virtue of IV we must have < 

We now proceed to define a linear extension Z of A which has the fol- 
lowing properties. 

(*) JZ has no first element and no last element. 
(**) No denumerable set is dense in J. 


(***) Any set of non-overlapping intervals on Z is countable. 


First, we writé the elements of A, in a series of type + 

Next, we write the elements of A.» in the form dam, where m runs through 
all integers to give the set A», where the n indicates that an < Gam, and where, 
for a fixed n, the integers m form a series of type o* + o. 

Referring to property V, and using the obvious induction, we may 
assume that the elements of Ag, for any a <Q, have been given the form 
Gnyng...®y... Mas where mq runs through all the integers to give the whole set 
Ag, and < Furthermore, in ease is of the form 


Va), 
since 


<imal 


rg of 
< 


and 


fol- 
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yt1 and @yy,...n, is a (fixed) element of A,, we may assume that the 
integers Nq appearing in the terms dnyny...nynq Of Aa forma series of type o* + o. 

Now, if 2’ and 2” are any two elements of A, we shall put 2’ < 2” in L 
if and only if (1) the series subscript of 2’ is a lower segment of the series 
subscript of 2”, or (2) na’ < na”, where z indicates the first place where the 
series subscripts of ’ and a” differ. 

It is easily verified that Z is a linear extension of A. 

Let « be any element of LZ. Let , denote the first term in the series 
subscript of 2. Let be an integer << Let 2’ It is clear that 
a’ <x, so that L has no first element. In a similar way we prove that Z has 
no last element. Thus (*) is verified. 

To prove (**), let D be any denumerable subset of L. There exists an 
a< such that ) CS Ag. Let x be an element of Ag and y an element of 


B<a 
Ags: such that < in A. Denote the series subscript of by Ne. 
and the series subscript of y by nine: + + MaMa. Let d be any element of D. 
Denote its series subscript by We have B <2. Now suppose 
t<din Since cannot be a lower segment of n’g, 


there will exist a » S 8B such that ny =n’) for A < wand < n’p. Since the 
series subscript of x is a lower segment of the series subscript of y, it is clear 
that we shall have y < din L. In other words, d cannot lie between x and y, 
and (**) is verified. 

We now prove (***). Let p and q be any two elements of Z such that 
p<qin L. We shall show first that there exists a z in L such that p< z 
in A, z2<q in L, but z@q in A. Denote the series subscript of p by 


m,M2* * * mp» and the series subscript of g by 

Case 1. mp is a lower segment of Ny. 

In this case we may choose for z an element whose series subscript is of 


Case 2. There exists an ordinal A such that AS p. A= v, mg — ng for 
B< A, and m, < ny. 

In this case we may choose for z any element whose series subscript is of 

Now let (p’,q’) and (p”,q”) be non-overlapping intervals of Z. There 
exist elements 2’ and 2” of Z such that p’ < 2 and p”< 2’ in A, #% <q’ and 
<f’ in L, but 2 and 2” in A. We must have 2’ ¢2” in A. For 
assume the contrary. We may assume 2’ < 2” in A. Then the series subscript 
of 2’ is a lower segment of the sei.cs subscript of 2”. But 2’ <q’ in Z, and 
“oq in A. It follows easily that 2” <q’ in L. We have, then, p’ < 2 
<2” <q in L. But this is impossible since (p’,q’) and (p,q) do not 
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overlap. It is now clear that a nondenumerable infinity of non-overlapping 
intervals would give rise to a nondenumerable infinity of mutually incom- 
parable elements, z, of A. But this contradicts V1. 

Now it may be that J is not continuous. However, the argument showing 
that L has property (***) shows also that no element of L has an immediate 
successor. Hence L contains no “jumps.” Accordingly we can fill in the 
voids (by adding new elements to ZL) so as to obtain a continuous linear 
order &. 

Obviously (*) still holds for @. 

Furthermore, between any two elements of & there will be two elements 
of L. Hence (***) holds for &. 

Moreover, it is easily shown that (**) holds for @, since (**) holds for 1. 
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and (***) holds for &. 
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THE BEHAVIOR OF THE KERNEL FUNCTION AT BOUNDARY 
POINTS OF THE SECOND ORDER.* 


By STEFAN BERGMAN. 


1. Introduction. A large chapter of the theory of functions is devoted 
to the study of the behavior of analytic functions on the boundary of their 
domains of definition. In the case of functions of one variable and of suffi- 
ciently regular domains, say, of domains each bounded by a rectifiable Jordan 
curve, no necessity arises for considering different classes of boundary points. 

We meet quite a different situation in the case of analytic functions of 
two complex variables. The latter are defined in four dimensional domains 
(domains of the space of two complex variables). There is no analogue of 
Riemann’s mapping theorem and, as we shall see, there exist essentially dif- 
ferent classes of boundary points. 

A two-dimensional simply connected domain is completely characterized 
by the analytic function 2* = f(z,¢) which maps it conformally into a circle, 
taking the point ¢ into the origin, and possessing at this point the derivative 1 
(mapping function). A domain, D, of the space of two complex variables 
can be characterized to a certain extent by the so-called kernel function, 


Ky (21, 22: 4.72), which can be defined in the following way. Let 
22) }, (v=1,2,3,° = + Yk; 


be a closed system of orthonormal functions in the domain considered, 3 


a sequence of regular analytic functions with the property that 


1.1) SJ bv (215 22) bp (Zi, 22) do = 1 for 


= () for (yp = 1, 2, 3,° 
dw = da,dy,dx2d yo, 


and such that the relation 


2) ( ( f(a, Zo) by (21, dw ff f (21, 22) |* dw 


* Received May 16, 1942. 
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holds for every analytic function f{z,, 22.) defined in D for which the last 
integral is finite.t Then 
(1. 3) (21; 223 te) = hv (21, 22) pv (tr, te). 
y=1 
({1], § 1). 

We shall classify boundary points of a four-dimensional domain according 
to the behavior of the kernel function at these points. It appears that this 
classification determines to a certain extent the behavior of any analytic func- 
tion at these points. In the following we shall use two theorems which char- 
acterize the dependence of the kernel function upon the domain. 

THEOREM A. If a PT (pseudo-conformal transformation) 1.¢. a one-lo- 
one transformation by a pair of analytic functions, 

(1. 4) = W, 22), == W2 (4%, 22); 
maps the domain D into D*, then 


~ 


) = Kays 2*25 2*1, 2*2) | 0(2*1, 2*2) /0( 21, 22) 


(1.5) Kg (A, 22; 2 

THEOREM B. If the domain D is contained in the domain UA (DC MW) 
then 
(1.6) K (41,223 21; 2 Ky (41, 225 22). 

(See [1], §1; [3], p. 100 and V; [4], IV). 

Remark. The relation (1.5) enables us to define the kernel function for 
non-schlicht domains which can be transformed pseudo-conformally into 
schlicht ones. 

Theorem B enables us to give bounds for the kernel function of a domain 
with the aid of standard domains of comparison; i.e., by introducing simpler 
domains which either contain the domain considered or are contained in it, 
and for which the kernel function can be easily calculated or at least estimated. 


1 The existence of systems {oy (2,2) } can be proved for a large class of domains, 
in particular for all bounded domains ([4], p. 28). 

The numbers in brackets refer to the bibliography p. 700. The Roman number 
indicates the chapter of the corresponding paper. 

For the convenience of the reader we often indicate several places in which the 
proof or the explanations of the results used are given, so that our indications partially 
overlap. 

*The series (1.3) converges uniformly in every closed sub-domain of 9. The 
kernel function is therefore a regular function of (2,52) eD, (t,,t,) € S ((4] p. 23). 

Of course, the kernel function can be defined also for two dimensional domains 9°. 
If %* is simply connected, the kernel function is connected with the mapping function 


by a simple relation. See [4], p. 33. 


last 


THE KERNEL FUNCTION AT BOUNDARY POINTS. 681 


In order to illustrate the basic idea of the method used, let us apply it to 
the case of a domain of one complex variable. Suppose 8? is a bounded domain 
of the z-plane which we suppose for the sake of simplicity to be convex. We 
assume further that the radius of curvature of the boundary ©’ of ¥? in the 
neighborhood of the boundary point Q is positive. Thus we can inscribe a circle 
t*, Z*C B*, whose boundary curve passes through Q@ and has a common 
tangent with ©* at Y. We assume that @ is the origin and that the inner 
normal at Q coincides with the positive z-axis. The half plane Y°* = E[a > 0] 
will obviously contain 8°. (2? is an interior and f° an exterior domain oi 
comparison). Since T? C B*C M* we have 

(z + 2)*Kg2(z, 2) S (2 + Z)*Kgy2(z, 2) S (2 + 2)*Kg2(z, 


Since 
(2, 7) = (2 4- Ky2 (2,2) (2 | 


(r being the radius of &*) we have 


lim (z+ 2) Kg2(2, 2) = lim (2+ z)*Ky2 (z,Z) 
2-0 
provided that we approach @Q in the sector [2|z|/(2+2)] S1/cos gz, 
a! It follows that 
Im (2 2)*Kgy2 (z, 2) = 1/2. 
Jim (2 -++ Z)*Kgy2 (z, 2) = 1, 
2-0 = 
Notation. Manifolds will be denoted by German letters, the upper index 
indicating the dimension of the manifold. However, we omit this upper index 
in the case of four-dimensional manifolds. 
In operating with sets we use the usual symbols: S, + (sumset), — (dif- 
ference set), - (intersection). X (topological product of domains) ete.’ E. g. 
we denote by S @"(y) the sumset of a family of sets which depends upon 


ye 


a parameter y running through the region ®”. (Note that the sets @"(y) 

considered in this paper are frequently families of disjoint manifolds lying 

in the four-dimensional space [@"(y)-@"(y’) =0, for y¥y'] so that 
S @*(y) has the dimension n + m). 


ve 


We denote by E (...) the set of points whose coordinates satisfy the 
relations indicated in the brackets. 


2. The order of a boundary point. One of the methods of classifying 
the boundary points of a four-dimensional domain is by establishing con- 


* See F. Hausdorff, Lehrbuch der Mengenlehre, 2nd ed., 1927, p. 1. 
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nections between the geometrical properties of the immediate neighborhood 
of the boundary points and the behavior of the kernel function at these points, 
Evidently, the geometry considered cannot be simply the Euclidean four- 
dimensional geometry, but must be the geometry of the space of two complex 
variables, i.e. the geometry in which analytic * planes, surfaces and hyper- 
surfaces are distinguished from ordinary planes, surfaces and hypersurfaces, 
(f3}, 

A rough geometrical classification of the boundary points is achieved in 
the following way. Let Y= {Z,,Z.} be a boundary point of the four- 
dimensional domain 2. We suppose at first that the boundary of D is a 
hypersurface which possesses at the point Y an analytic tangential plane, or 
at least that Q is a point of intersection of several hypersurfaces possessing 
at @ analytic tangential planes. We consider all analylic surfaces which pass 
through QY. The following cases may occur: 

(a) There exists one surface which has no points in common with the 
boundary of D, except of course the point Q. 

(b) There exists a surface a segment of which lies in the boundary 
of D. @Q is an interior point of this segment. 


(c) There exist two or more surfaces which have segments in common 
with the boundary. @ is the point of intersection of these surfaces and 


belongs to the boundary of one of the above segments. (We may call this 


‘ 


intersection an “ edge”). 

(d) There exists one surface a segment of which lies entirely inside 
cf the domain 3D, except for the point Q. @Q is an interior point of this 
segment. 

Note that these properties are invariant with respect to these PT’s which 
are defined in a domain containing D. At first it might seem that the same 
boundary point could possess two or more of the properties indicated above. 
We shall see that under certain conditions this can not happen. 

We shall now classify the boundary points with the aid of the kernel 
function. If the point (2,22) approaches the boundary point Q, the kernel 
function Kg (41, 22; 41, 22) will, in the general case, become infinite. If the 


expression 


(2.1) [2 4 Kq (21, 22, 21, 22) 


*In order to avoid any ambiguity we note that the words “analytic plane,” 
“analytic surface,” ete. are to be understood in the usual meaning of these terms 
in the theory of functions of several complex variables. 
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remains between two positive bounds when {2;,22} approaches Q = (Z,,Z:) 
in a manner which may be subjected to certain restrictions, we shall call 
(VY an R&,-point (/-point of the order +). If furthermore, the expression 
(2.1) possesses a definite positive limit provided that lim arg (Z,— 22), 
limarg (Z,; — z,) and lim |(Z: — (0 or exist, we 
shall call Q an L,-point (ZL-point of the order +). Note that the restrictions 
concerning the manner in which (2, 22) approaches Q may vary according to 7 
and that numerous other subdivisions are possible. 

If certain additional hypotheses are made, a boundary point possessing 
one of the properties (a)-(d) is an R-point of the order 7 and * 


7 = 3 in the case (a), 7 = 4 in the case (c), 


4 


== 2 in the case (b), 7 = 0) in the case (d). 


This can be relatively easily understood by considering simple examples. (See 
[1], p. 17). The precise formulations of sufficient conditions for a boundary 
point to be an #-point or an L-point of the order 7 requires, however, a more 
thorough investigation of the geometrical properties of the boundary. For 
boundary points of the third order this has been done in [1], §5.° In this 
paper we shall concern ourselves with the points of the second order. The 


method used will be that of domains of comparison.® 


3. Standard domains for points of the second order. Consider a 
domain © possessing the following three properties: 
* Formulating the sufficient conditions to insure that a point Q is a limit point 


of the third order, we supposed in [1], p. 11, that there exists a one-to-one trans- 


formation of the form 


1 
so that the equation of the boundary hypersurface (in a sufficiently small neighborhood ) 


can be written in the form 2a”, =ay* | |?+... [See [1], (3.17) and 
(3.18)]. We note that if the projection §R* of the domain on the 2, plane omits two 
points say a, and a,, which satisfy the equation a, +a, =—2ba,a,, then such a 
transformation exists. The PT 

= + 2b2*,2*, + cz*,? + dz*,2*,°, 2,=2",, d=1/a,a,, 
transforms the expression (3.13) of [1] into = ay*,° +o|2*, |? and is 


one-to-one in the domain, for 1— 2bz, + dz,*° =d(z,—a,) (2, —a,) x 0, 2, € 93°. 

*The points of the order 0 are “points of non existence”: i.e. every analytic 
function regular in the interior of the domain is, in general, regular also at such 
boundary points. Points of the fourth order appear in particular in domains possessing 
a distinguished boundary surface; all points of this surface are, in general, of the 


fourth order. 
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(x) The point * Q(0,Z.) is a boundary point of S; 
(8B) © is invariant under the transformation 


21 == p21, 2, = 2, for every p> 0; 


(y) there is a sequence of points {2,” } in € approaching Q and 


such that 


(Vv) 
= limarg z,"") exists, lim | exists. (e', S. 
For such a domain & we have by (8) and Theorem A 
(3.1) | (21%, 22% 521, 2,0) Ke (et, cfr, by = arg 


Next, by (y), the point (¢'%.Z.) lies in S and hence by continuity of K 
the expression (3.1) approaches a limit as v-—> «. In view of the existence 
of the second limit in (y) this means that Y(0,Z.) is an L-point of order two 
for the sequence {2,'"’, }. 

This example shows us how to find conditions for points of the second order. 
We shall construct domains © possessing the above properties and use domains 
obtained from S by suitable P7T’s as domains of comparison. 

Let r be a positive number and #, and ¥, two real numbers such as 
By we shall denote the angular domain 
<r, < argz < |. by S*(%,, 9.) the angular domain 
E[0< 0, <argz < ]. 

Suppose that ©* is a simply connected domain of the y-plane bounded 
by a rectifiable Jordan curve, and that ?;(y) and ¥.(y) are two real valued 


functions defined in 4° satisfying the following conditions: 


1. Hy) and ¥.(y) are uniformly continuous and continuously dif- 
ferentiable. 


2. There exists a positive constant » such that 
(3. 1) wo 

3. There exist four real constants, 3,°. 3,°, 0,1, 0.1, such that 
(3. 2) BI <r/2<d BD, < 
(3.3) — 22 (y) < 0) < < 


We may now consider the four dimensional domain © given by 


* For convenience we take the boundary point in question to be the point Q(0, Z,)- 


id 
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= S ve(y) 
ye 
Such a domain we shall call a standard domain of the S-type (See [1], § 7). 
Our next task consists in investigating the behavior of the kernel function 


(3. 4) 


K (4, 223 2:, 72) of our standard domain in the neighborhood of the boundary 


points {0,Z.}, 72 « §?. This can be done without the actual calculation of the 


kernel function. 


At 


The domain (yr), J), 


The domacn J*(4, R). 


Fig. 1. 


We first introduce the concept A-approach with respect to a standard 
domain of the S-type. Consider a given S-domain and a sequence of points 


{z,, 2.) situated in this domain and such that 
(3.5) —» (0,22), y—> 0, 


If there exists a positive « and a closed subdomain §o* © §? such that 


(3.6) (aM ,2™)e Efzs—y. +e, —e)], 
y€ Do? (v= 1,2,---), 


we call the approach (3.5) a sectorial one. If furthermore, 


(3.7) limarg2z, > and lim! z,/(z2. —Z.)| 
exist, we call the approach (3.6) an A-approach.* 


*In [1], p. 29. we denoted this approach as Al/(a)-approach, a = lim arg z,(”). 
vw 
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Consider now an arbitrary four-dimensional domain D. Let (0,72) be a 
boundary point of D and suppose that the part of the boundary situated in a 
sufficiently small neighborhood of (0, 7.) contains a part of the analytic plane 
z, = 0, namely E[z, = 0, where B* is a simply connected domain in 
the z,-plane containing the point Let $(2, 22) be a function defined 
in D. We shall say that this function possesses A-limits at the point (0. Z.) if 


(3. 8) lim 
| 
exists for every sequence of points (2,'"’, 22°’), (41°. 22’) eD, (v= 1,2,---), 
satisfying the following conditions: 
i. 
(3.9) {z,™, 2. } — (0, Z2), 


> 


2. The approach (3.9) is an A-approach with respect to a certain 
standard domain © for which 
S-E[lz| <8, 
§ being a sufficiently small positive number. 
We shall now show that for an S-domain the expression 


(3.11) (21,223 22) 


possesses at any boundary point (0,22), Z2€9*, positive A-limits. To this 


end we apply to the domain € the P7’ 

(3. 12) 2% 2s (u> 0). 

Since this PT’ maps & into itself we have by Theorem A (see Introduction ) 
(3. 13) | 21 ( 21, 225 21, 22) = | (21/m, 223 21/p, 22). 

This formula shows that 


(3. 14) rK (re, Za * re-t?, 20) 


is a function of z, and ¢ only. This function is continuous, for the kernel 
function is regular in the interior of the domain. Clearly, it is positive. 
Therefore the limit 
(3. 15) lim r*Ke(re*?, 22, re-*, 22) 


exists, provided that the approach (re‘’, z.) — (0,Z) is an A-approach. Thus 
our assertion is proved. 


Te 
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Consider the PT’ 


(3. 20) z*,=2,/(1+ R2,), 20, (R real). 


It transforms © into a domain we shall denote by ¥. The linear transformation 


(3. 21) 2*, == z,/(1 + R-'z,) 


maps S*(#;, 3.) into the domain 3°(%,, 0, R) which is bounded by 
two circular arcs passing through the origin and through the point R 
and forming with the real axis the angles 3; and #2, respectively. [Clearly, 


Be, R) C S*(9,, 92, R)]. Hence, J can be represented in the form 
ye 9° 
Such a domain we shall call standard domain of the J-type. Its kernel func- 
tion possesses at any point (0, Z.) positive A-limits. This follows immediately 
from Theorem A, for the Jacobian of the transformation (3.20) is equal to 1 
at every point of the analytic plane z,; = 0. 


4. R-points of the second order. In this and the following sections 
we shall consider a domain D which possesses the property (b) (See p. 682). 
That is to sav, we suppose that there exists an analytic surface %? which 
possesses a segment in common with the boundary of D. Q@ = (4;,2Z:2) is 
an interior point of this segment. We shall find sufficient additional conditions 
to insure that @ be a point of the second order. 

Let B.°(D) be the projection of D on the plane z, = 0; i.e. the set of 


all points z., such that for suitably chosen 2,, (2:,2.) «2D. We suppose the 


following hypotheses to be fulfilled. 
Hypothesis 4.1. The analytic surface 3° may be represented in the form 
(4,1) ==h(z2), Z,==h(Z.-), 


h(z.) being an analytic function which is regular and univalent in $,?(D). 


The PT 


(4. 2) == z, —h(2,), 2*, = 2,—Z, 


takes D into another domain whose boundary contains a segment, *, of the 
analytic plane 2,0. @ is taken into the point (0,0). We may consider 
the coordinates z*,, z*2. to have been introduced from the beginning and 
replace hypothesis 4.1 by 


Hypothesis 4.1a. The boundary of D contains a segment, $2, of the 
analytic plane z; = 0, 
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Hypothesis 4.2. There exist two positive constants p and a, a < 2/2, a 
regular harmonic tunction w(y) defined in a simply connected domain 


&? $.?(D), and a closed subdomain W? of $*, 0 ¢€ such that 


(4. 3) S*[w(y) — w(y) 2, p| =y), v= 


and 


(4. 4) S*[— o(y) —r+ a,(y) + DD-E(z.—y), y« 


Let w(y) be the conjugate harmonic function to o(y). We may suppose 
that ¥(y) does not vanish in €*. The PT 


maps D into a domain which satisfies hypothesis 4.1a. The direction w(y) 
is taken into the positive x,-direction. We call z*,, z*. the normal co-ordinates 
with respect to the boundary point Q, the analytic surface * and the harmonic 
function w(y). We may suppose that the normal co-ordinates have been intro- 


duced from the beginning and replace hypothesis 4.2 by the following 


Hypothesis 4.2a. There exists a simply connected domain €* > $,7(D) 
and a closed subdomain 8? of $*, which contains 0 as an interior point, such 
that 


(4.6) S*(— 4,4a,p) CD: E(z2— y), ye BW’, 
and 
(4. 7) S?(—- r+4,7r—2) ye 


If our hypotheses are satisfied, the domain D belongs to the class for 


which we defined the concept of A-approach. We shall prove 

THeorREM J. Jf D satisfies the hypotheses 4.1 and 4.2, @ = (0,0) is an 
R-point of the second order. 

Proof. We must show that the expression 
(4. 8) |? Kay 22; 2.) 


remains between two positive bounds as the point (z,'”, z.'”)) approaches our 
boundary point (0,0) in the way defined in 8 (A-approach). By hypothesis 


4, 2a the J-domain 


(4.9) S Elz—y, (—2. p) | 


ye 


is an interior, and the G-domain 
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r+ 4,r—2) | 


a (4. 10) Aa S Elz —y,2 
in ye 
an exterior domain of comparison for D: 
(4. 11) ¥CDCH. 
For sufficiently large v. the points (z,", 2.) are situated within J. We 
have then by Theorem B 
4 12 | (7,() (vy) w_(pv) = 12K (z (y) (vy) 
Se 
| (2,™), z,'¥) z,), z,') ). 


In 3 we proved that the expressions on the right and left hand side in (4. 12) 
possess non-vanishing limits as y—> «. This proves our theorem. 
y) 
: 5. Sufficient conditions for L-points of second order. 
we shall formulate conditions which are sufficient to insure that a boundary 
We suppose that our domain D 


In this section 


ai point is an L-point of second order (Lz). 
a satisfies the hypotheses 4. 1a and 4. 2a. 
Hypotheses 5.1. S* is a convex domain. 
; We write the equation of its boundary curve in the form 
0S¢5 22. 


We shall denote by 


(5.1) 
Let k be a positive number. 


hounded by the curve 


+k) the domain 


= (14h) 


(5. 2) 
\ convex domain possesses the following simple property: 
LEMMA 1. For every positive k there exists a posttwe e, such that ali 
points, £, which may be represented in the form 
(5. 3) +k), —eSéSe 
are situated within °(1 + 2h). 
‘ : 
Hypothesis 5.2. D is a bounded domain. 


For the sake of simplicity we may suppose that this hypothesis is 


replaced by 
| 2 ASE; 


Hypothesis 5. 2a. Tf 2.) then | 2, | 


| i 
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Hypothesis 5.3. There exists a positive function «(/), 


(5. 4) lim x(t) = 0, 


t-0 

such that for every point (z:,22)¢«® with |2,/St 
(5. 5) + «(t)]. 

Hypothesis 5.4. There exists a positive constant 4) such that the 
intersection 
(5. 6) z, |< mol: E(z2=y), ye &, 
(See Hypothesis 4. 2a) is either empty or a simply connected domain which is 
bounded by two curves,® a,'(y) starting at the origin and lying in the upper 
(lower) 2,-half-plane for k = 2 = 1), and, perhaps, by a part of the circle 
| z, | = (See Fig. 2). 

Hypothesis 5.5. There exists for every closed sub-domain I? of 9°, 
0 a positive constan! (7?) < such that for ye and | | < 
the curves a,'(y) (introduced in Hypothesis 5.4) may be represented in 
the form 
(5. 7) OS(—1)'m, Sm (2). 

Furthermore, if y) = cot y) 
(5. 8) (y) = Ox (9, y). ye 
@;(y:,y) is a continuously differentiable function of its real variables, and 
(5. 9) i grad < C, 
(5. 10) O(y) 

Hypothesis 5.6. There exist two functions Cx(y:,y), defined for 
y1 | < mo, ye ©’, possessing continuous derivatives with respect to their three 


real variables, satisfying the conditions 
(5.11) C,(0, y) = C2(0, y) 


(5. 12) Cy. (0,7) =0 for ye 
= 0 for ye FE? — §’, 


and such that for every point (2:,2.) «D with | | < 22 € §*, 
4, > C2(y:, 22) for 9, 


(5. 13) Ci(%1, Z2) for 0. 


® To avoid repetition, we shall omit the statement “k = 1,2” hereafter. Whenever 
the index k, occurs, it is to have the values 1 and 2. 


the 
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(We denote the curves x, = by (y). 
If we write = cot y) 
(5. 14) Ox(y) = (0,7), 


&(¥:,y) is still a continuously differentiable function of its three real 
variables, and the inequalities (5.9) and (5.10) are valid for ye G?— §?. 


The following is an immediate consequence of our hypotheses. 


As. 


The tn terdectron of <1,| plane 
Fig. 2. 
LeMMA 2. (A) For every sufficiently small positive 8 there exists a 


positive < no, 


(5.15a) lim y2(8) = 0 
60 
such that 


(5. 15) + 6, 24 + — 85, n2(8) J = y) = 0, ye &. 
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(B) For every sufficiently small positive 8, and for every closed sub- 
domain &* of $°, 0¢ X*, there exists a positive < ,(X*) such that 


(5.16) GS?[6:(y) + 8, 9:(y) —8, CD-E(z2—y), 
Proof. We choose 72(8) so small that 

(5. 17) | (y) y)| <8 for ye OS (8). 

This is possible since 6:(y,y) are uniformly continuous. Let z; = 2, + ty, 

be a point of 

(5. 18) S*[0.(y) + 8, + 9:(y) —8, n2(8) J. 


We must show that (2:, 7) is an exterior point of D. 

It will suffice to show that, say, for y, = 0, 
(5. 19) < C2(, y) 
(see Hypothesis 5.6). We have, say, for 6.(y) < 7/2, 
(5. 20) < cot [ 6. (y) 8]; 
and by the mean value theorem, 
(5. 21) = C2(0,y) + cot OS 
Since | y; | < 92(8) we have by (5.17) and (5. 21) 
(5. 22) > €2(0. 7) + cot + 8]. 
By (5.20) and (5.22), (5.19) is proved, for (.(0,7) is non-negative, 
according to (5.12). The cases y; < 0, @2(y) > 2/2 etc. may be treated in 
the same way. Our assertion (A) is thus proved. The proof of (B) is similar. 
We apply the Hypotheses 5.4 and 5.5 and need only show that if z, «2° and 
22) then 

> z.) for OS m(X?), 


and 
> Ay (y1, 22) for —m (2?) Sy, SO, 


Sut this follows immediately from the fact that each circle 
E[2.¢ X?, < | 


is divided by the curves a;'(z.) into two parts which vary continuously with 
z,, one of which (the one containing positive real points z,) contains inner 
points of D. 


We shall prove 


| 


sub- 
that 


1 
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THEOREM I]. Jf the domain satisfies the hypotheses 4. 1-4. 2 and 5. 1- 
5. 6, the boundary point Q = (0,0) is an L-point of the second order. 
The proof will be given in the following sections. 


6. Construction of the domains of comparison for an L.-point. In 
order to prove Theorem II we shall construct an interior and an exterior 
domain of comparison for the domain 2, where D satisfies Hypotheses 4. 1- 
4,2 and 5. 1-5. 6. 

(i) Interior domain of comparison. Its construction is possible by virtue 
of Lemma 2, (B). Let 8 be a sufficiently small positive number, Z* a closed 
subdomain of We write 
(6. 1) 7 = 9; (8, sin a. 

Then, for y« 


(6.2) 8, 6.(y) -—-8, 7] C + 8, — 8. (8, J, 


whence it follows by Lemma 2, (B) that 


(6. 3) S 22 = y, 21 € 35° (01(y) + 8, — 8,7) | 


is an interior domain of comparison : 
(6. 4) CD. 
Remark. We may choose for &? the domain 


(6. 5) — — 2«(t)], 


(see Hypothesis 5.3) where 


(6.6) t = 4y2(8). 


Then our interior domain of comparison is determined by one _ positive 


parameter, 6. 


(41) Eelerior domain of comparison. We shall obtain this domain by 
applying the PT 


(6. 7) == 2,, 2%, = 2./(1— oz,'*), 


to the domain 


10 Concerning the visualization of the domains of two complex variables see [2] 
and [5]. (Fig. 3 is a “still” of a model of 3°) 
11 Note that according to our definition the second vertex of 
99° (9, (¥) + 28, 24 + 4, (7) — 26, p) 


lies on the negative real axis. 


yer? 
fe, 
—— 
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(6.8) — S E[z. == y, | 2; | 1, z, ¢ E(2, <—p,yi=0), 
€ 
yer 21 (O2(y) + 28, 24 + 6: (7) — 28, p)] 
where 8 is a sufficiently small positive number, p > 0, and ? is a fixed demain 
for which we have #? D 


(on) +8, 4, x) 


Fig. 3. 


An intersection of 3 with space ye = const. 


Remark. Note that contains only points with | arg 2, | <7. 
The transformation (6.7%) is therefore a one-to-one transformation. We may 
write 2,2/# = (rei?) == V/ugid/a, 


4 
=: 
i 
| 
| 
| 
| 
il 
t 
[ ] ] Be 


p) 


nain 
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Before choosing the values of the parameters in (6.7) and (6.8), we 


shall prove some very simple lemmas. 


LemMa 3. For given N, N > 1, and t,0 < t <1, and for 


(6.9) a=N/(N+1), 

there exists a po > 0 such that 

(6. 10) | [1 — 

for 

Proof. We have 


(6. 12) 11 |-* > | 1 + o* — 2ct'/* cos (x/p) =(N + 1)* 
as 

Lemma 4. Jor a fixed 0<o <1, and e> 0, there exists > 0 such 
that for 
(6. 13) | arg 2. -— arg 
[See (6.7) J. 


Proof. By Hypothesis 5. 2a, | z:|< 1/2. Hence 


(6.14) | arg(1 —oz,’/#)! S arc tan sin(w/p) /(1 — ] > 0, 


as 0. 

LemMa 5. For fired values of o (0<o<1),8 (8>0), andp (p> 0), 
there exisls a positive x such that 
(6. 15) | 0. (2*2) — (22)! < 8/2 
jor x. 

Proof. By (6.7), (5.9) and hypothesis 5. 2a we have 

We shall now determine the parameters in (6.7) and (6.8). We choose 
a sufficiently small positive 8 and write 
(6.17) t= (1/2).(8), (6.18) H*[1 + ex«(t)], 
(6.19) (1/N) = min R(¢), (6.20) o=—N/(N+1). 


See Lemma 2, (5.1) and Hypothesis 5. 3. 


Next we determine a positive « which satisfies the conditions expressed in 


Lemma 1 with k =«(¢). With these values of t, V, o and ¢ we find numbers 
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@o and pw; which satisfy the inequalities indicated in Lemmus 3 and 4. Then 


we choose 


(6. 21) Max (po, 

With this value of » we determine x satisfying the cond'tic. Lemma 5, 
and such that 

(6. 22) 

Finally we write 

(6. 23) p =x sin 


See Hypothesis 4. 2. 


With the parameters determined above we construct the domain & [see (6.8) | 
and apply to it the PT (6.7%). We obtain a domain % for which we shall 
prove that 

(6. 24) 2. 


Let (21°, 22°) be a point of D. By (£.°, f°) we denote the point which 
we obtain from (2;°, 22°) by the transformation inverse to (6.7), i.e. let 


We must show that (2,°, 22°) « M%&. To this end we consider three cases. 
1°. |2°| >t. By (6.22) and (6.23), p<¢#. By (6.8) and (6. 18), 


the intersection of with the plane z,; = z,° is E[z, = 2,°, + 2«(t)) |. 


Hence it contains the circle E[z, = 2,°, | 22 | << min R(¢)]. By the trans- 


formation (6.7) this circle has been expanded in a ratio greater then 
[ min R(¢)]-? [see Lemma 3 and (6.19)]. Thus the intersection of 


with the plane z, = z,° contains the whole circle E[z, = 2,°, | z2 | <1]. Since 
| 22° | <1, therefore (z,°, 22°) is a point of 


2°. xS/a°; St. By Hypothesis 5.3, z.° is an interior point of 
§?[1-+«(t)]. We obtain the intersection of Mf with E[z, = z,°] by applying 
to §*[1-+ 2«(t)] the transformation z*, = = 1—o(a°)'. 
By Lemma 1 and Lemma 4, the rotation = e-‘%z, applied to the domain 
$?[1 + 2«(¢)] furnishes a domain which still contains $*[1 + «(¢)]. Since 
p <1 the transformation z*, = ¢/p is a positive dilatation. Thus 
W- E(z,—z,°) contains the domain $?[1-+ «(t)]. Thus (z,°, z.°) «4. 

3°, | Again we have «(t)], and we can show in 
the same way as in case 2° that £.°¢ $°[1 + 2«(t)]. In order to show that 
(£1°, it will suffice to prove that 


(6. 26) 6, —Rr <argiiv< 9. ( £2") + 26. 


| 
| 
W 
( 
W 
( 
©2 
( 
th 
A 
( 
( 
W 
( 
Si 


) | 
1] 
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Since (21°, 22°) and 2° = we have by Lemma 2 (A) 
(6, 27° 9, (%.°) —8 < arg < 62(22°) + 4, 
since xX \ (6.26) follows immediately by Lemma 5. But (£1°, £2°) « G, 
therefore (z,’ The assertion (6.2) is thus proved. 
We have constructed an exterior domain of comparison YM. Note that 
it is determined by one positive parameter, 6. 


7. Limit relation for L.-points. In this section we shall complete the 


proof of Theorem I]. Let {(2:, 2.")}, (v=1,2,° -), be a sequence of 
points which approach the boundary point Q@ = (0,0) in the A-sense (see 


p. 686) as v—> 2%. We must prove that the expression 

(7.1) °°) |* Ray (e,, 

possesses a non-vanishing limit for vo. For the sake of simplicity we 
shall denote this expression by Kv(D). By Kv(%) we shall denote the analo- 
gous expression for some other domain 8. We choose a sufficiently small 
positive 6 and construct the corresponding interior and exterior domains of 
comparison and For sufficiently large v, the points lie 


within 3. Since 


(7. 2) 
we have by Theorem B 
(7.3) Kv(M) S Kv(D) S 


3 is a standard domain, and therefore 
lim Kv = Ly (0, 


exists and is a positive continuous function of ¢, ¢ = lim argz,"”’. Thus 
v->00 


(7. 4) lim Kv(%) Slim Kv(D) S lim K,(B) S lim K,(9). 

% has been obtained from @ by the transformation (6.7). The Jacobian of 
this transformation converges uniformly to 1 as (2:,22) > (0,0). By Theorem 
A (see p. 680) 


(7.5) lim Kv (M) = lim | |? Kay (241, 5 
Consider instead of & the domain 


ye R? 


where 6 and t* have the previous significance (see p. 695) and 
(7. 7) p =p sin 
Since MO G 


12 


|. 
| 
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M is a standard domain. Therefore the limit of the right hand side of (7.8) 
exists. Since argz, is unchanged by the transformation (6.7), this limit is 


equal to [gp (0,¢). Thus we have 


(7.9) ¢) S lim Kv(D). 
The PT 
(7. 10) f= + 21/p], = 


maps Mt into an S-domain 
S 


(7.11) E[z2=y, 2: S*(0:(y) — 28, 62(y) + 28) | 
yeS? 

The PT 

(7.12) = 2,/[1 —e2,], = 2. 


maps ,§ into an S-domain 


S Efe. —y, 21€S*(A:(y) +8, 62(y) —8)]. 
yeX? 
The Jacobians of the transformations (7.10) and (7.12) are both equal to 
1 at (0.0), and in both cases we have 
(7.13) arg & 0, 4-0. 
By Theorem A, 


(7. 14) Lon (0,6) = Le 


a 


(0, ¢), Ly (0, ) = Le, (9, ¢). 
By (7.4). (7.5), (7.9) and (7.14) we finally have 


(7. 15) Le (9, +) Slim Ky(P) Slim Ky(B) S Le,(9, $). 


Now we apply to S; the PT 


(7. 16) mm (1 + 2x) (1 — 2x) 
where 

(7.17) = k(t) 

and 

(7. 18) b = [38 + 40x?(t) ]/[a — 28]. 
(We have then 

(7.19) arg = (1+ 5) arg2,.) 


We denote by S; the domain obtained in this manner, and state that 
(7. 20) S; > 


In order to prove this assertion we must only show that 


to 
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1 — 2x 


1 + 2x 


(7.21) b) 1 ( (-—1)*8]| > | + 2(—1)*81. 


(For, the transformation = i 


z maps &* into #?.) We have, say for 


i: = 2, by the mean value theorem, 


(7. 22) 2 1+ »(22)| S 4Ck?, 


(see (5.9)) and therefore 


(7.28) (1 +b) [6 —8] — 28 


= — 4x? + ba — b8 — 38 
= b(a — 8) — (38+ 40x?) > b(a — 28) — (38 + 40x?) = 0. 


Thus (7.20) is proved. By Theorem B and (7.5), 


(7. 24) Lg, (0,6) Le, (0,¢) Le, (0, ¢). 


Since 


we have by Theorem A, 
(7.26) (£1,025, &) 
= (1 + 2«)*(1 — 2«) 6)” | | S, (21, 223 22), 
and 
(1 — 2x)?(1— 2k) (41, 223 Ze), 


(7. 28) “KE, (Li = | 2 (21, 223 41; 2). 

Hence it follows by (7.19) that 

(7.29) Le (0,6) = (1— 2«)?(1 + 2x) ?(1 + b) "Le, [0,¢/(1+ 5) ]. 
Since Le, (0, ¢) is a continuous function of ¢, and since for sufficiently small 
8, b and « will be arbitrarily small [see (7.18), (7.17), (5. 15a) and (5. 4)], 
the difference 

(7. 30) | Le (0, 6) — Le, (9, ¢) | 


can be made arbitrarily small. The same is, therefore, true for 
(7. 31) | lim Ky(D) — lim Ky(D)| 
[see (7.15) and (7. 24)]. Thus the limit 
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(7. 32) lim Ki(D) = LQ (0, 


exists, and Theorem II is proved. 

By using analogous methods we can formulate sufficient conditions in 
order that all boundary points (0, Z,) situated in a sufficiently small neighbor- 
hood of QY be L-points of the second order. To each of these points we 
then associate the limit L@(Z2,), which we define for (0,22) in the similar 
way as before L(0,¢) for (0,0). It is then possible to prove that 1g (Z2, ) 
is a continuous function of Z. and @¢. 

I take the opportunity of thanking Lipman Bers for some suggestions in 


connection with this paper. 
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PLANE SECTIONS THROUGH A POINT OF A NON-HOLONOMIC 
SURFACE.* 


By BucHIn Su. 


In a previous paper’ we showed that if there are given two arbitrary 
non-asymptotic tangents ¢; and tz of a (holonomic) surface S at an ordinary 
point O and a plane z, through #;, we can always determine a quadric 
through the two asymptotic tangents of S at O such that the osculating conic 
of the section of S produced by 7, and that of the section produced by the 
corresponding plane z. through ?. Jie on Q. This quadric has at O a contact 
of the second order with S and forms a pencil when 7, turns about ¢,. The 
present paper develops a similar theory for a non-holonomic surface in 
ordinary space. According to the non-holonomy we obtain some rezults dif- 
ferent from those in the holonomie case. Take, for example, a quadric Q ot 
the type referred to; there exist in general four other tangents through each 
of which a plane can be drawn such that the osculating conic of the corre- 
sponding section at O lies on Q@. Moreover, we can determine certain lines 
and quadratic cones at a point of a non-holonomic surface by means of the 
neighborhoods of the third and the fourth order, which do not exist in the 
holonomic case. Especially, a covariant line is constructed by means of the 
neighborhood of the third order and a new extension of the Darboux pencil 


of quadric¢s is established. 


1. Let a non-holonomic surface V3" in ordinary space be defined by an 


equation of Pfaff, namely, 
(1) dz == y, z) dx -+ q(a, y, z) dy, 


where the functions p and g do not satisfy the condition of integrability. 
At a generic point O of V,* we can determine a projective system of reference 
in wnich the two asymptotic tangents, supposed to be distinct at O, are 
r==z=0 and y=2z==0, so that the tangent plane of V;? at O is z=0, 
and such that the axis z and “ the line at infinity ” of the tangent plane are 
in correspondence of the projectivity of cell due to Bompiani,? so that at 0 


* Received June 1, 1942. 

‘Cf. B. Su, “ Osenlating conics of the plane sections through a point of a surface,” 
American Journal of Mathematics, vol. 65 (1943), pp. 439-449. 

* Cf. E. Bompiani, * Sulle varieté anolonome, I. Alcuni teoremi generali; II. Le V;° 
di S, proiettivo,” Rendiconti dei Lincei, (6), vol. 27 (19388), pp. 37-52. 
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(2) p=q=0, 


where the subscript denotes partial differentiation with respect to the indicated 
argument. 

Consider the section of V;* produced by a plane through a non-asymp- 
totic tangent ¢: 
(3) y— nt = 0; 


if x be expressed by the equation 


(4) z=p(y—nz), 


where p30, ~ ©, then the osculating conic of the section at O is given 
by the equations * 


n 9_9 As; As 

(Py t+ = (Pu + G2) (4 + Aen r} 

| 2p p p 

1 4on\* 1 C; 

+ ) (2 — 4 - Y's 

qn? (py + qr)* ( p 12n(py + qr) 

pY, 

where we have placed 

(6) Y=y—ner 


[40 (py + qe) (Py + 
| A A; Per + (2pey + + + + quyn*, 
| Do = (pu + qe) (Pu + 2q¢r) (py + 392), 
= quyy(Tpy + + {2pyy(2py + 3g2) + qey(A1py + 15qz) 
+ {Pev (Spy + Ge) + + 3qz) + per(3qz + Pv), 
Ba = prez + {3pery + 3pez( py 
+ + (Py + Qe) + 3qeey + Py + qe) }n 


+ { 84 ig ( (Py + Ye )}n® + + Quyyn'*. 


3 


2. Let us now take a tangent quadric Q of V;* at O and determine 
whether three or more osculating conics of V3? lie on QY. Since Q is given by 


én equation of the form 


(8) z= ar’ + + cy? + + hay + kuz), 


* Cf. B. Su, “ On the projective differential geometry of a non-holonomic surface in 
ordinary space,” Annali di Matematica, (4), vol. 19 (1940), pp. 289-313. The author 
is much indebted to Prof. Enea Bortolotti for his valuable correction and supplement. 
Cf. E. Bortolotti, “ Sulla geometria proiettiva differenziale di una superficie anolonoma 
nello spazio ordinario,” Ibidem, vol. 19 (1940), pp. 315-325. 
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a, b, c, ko, ka, ky being constants, the section of Q produced by the plane x 


is the conic 


i Y +- (a + 2bn + cn?)a? + 2 + 

p p 
(9) 4 k 

| 

z== pY. 


A comparison of these equations with (5) shows that the latter conic becomes 


an osculating conic of V;? at O when and only when 
( a+ + cn? ==4(py+ qe)n, 


b A 
(Py + qr) + kgn} = ‘Gu +42), 


(10) J 1 
} n 
| — = (Py + 42) (ha + 5) 
| : p p 
(= ——-—{ 4,+ ) — 


For a quadric @ given by (8) there are in general two tangents (3) satis- 
fying the first equation of (10), but no value of p can be obtained so as to 
satisfy the remaining two equations. Therefore we may conclude that no 
osculating conic of the section of V,? at O can lie on a general tangent quadric 
Q of V;? at 0.4 

There is, however, an exceptional case where the first equation of (10) 
is satisfied identically in n, so that 

a=0, b=H(m+ 92), c=0. 
The corresponding quadric (8) becomes 
(11) 2==4(py + qr) ry + + + kuz), 
which has at O a contact of the second order with V;*; while the conditions 
(10) take the form 

As 
3n(py + qe)’ 
( Py qr) Bs 4A 
18n° (py + 
303; — 8(py + 2qz)As (Pu (Py — 

18n* (py + *p 18n (py + qe) p* 


l 
(12) + = — (Py — qr) + 


*If we determine p from the second equation of (10), where nm is a root of the 
first equation, and substitute it into the last equation, there is found a relation between 
a, b, c, k,, k; and k,, which does not hold in the general case. 
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3. As an analogue of the problem for a surface we propose to determine 
a quadric Q of the system furnished by equation (11) containing both the 
osculating conics of sections of V;* produced by planes through two arbitrary 
non-asymptotic tangents t,, at O. Write the equations of (11,2) as 


z= y— 
and the equation of the corresponding plane 7; as 
z= pi(y-— Nix) ; 
it follows from (12) and (13) that four conditions 
3ni (Py + qe) 
3ni (Py + Gz) Ba(mi) — 45° (ni) 


1 
(14) het kent —— 


15 k = 
3C's(ni) —B8(py t+ 2qe)As(mi) + 24a) (Py — Ge) 
18ni*(py + Je) *pi 181i (Py + qe) 


(1 = 1, 2) 
should be satisfied for arbitrarily assigned ne, where A;(ni), Cs(mi) and 
B,(n;) are given by (7), n being replaced by ni. 

Solving (14) for k. and k, we have 


1 Ny + Ne 
e y T 2 
(16) 
5 (Py 4 Pipe Ne) 
1 f 


In order that the two equations (15) should be compatible. it is necessary and 


sufficient that 


1 1 1 1 
ks (> — =) = [ tae) Balm) — 


1 | 1 ] 


— 8(p, + { A3(n,) — — ] 


(Py +2qe)(Pu—qe) §_1 


18( py + gz) 


"04 
— , As*(m) — (ny) | 
n,* Ne” ) 


nd 


nd 
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Substitution of k; given by (16) shows that the two planes 7, and 72 are 
in the following correspondence : 


Pu— Ye (2 + Me) py + (m1 


7 —6 
| (Pu + qe) Pips 
(Mi Py + + Nz) Ge | 
) 
[ Gz) (2qry + Pw) (ny + nz) 
) Gz > —_ r 2 
Dy + 4: Pu | Matte Pwy Quy (M1 
l 1 
+ 3 — — 8 (ps + SG As(m) | 
ni P1 
— + gz) + — (nm, + nz) | 
Dy + 4: (Pu Ia) Pyy Yyy(M + Nez 
1 1 
3 C3 (nz) — 8( py + 2Gz) —> 
No~ Pe2 
(py + ge)? ny" \ 
n.* \ 


Thus we have the 


THEOREM. /f two planes through a generic point O of a non-holonomic 
surface V,* are drawn such that each of them passes through one of two arbi- 
trarily assigned non-asymptotic tangents and the osculating conics of the 
sections of V° produced by these planes lie on a quadric Q tangent to V;° 
at O, then YQ must have at O a contact of the second order with V;* and the 


correspondence between these two planes is (2,2). 


In the holonomic case (17) becomes a linear equation in 1/p; and 1/ps, 
und therefore the correspondence is a perspectivity., as we have shown before.° 


4. It is natural to inquire whether other osculating conics of V,? at O 
belong to the same quadric Q thus determined. If there is such a conic, then, 
expressing the plane of the conic by the equation 


(18) z= ps 
we have 
A3(ms) 


] 
(19) hr. + — rE (Py — gz) — 44 


Cf. B. Su, loc. cit." 
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ks 3N3( py + Gr) Bs (ms) — (M5) 


(20) ky + 


Ps 18n3°(py + 
3C'3(s)— 8(py + 2Gr)As(ms) (Py + (Pu 
1873" (py +- Ge) “ps 1813 (py + ger) ps* 


Substituting the value of &; given by (16) into (19) and reducing, we 


obtain 


(21) (py — qr) 
P1 


ny) + (m — nz) 
Ps 


2 
+ Py + (2, N2) (Nz — nz) (M3 — 11) {prc + =), 


As the coefficient of the term o;* in the last equation is different from zero, 
we can express p;' as a function of n;. Further substitution of the latter 
into (20) suffices to demonstrate that the resulting equation is an algebraic 
equation of the sixth degree in n;.° 

For each root of this equation we can find the corresponding p; from (20) 
and therefore obtain the osculating conic on the quadric Q in consideration. 


Hence we obtain the 


THEOREM. Jf a quadric Q contains two osculating conics of V3? at O 
with distinct tangents, then it contains also four other osculating conics of 


at O. 


For a holonomic surface the equation (21) becomes particularly simple 


and uniquely determines the third tangent.’ 


Conversely, on a quadric which has at © a contact of the second order 


with V,* there are in general six osculating conics of V;* at O. 


In fact, the equation of such a quadric is of the form (11), where 
ko, kz, kg are given a priort. If p be eliminated from (12) and (13), the 
resulting equation is evidently of the sixth degree in nm and consequently gives 
six tangents of V;? at O. In virtue of (12) we have the corresponding value 
of p and therefore the osculating conic of V;° at O. 

5. On account of the correspondence (17) between the planes 7 and 7: 


we can further find a line LZ,» associated with the given tangents /, and ?;. 


For this purpose, let us consider the two planes m. and 7,” corresponding to 


°Two roots of this eyuation are evidently n, and n,; to these correspond the 


original conics. 
7 Cf. Su, loc. cit. 


we 
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a plane 7, under (17) and construct the harmonic conjugate 7, of the tangent 


plane z= 0 with respect to 7,’ and 7,”; the equation to 7, is obviously of 


the form 


(22) 


where 1/p2’, 1/p2” 


$(1/po’ + 1/p2”)2 = y — now, 


are roots of the quadratic equation (17) in 1/pz. A simple 


calculation shows that these planes 7; and 72 are in perspective position, the 


line of intersection being on the same plane m2: 


(23) 2( py? — (Py + 242)y + (2py + qe) 


—2[ pez {6 (py + gr) (1/mi — 1/n2) (py — )(1/ne )}—(py+ Pry 


2 + Ye) — 6 (py Fx) (1 — M2) + (Py — Yr) 
+ { (Spy + 92) — 2(py + 2qz) Pyy}n. = 0. 


In a similar way we may define the plane 72, by interchanging 7, and zz. 


From the equation (23) and that obtained by interchanging n, and n, in (23) 
it follows that the intersection Ly. of 72 and 7.2; is given by the equations 


(24) 


2(2py + Ge) (py? — + + Sqr) Quy (m1 + Ne) 


J + 2(py + Pyy—(Spy + Gz) Qrey—(11py + 13qr) Pr2(Ninz2)* | = 0. 
2(2q2 + py) (qe? — pu?) y + Spy) prez + 1/nz) 


+ 2(q2 + 2py) + Py) Pry —(11gz + 13 py) qyynin2] = 0. 


If we consider al! the lines L,. corresponding to the tangents apolar with 


respect to the asymptotic tangents at O, then the locus is a quadratic cone, 


namely, 


(25) (1lp, + l3qz ) ( ] + 13 py) Per 
= [2(2py + (py? — + {2 (Py + 2Qe) Puy —(Spy + Gr) Gey}2] 
+ pu) (qe? — py?) y + {2 (qe + 2py) —(5G2 + py) pey}z]. 


The polar line ¥ of the tangent plane z = 0 with respect to the cone (25) is 


determined by the neighborhood of the third order of V;° at O. 


we have the equations of #: 


(26) 


( y= 2 (2py dr) — (Py + Paw 
2 (py + — 

4 

2(2q2 + Py) Pov — (Je + Spy) 
L + py) — py") 


From (25) 


6. We are now in a position to investigate the line of intersecticn of two 


planes 72 


in the correspondence (17). 


| 
ro. 
rer 
n. 
ot 
le 
e 
|_| 
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In virtue of (7) and (17) there is no difficulty in determining the locus 
ot the line of intersection. The result of carrying out the computation is as 


follows: 


\p 24 
(27) (Py qa) ) = (2py + qe) x? 
[ (Spy + por + + poy — 2 (2py Qe) qu 
Pu + 
+ (18 py + 1192) 
v2 Per OF 
[ (11 py + 13q2) (ge + Spy) Qay — + Py) Puy 


+ (Tpy + yy (mi + N2) | 
+ [4 — in’) (ny? + nyns + ng?) 


132 \ Pex (2pey + Gua ) 


/ 


+ (2pey + Jer)? + (2 2qey + Pw) } 


— + Pw) (m1 + 2) 


+ + 2yy(2pry + -2)} 


\ Ne» 
3 y T pees = 


+ + + + Ne) 


+ + 


(3pecy 3 Pez ( Py T Ya ) ] (Py == 0. 


This quadratic cone K,2 associated with two non-asymptotic tangents ¢, and 
t, is evidently determined by the neighborhood of the fourth order of V3? at 0. 
It is easily seen that the polar of the tangent plane of V;° at O with respect 
to K,. just coincides with the line Z,2 associated with the same pair of tangents. 

In particular, we consider the three lines [,. associated with two of the 


Segre tangents 


(28) — = 0. 
Put 
(29) A= @=1 (eA 1); 
then the lines in question are given by 
(30) 
Py Pu 


Dy? qa? {4( ( Py + 242) + qr) 2 (py -+- 27) 


{4(q2 + 2py) pre (5q2 + py) Pry -— 2 (Ga + 2py) 


: 2(py + + 2py) 


TOS 
| 
| 
{ 
a 
( 
( 
| 
(r= 1,2, 3). 


cus 
as 


) 
{rs} 
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Consequently, the harmonic conjugate of the tangent plane z = 0 with respect 
to the trihedron formed by these lines is the line &, as may easily be derived 
from (30) and (26). 


The same result holds for three tangents in the cubic involution 
(31) Prot® = = 0, 
and especially for (hree Darboux tangents. 


7. It is worth noticing that the quadratic cone Ky» associated with two 
Darboux tangents or two Segre tangents gives certain covariant lines. Take, 
for example, two Segre tangents: 

{z=—y— = 0 (11,2), 
Ny =e", No = 


(r8,sAt,tAr; r,s,t—1,2,3) 


and substitute them into (27); we easily arrive at the cone: 


(32) 


(33) (Pu — qe) efy? + (2py + 
) 
rege + + (py + Oz) Pry — 2(2py + Qe) se 
‘ 
+ Prd + + G2) — 2 (Pv + 240) 
+ (py + 4. py + qe) Qu + + 3 (Pu + 


+ + 4(2psy + 
-}- 4A{ (2pey +> Vera 4(2qcy Puy) Pro | == (), 


Consequently the three quadratic cones Ky2 associated with two of three 
Segre tangents belong to a pencil and therefore determine four lines of inter- 


section, namely, the lines given by the equations 


(34) (py — (Pv + 2qr)y? (Pu + + 5qa) Poy — 2(2py + Qe) Ger} 


9 


Poo (Py + 24a ) 2° 
Pv + (py + qe) 


— 3(py -t- + 3 pez (Py + Pre} | == (), 


5 [4(2pey + gre)? + 16(2 Qry + Puy) Pre 
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+ 5py) qey — 2(2q2 + py) pw} 


(35) (qe — py) (Qa + 2py): 


(Ge + 2py) fare 24. 16(2p, 
—4 Dy + Ye [4(2qey + Puy)? + 16( Poy + Qrz) 


— 3(py + + + (Py + Qz) + Bese 


Dee Qw}] = 9. 


The equations (34) and (35) represent the cones in the pencil touching the 
tangent plane z = 0 along the asymptotic tangents y= z—0 and t=z=—0 
respectively. The polar plane of the tangent z —z—0 with respect to (34) | 
and that of y= z= 0 with respect to (35) intersect in the line 
Moreover, a covariant cone similar to (25) is found as the locus of the 
polar of z= 0 with respect to a cone in the pencil above quoted, namely, 


(36) 16 (Py + (G2 + 2py)z? 
= [2(py> — qe*) (2py + G2) {2 (py + Puy — (Gu + Spy) Gey} ] 
[2(q2° — py?) + py)y + {2 (Ge + 2py) — (Py + Pry}2] 


the polar of z = 0 is also the line P. 


For the Darboux tangents we obtain similarly four other covariant lines 
determined by the quadratic cones: 


(37) (Py — qx) (2py + + 18qyyy2 
2? 
+ (py +4)? [3 (py + qe) {Pow 
+ 3qeyy + (Py + qu) dw} 
—4(2qey + Pw)*| = 9, 
(38) (qe — py) (2g2 + py)y® + 
— —2_ {(5ge + py) poy — 2 (qe + 2py) gee) 
Pu + Ye 
+ + Ge) {dere + Speen + + Ye) — Pas} 


— 4(2pey + qee)*| = 0. 


Another quadratic cone is derived from the pencil of these cones, namely, 


> \ 
4 
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(39) 324 (Py + Ye) 

= [2 — (2py + qe) + {2 (Dy + 242) Pw — (Spy + Ge) ] 

[2 — py*) + + {2( + 2py) — (52 + Py) 
The line & may be defined as the polar of the tangent plane z = 0 with respect 
to the cone (39) or the intersection of the polar planes of y= 20 and 
a= z==0 with respect to the cones (37) and (38) respectively. 

Further we remark one more relation between the line # and the cones 
K,, associated with the Segre tangents: Let a, (r=1,2,3) be the polar 
plane of a Segre tangent 8, with respect to the cone Ky. associated with the 
remaining Segre tangents; then the harmonic of the tangent plane z =0 with 
respect to the trihkedron is the line 


8. As has been pointed out by E. Bortolotti,* a line can be defined which 
is associated with a pencil of quadrics 


(40) 2—=4(py qe) zy + (ax + By + 


It is given by the equations 


, + Jae — 3% ( py qa) 


( 11) 4 Pv" 
— t+ Pw — 3B (Dy + Ge) 
Py" 


Conversely, a pencil of quadrics having at O a contact of the second order 
with V,* is determined provided that a certain covariant line through O be 
given. 
A comparison of (26) and (41) gives 
— (25 Pv + 53qz) pov + 2(4 Pv + 11 ge) gee 
36 (Py + 92) (Py + 292) 
(25qe + 53py) dey + 2 + 11 py) Puy 
36 (py + 92) (Ye + 


Hence the pencil of quadrics associated with the covariant line P furnishes a 


B 


new generalization of the Darboux pencil to a non-holonomic surface. 


NATIONAL UNIVERSITY OF CHEKIANG, 
KweiIcuow, CHINA. 


*Cf. Bortolotti, loc. cit., p. 322. 
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THE PROJECTIVE THEORY OF SURFACES IN RULED SPACE, I.* 


By CHENKUO Pa. 


Introduction. The object of this paper is to study the projective proper- 
ties of a surface in ruled space. In this treatment certain asymptotic ruled 
surfaces play an important role. The usual method for investigating these 
ruled surfaces requires, in general, some lengthy computation. We can how- 
ever overcome the difficulty by means of a new process which seems simpler 
than that we have so far used and is particularly useful in the determination 
of equations of some geometrical elements associated with these ruled surfaces 
in the normal coordinates of Fubini. 

The contents of this paper are divided into two parts. The first part is 
devoted to the derivation of some invariant quadrie surfaces, invariant cones, 
and invariant curves projectively connected with a point of a general surface. 
In the last section of this part we further obtain a new definition for any ray 
in the second canonical pencil such that it may be considered as the principal 
line of Bompiani’* for a pair of curves, suitably chosen on the surface at the 
point. The notions of the Darboux quadrics and of Bompiani-Lane’s principal 
quadrics * have been generalized. 

In the second part of this paper the equation of the osculating linear 
complex of every asymptotic osculating ruled surface is first determined, some 
new invariant quadrics are then introduced as analogues of the Lie quadric 
and certain special surfaces are finally defined. Among other things we have 
improved a theorem of Sullivan.* A general treatment of the asymptotic ruled 
surfaces and other ruled surfaces associated with a point such as the asymptotic 
chord surfaces * will be established in a sequel paper. Furthermore we remark 
that a certain quadric possessing many remarkable properties is defined in a 
simple way, and that a new property of the Darboux pencil of quadrics has 
been added. By means of them we can give a simple characterization to the 


* Received June 1, 1942. 

?E. Bompiani, “Invarianti d’intersezione di due curve schembe,” Rendiconti dei 
Tincei, (V1), vol. 14 (1931), pp. 456-461. 

?E. Bompiani, loc. cit.; EK. P. Lane, “ Invariants of intersection of two curves on 
a surface,” American Journal of Mathematics, vol. 54 (1932), pp. 699-706. 

°C. T. Sullivan, “ Properties of surfaces whose asymptotic curves belong to linear 
complexes,” Transactions of the American Mathematical Society, Vol. 15 (1914), pp. 
167-196. 

‘E. Bompiani, “ Sugli elementi di 2° ordine delle curve di una superficie,” Rendi- 
conti dei Lincei, vol. 9 (1929), pp. 288-294. 
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surfaces whose asymptotic curves belong to linear complexes, the isothermal- 
asymptotic surfaces, the surfaces whose Lie quadrics all touch a fixed plane ® etc. 


PART A. 
The Asymptotic Ruled Surface Q," or Q,". 


Let S be an analytic surface in ordinary space referred to its asymptotic 
net (u,v). It is well known that the non-homogeneous coordinates. x, y, z 
of a generic point P on the surface are solutions of the following system of 
differential equations, 
(1) Tun = = Brv, 


and similar equations for y and z. 


The integrability conditions of this system are found to be 


(2) + By) u — Bun + = (Bo + BOv)v— B(yu +276u), 
By) v — Or + By) = (yu + yOu)u— y(Bv + 


For the sake of convenience we normalize the coordinates so that at P 
(u = 0, vu = ()) 


(3) = 2 Ly = = Yu == = Yu = = 0, Lu = = = 
Then the equation of 8 in the neighborhood of P can be expanded as follows ° 


4) ( Bx* + yy’ ) + 13 [ (286. Bu) x* 4( By + BO, )x*y 
— 66 — 4 (yu + yOu) xy® (28 — yo) y*] + (5). 

Suppose that a curve Cx" of the surface S passes through P and touches 
at P the asymptotic tangent fo (w= 0) ; it is evidently given by the expression 


(5) u == — (h/2)y."? + (3), (h = const.), 


where we have put kh =1—7j, } being the contact invariant of Cy and: the 
asymptotic curve u = 0 at 

Consider the asymptotic ruled surface Q." composed of the tangents to 

° These surfaces were first studied from a projective point of view by Buchin Su. 
Cf. his paper “On the surfaces whose Lie quadries all touch a fixed plane, Science 
Reports, Univ. of Chekiang, vol. 2 (1936), pp. 53-61. 

°Cf. Fubini et Cech, Introduction a la Géométrie Projective Différentielle des Sur- 
faces, Paris (1931), p. 73. 

* Fubini et Cech, lec. cit., p. 56. 
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the asymptotic curves v = const. at the points of the curve Cy", and, similarly, 
the asymptotic ruled surface Q,". A generic point (%) of Qu" has the coordinates 
(6) i =)a, + 2, ete. 


Since A = 0 at P, we can easily show that the orders of the neighborhoods 
of Qu*(Qv") and the surface S at P are equal to each other. In what follows 
we shall give a process for investigating the geometry of these ruled surfaces 
associated with the point P. 


1. The fundamental form of Q,”. From (6). we have 


du 
Ly, = 0, = + + Bry) 9 
al 


= (*)tu+ dtu + (AB Ate + Barve + (*) 


where the quantities 1, B are given by 


A =X + By) + 2A(Be + BO +A (Bu + BO.) + +O+8 


lu du du 
B = 0, -+- 200, — au 
(=) 
Therefore 
D” = = 0, = = ue), 


du 


D = = [— ai + + + 1)B] (atutur). 


so that the differential equation of the curved asymptotic lines on Qu." is 


$A? [ + By + 2Be + (Bu — BO.) (44)’ 


Let “d” denote differentiation along one of these curved asymptotic lines, then 


— 
~2 


dz 
== lr, + mz, + ATur. 
di 
where we have put 
du du dx 
8 l=, — +— +7, 
(8) dv * dv + 


We denote. for brevity, the quantity di/dv by @, although this notation 
has been already used in a different sense. 
Moreover, we put 


en 


on 
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= SX)? Sx,? F’ Sit, = le + mf + Ar, 
= Sz,* = I’e + + + + + 2mas, 


and introduce a new asymptotic parameter w of Q," instead of A such that at P 


0X 


On account of (7) it is readily seen that 


0°r 
== ( = = tbe 
(9) ), Bur + (1 h) By, yhé 


Therefore the generic point (Z) of the surface Q." satisfies the following 
differential equations: 


(10) = dw? Loy = OZ y + 
Ow 


where 


2 | \ 1 2H? 
and 
(12) E = Si, P = Sixt, (>) F’ G = Si,? = @’. 
dw Ow 


We notice that § 


so that the coordinates of (Z) also satisfy the relations (3) at the point P. 
That is, when Q,” is referred to the same coordinate system as S at the point P, 
its expansions in the neighborhood at P can be obtained by replacing in (4) 
the quantities B, y, Bu; Bvs yu; yr, Ou, Ov etc. by B, fia; Be, Yes Bre, Oy etc., 
respectively. But a simple calculation, gives 


G wr = 2 bu, (1 h )By] 


We put = 


(%),, ete. to represent the value of 2, ete. at P. 


1s 
+A 
H? = — F’. 
— 0, 
|| 


716 CHENKUO PA. 


‘ 


where we have taken A such that 


Thus at P we obtain 


2. Certain invariant quadrics associated with Q," and Q,". In this 
section we shall give an application of the above result to the determination 
of certain invariant quadrics associated with Qu" and Q," such as the asymp- 
totic osculating quadrics, asymptotic chord quadrics ® and the Moutard quadrics 
of these surfaces. The equation of the Moutard quadric belonging to a tangent 


whose equations are z = 0, y— nx = 0 takes the form, 


[4(B + yu®)? + 8n(Bu + + 4yun® + yeon*) + (z— xy + 
12n (B— Ryu") (y + 40uz)z- 124" ( yu" 2B) (x )z 


Replacing B, y, Bus Brs Yus Gu, Ar, in the above equation by B, 

Yw, Yrs 9, Or, Owe, respectively, and then using the relations (14), we im- 

mediately obtain the equation of the Moutard quadric of Qu" belonging to the 

tangent in question, namely, 

(15) + 8n(4yu + yen) Jz? + 36[2 ry + + (1 — h) By}2? 
+ 2%4ny(y + $0uz)2—12n*y(x + $0,2)2 = 0. 

Interchanging x and y; B and y; wu and v; n and 1/n in the »bove equation 
we have the equation of the Moutard quadric of Q," belonging to the same 
tangent 
(15’) [487+ 3n(4B.n + Bu) + 36[2— ry + + (1 h) By}2?In® 

+ 24n?B(a + $6.2)2 — 12nB(y + $Ouz)z = 0. 

For h = 0, the corresponding quadric has already been obtained by EF. 

Cech.° George Wu?! has recently determined these equations in a more 


general form. 

If n— 0 in the equation (15), we have the equation of a Darboux 
quadric Dz. Therefore the quadric ), in the Darboux pencil is the limit 
of the Moutard quadric of Qu" or Q,". More generally, we have the following 


theorem: 


® Cf. E. Bompiani, loc. cit. 
10 Fubini-Cech, Geometria proiettiva differenziale, vol. 2, Bologna (1927), pp. 529 


533. 
11 George Wu, “ Systems of quadrics associated with a point of a surface.” 


(5) = 
Ow? 0 


~> 
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The osculating quadric of a non-developable ruled surface along a genera- 
lor is the limiting position of the Moutard quadric belonging to a non asymp- 
lotic tangent ¢ al a point P on this generator when t tends to the tangent 
of the curved asymplotic line through P. 

One of the asymptotic osculating quadrics associated with the curve 
dv — Adu = 0 is given by the equation 

203 (ry — z) + 2Bayz — + [—A*(Ouw + By) 

Bu Bw 


B{Xr’ u)A— (2 B Or )A*} = 0, 


where A’ = d°v/du? while the other is given by 


du \* du du \* du \* 


\ du yr ( 
{Our + (1 — h) By} ) 


By the method we have so far used there is no difficulty in finding the 
equation of the asymptotic osculating quadrics of the ruled surface Qu asso- 
ciated with the curve Cy: dv —aAdu = 0 on it.’* Plainly, one of them is the 


quadrie D, of Darboux, while the other is given by the equation.“ 


du \* du du \° 
24 (2 2 2y — rz — 2y [| — 
(16) ) 2y v2 Y (4: ) 


d 8 d- 
+ {Our + (2—h )\By} + ¥ 
ds? 


dv y On) dv 


Similarly, we obtain, for the ruled surface Q,", the quadric 


(16’) 2(ay—z) + 28 (4 — 28 + [— {Our + (2 —h) By} 
av 


dv 
\ du Bu du 
B du { 
- Oy) — > == () 


'* Of course, the curve C) must be on Q,", but each quadric depends only on the 
curvilinear element of the second order of C\ and Q,”" at P has contact of the second 
order with S. Therefore this condition is not necessary. 


Noticing that dv(d?u + 6 du?) —du(d?v + 6 dv*) = ( is intrinsic and =0 


| 
p- 
C'S 
it 
lu\?7 
Y dv 
X 
t 
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It is remarkable that the quadrics (16) and (16’) of the surfaces Q’, 
and Q’y for a curve through P are precisely the asymptotic osculating quadrics 
of S for a curve of 8 which has a contact of the second order with the given 
curve at P. 


Since the residual conic of intersection of these two quadrics (16) and 
(16’) for Qu" and Q." lies on the plane x, whose equation is 


[- (4 \ _ ps (H) + — & 


+ (2yu + y9u) (Bu— BO.) + By (hz — h;) 


and the osculating plane P) of Cy at P is given by 
5 


(du du [ du \* du du \* d*u 
2 dv of (“) ‘ @ dv?_} * 


we may conclude that they. coincide when and only when the elements of C) 


at P satisfy the following relation: 
du du [ - du \* ]du 


For the sake of convenience we shall call a curve having this property 
the associate curve. Especially when h, = hs, these curves become pangeo- 
desics.‘* Denoting a plane through P by the equation + wy + = 0, 


we have for the osculating plane of the associate curve at P 


pu; = — 2n, = 2n’, 
pus = — Bn* Y u 
1 ' 
n®(ho—h v— Bun*)n + 2(yu— Bun?) 
+ Bn®) By (he 1 +(y Bu + (y Byn' | 


where n = du/dv. In consequence, this plane envelopes a cone I; of class 6 


6. = 0, at P, we may obtain the required equation (16) by substituting (14) into the 
corresponding equation of the asymptotic osculating quadrie of 8 at P and changing 
d*u/dv* into d*u/dv* — 8(du/dv)*, the other quantities being unchanged. 

‘For a new definition of pangeodesics cf. E. P. Lane, “Quadriche aventi per 
generatrici le tangenti asintotiche in un punto di una superficie,” Rendiconti dei Lincei, 
(VI), vol. 5 (1927), pp. 100-104. 
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r, when the tangent varies at P. The equation of this cone in Fubini’s normal 
coordinates is 
9 3 3 3 | 7 3 3 
(17) (Pus — (Bus® — 2yu;*)u, + — yus*) 
— (B?u.® — — By (he — hy) uF uy? = 0, 
where we have placed 
V1 9 
(18) = 20, => 6... (0 = log By). 
B Y B 
Evidently, the cone (17) is that of Segre when hy = ho. 
One of the asymptotic chord quadrics associated with a curve of S 
)y- through P has the equation 
du du \? 
19) —az+ (— 
( ) vy of dv l (3) 
lu\? du ) 
2 + By 4 (Bu 3B w) + 38 v) dv + dy? ( z 
X and the other the equation 
dv dv \? § dv \? 
(20) zy 27 + ty 2 ) + By + 3 (1 ) 
dv dv \* | 
+ (yu + bY u) du v2 ‘to 
For the curve Cy"(C,") the first (second) quadric becomes a Darboux 


quadric Dj: 
(21) ry 4 {Ou + (1 — gh) }2? =0. 


If Cu"(Cv") has a point of inflexion at P, we obtain the quadric D;; if 
(." has a stationary osculating plane at P, we have the quadric D,/.. 

By the method we have so far used, we find the corresponding quadrics 
for the surface Q.". In fact, one of them is a quadric of Darboux and the 
other is given by the equation 


du 
, dv dv d?u 
FF sy (=) dv? 


In fact, if an equation in our coordinate system contains only the quantities 
B, 945 Pus Bis Vys Fy,» then it can be transformed to Fubini’s normal coérdinate 
system by putting 6 = log By in the equation without changing other quantities. 


99 1 dv dv \? 8 dv \? 
) buv + ( —h) By + 4 (ye — 


0. 
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Similarly, we obtain, for the ruled surface, the quadric 
1 du 1 du 1 \ 3/ 4 1 au 
5B UZ ¢B 3 ) Gas (% —h ) By (Bu — 5 ) 
to 


I? 
+ (Be+ = + 48 = 0. 


For h = 4, these quadrics are asymptotic chord quadrics of S at P. 


3. The asymptotic curves of Q,” and Q,". The osculating quadric of 
Qu" (or Qu") at P is the Darboux quadric Da of S. As any Darboux quadric 
must pass through the asymptotic tangents of S at P, and Qu" (or Q.") has 
at P, the same tangent plane as S, the two asymptotic directions of Qu" (or 
Q.") at P coincide with those of S at the same point. Consequently, the 
curved asymptotic line of Qu" (or Q.") at P is tangent to the asymptotic 
curve u=0 (or v0) of 8S. We can, however, show a more precise result, 
namely, 


The curved asymptotic line of OQ," (O,") and the asymptotic curve u= 0 
y 
(v= 0) of S have a common osculating linear complex at P. 
To prove this, let the Pliicker coordinates of a line joining two points (2) 


and (Z) be denoted by 
= LY — Ty, = — Pog = YZ —- YZ, Pus = F, Po = —Y; Par =? 


then the asymptotic osculating linear complex of asymptotic curves u = 0 
ot S at P is given by the following equation : 
Yu 
(24) Piz — Pa + (0. 0. 
Y 
[In order to obtain the asymptotic osculating linear complex of the curved 


asymptotic curve of Vy" at P, we have to replace @u, yu, y in the above equation 
by = Ou, yw =yu and y=y, respectively, which obviously leaves the 


equation unchanged. 

In a similar way we can establish the result for Q,". 

We come now to consider the expansion for the curved asymptotic line 
of Qu" (or Q,") at P up to higher orders. For this purpose the fundamental 
quantities of the surface Qu" (or Y,") are required. 

Since 


+ 


Ty. 


dv? dv ' dv dt’ dv® 


and 6,2 = 8," + 6, = 6, at P, we have 


(23) 
— - 
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(25) = 
and 
d*x, au 
(Zevrv) = —3 ) (Lvov) 0» 
(25) Yoo = 


It is well known that the power series expansions for the asymptotic curve 
u=0 of S in the neighborhood of P are of the form 


+ by*® + + (5), 
z= Fy® + Sy* + ty’ + (6), 


i= ey: Lb, = Voy (yGu + Yu). 


An application of the preceding method to this case gives the result that the 
curved asymptotic line of Qu' has at P a contact of the fourth order at least 
with the asymptotic curre u=0 of 8. 


More generally, we can prove the following theorem: 


If a curve Cy" has at Pa contact of order m with the asymptotic curve 
u=0 of S. then the curved asymptotic line of the asymptotic ruled surface 
associated with Cy" has with the asymptotic curve u=0 of S at P a contact 


of order m +- 3 at least. 


In fact, denote the n-th derivative of a function « along the curved 


asymptotic line of Qu by A‘ and that along the asymptotic curve u = 0 


of S by ¥'"1, As this theorem has been proved in the case m = 1, we can put 
m=n-—1 = 2 and from the given condition we have at P 

du d*u 

dv dy" 


so that at P: 


Since =x + Ar, we have at P 


(28) (ye — — Yaa + 680? + yOu + Yu) + yoo — 56:70}, 
1 


‘du 

dr 
where we have placed 
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du \'"-1) 
G(r) a(n) + (Aru) (n) +. AM — 
dv 
(n-1) (n) (n) (n-1) (n-1) (n-1] [ 
Lp r Ly = Ty do A‘ Ly = Zo === = 


(n) 
+ (Ary) a) + 2 Lp (n) + + + (n 7, (1) 
v 


d"**u d"u d"u 
Tu af ty!) + Tuy dv" T + (n 1)A'"z, 


d"**u 
+ »)+ Lur(n + 1) (= +a) 4 aint] 


(n+1) 
+ (nm + 7, + 1) AMa, (2) 


+1 P n 


d"u d"u 
+2 + Nuri + 


2 


As we have at P 


d*u d"u du 
1 (n) — 6, } — 
dvut*? + (n + )a dy? (n ) di? Ou, 
it follows that 


For m= 2 i.e. n= 3, we have obtained 


which completes the proof. 
Further, we can prove the following result 
If the asymptotic osculating linear complex of the asymptotic curve u = 0 
at P 1s stationary, so also is that of the curved asymptotic line of Qu° at P. 
For at P we have 
= Luvvy — By*h(h + 2), 
(29) = Yur — 2y*h?B — By’, 
and therefore 
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0° log ¥ 
[n] where we have placed k, = By — (6 log y/dudv). 


By means of these relations we have simultaneously found a geometrical 
r,)) meaning for the invariant k,/By, and similarly for h,/By. where h, = By 
— (0 log B/dudv). 


4, Generalizations of Darboux’s pencil of quadrics and Bompiani- 
Lane’s principal quadrics. Since 


Louw = — Lu. Lewy = — Luv 
we have at P 
arn 
= tg bu (— -}- Yu + y9u) 


d*u Bu d*u , a 
(Ouv By) v 4. BB» + B ¢ BO, by (— Buyh Yu 


dv 
7(Bv + BOv) — 3Boyh 


= 6, + By ) + (yu +- 


+ + + Bayh + yu + YOu). 
ja" 
But 
Yiww + yuu + Ow w + 6, (yu + 
(Bur -+- By) ByhO, (— Yu +. you 
It follows that at P 
= 
where Ow. = 0°A/dw*. For the following discussion it is not necessary to 
choose the value of 0°A/dw* at P. 
Let =a + + nay + be any point in space; then the conditions 
of immovability for Q are as follows: 
0 (Bv + BOr)e Bul 
— (yu dv = — Oey — ByHE av = — 


The equation of the osculating quadric of Qu" at P is 


En = 0. 


= 
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When this quadric moves along the curved asymptotic line of Qu" at P, the 


characteristic curve is given by the equations 


yn? + yont + 4 — 0, (yb = + = yu + yOu). 
By virtue of the conditions of integrability it is easily shown that at P 

(Yu + = Yow + yOu + row 
Therefore the second equation of (32) can be rewritten in the form 
(33) yn + Font + = 0, 
which shows that the characteristic curve in question decomposes into one 


of the asymptotic tangents at P and two other straight lines R, and FR. with 


the following equations: 
24M 
where 
(34) = (— 7b + /2y, = (— — (Fo — BT )*) /2y. 
Making use of the relations (14) and (26) we may also represent FR, and #, 


by the equations 
(35) 4 Our (1 — h \By = €. kf, 
Rs: 1+ + (1—-h)Byl]E = = hel, 


where 


2 : 2  du\% 

= ¢+[¢°— (rd). + 2604+ ——- 2 (yd = yu 
y 
In particular for ) =0 and d*u/dv* =0 (35) becomes the equations of the 
sides of the quadrilateral of Demoulin. We notice that the points of inter- 
section of R; and FR, with the tangent plane of S at P are the flecnode points 
of Qu". Denoting them by P; and P., we obtain 

P;: (= n= é=1/k,, 

P.: (= 7=0, E= 
The conjugate point of P with respect to P, and P». is tndependent of the 
quantity h and is therefore a fixed point for all Qu". In fact, it is the point 
of intersection of the second directrix of Wilezynski with the asymptotic 


tangent zy 0. Thus we have proved the following theorem: 


— — 0, 


le 
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The correspondence between the two flecnode points of each Qu* at P ts 
an involution on the asymptotic tangent z = y = 0, and the double points of i 


are the point P and the point of intersection of the second directrix with the 


asymptotic tangent. 


When h = 0, this coincides with a theorem of Demoulin.'® 

Obviously, the straight lines R, and R, are the flecnode tangents of Qu" 
at P, and P, respectively. Now, let S,; and S. be the flecnode tangents of Q.” 
so that R,, R, and S,, S. form a quadrilateral 2, in space. Then the line 
joining the two points of intersection of the diagonal L,, L., respectively, of 
0, with the tangent plane of S at P is the second directrix, and the common 
intersecting line of L, and L, through P is the first directrix.’’ 

It is readily seen that the associate asymptotic ruled surface Qu" of the 


curve Cy" defined by the equation 
(37) >= Byh 


has at P the same flecnode points as the asymptotic osculating ruled surface 
Qu°. We now discuss some properties of this kind concerning the curves Cu" 
and Cy", the latter being defined by interchanging the asymptotic curves 
u and v. 

First we shall determine the power series expansion of this curve Cy" in 
the neighborhood of P. <A curve C traced on the surface and passing through 
the point P can be expanded in the form 


a(u(t),v(t)) = a+ + + + Yq + (5); 


similar equations hold for y(u(t), v(t) ), and z(u(t), v(t)). When the curve 
C is not tangent to the asymptotic tangent v0 we may take v fer the 
parameter ¢ so that 


78 A, Demoulin, “ Sur Ja quadrique de Lie,’ Comptes Rendus, vol. 147 (1908), pp. 
493-496. 

7 For the quadrilateral of Demoulin the result has been pointed out by Bompiani 
and Godeaux. 
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As = Tuy de ws T 1 dt 
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On account of the relations (3), we obtain the required expansions for the 


curve C,", namely, 
[ du | 


(38) =U + + (Orv + + (4), 


d*u , 
+ (5), 


(1 —- 3h) v* + +; Exe — 3h) +ye +2 

or 

[ - (1 — A) Oe ye + + + (4), 
(38’) 
(1— 3h)y* + [A, 4 yO.(1 — 3h) — 4y0.(1 — 3h) ]y* + (5), 
) av 


| 


When h = 1 this curve has a point of inflexion at P; when h = 4 the osculating 
plane at P is stationary; when h = 0 this curve has a contact of the second 
order with the asymptotic curve v = 0 at P, and when h = 2 this curve has 
a harmonic contact with u=0 at P. It is easy to show that for any pair of 
curves C," and C," the three principal points of Bompiani** are collinear. In 
order to determine the line on which lie the principal points, we rewrite the 
expansions (38’) for the curve (37) in the normal coordinate system of Fubini: 


y(3h —1) dlog B*y 


(39) 
6 : 12 dv 


Interchanging the pairs 7, y; B,y; u,v we have the expansions for the curve 


(')". The line under consideration is given by the equation 


1—Gh OlogPy _1—Gh Slog By, 


4(1— 3h) du (1 — 3h) dv 


Ilence we obtain the following theorem : 

The principal points for any pair of curves Cy* and C,* lie on a canonical 
line I, of the second species. In particular, for the four cases we have so far 
quoted, the lines are 

Io: The edge of Green; *® 
Iy/3: The canonical tangent; 
L,: The line C(— %); 
The canonical line C(— 1% 9).”° 


18 EK. Bompiani, loc. cit. 2° Cf. E. Bompiani, loc. cit. 
20°Cf. Buchin Su, “ Osculating conics of the plane sections through a point of a 
surface,” American Journal of Mathematics, vol. 65 (1943), pp. 439-449. 
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The quadric which has at P a contact of the fourth order with both Cx" 
and C,* can be determined as follows: 


The equation of this quadric must necessarily be of the form 
(40) ry + + + kgyz + kyz? = 0. 


Substituting the expansions (39) into (41), and demanding that the coeffi- 
cients of y°. y. y*, y®, y* in the result must be equal to zero, we have 


(1 h) (1 3h)k, = 0. (1 — 3h) k, + y+ 2 ky = 0. 
Similarly we obtain the conditions for another asymptotic curve: 


Therefore there exist oo? quadrics in question, each of them being given by 
the equation 
3(1—h) 9h —1 


2 (), 
2(1 — 3h)? 


When / = 0 the corresponding pencil consists of the principal quadrics.”’ 
If the curve (," and C," have P for a point of inflexion, the corresponding 


quadries belong tO a pencil ot cones: 
(43) ry + paz + + ke? = 0. 


The polar line of the tangent plane at P with respect each of these cones 
is the first. canonical line C(— 1).*° 
The common polar reciprocals of the quadrics (42) and the quadrics of 
Darboux are the line 
1 — 9h 1 — 9h 


and its conjugate with respect to any quadric of Darboux. In particular when 
h = 0 the corresponding lines are the edges of Green.** 

Consider the linear complexes each of which has at P a contact of the 
third order with C."; they are given by the following equation: 


(45) (1— 3h)*p;2—h(1 + 3h) — (1 —h) (1 — pasa + = 0, 


where & is an arbitrary constant. 


“1 Cf. E. P. Lane, loc. cit. 2? Cf. E. Bompiani, /oc. cit. 23 EF. P. Lane, loc. cit. 
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Interchanging the indices 1, 2 and ¢, w we have the corresponding linear 


complexes of C,* at P, namely, 
(46) (1—3h)?pyo + h(1 + 3h) + (1 —h) (1 — 38h) pas + pros = 0, 


k” being an arbitrary constant. 

We come now to a generalization of the notion of the Darboux pencil, 
As any quadric passing through the asymptotic tangents at P may be repre- 
sented by an equation of the form (41), the Pliicker coordinates of a generator 


L, in one regulus are ** 


Pris = ky (ky + Pos = hin, 
(hy + ksn), Pa = ko (ky hy. 


and those of LZ, in the other regulus are obtained by interchanging the indices 
1, 2 and the pairs of values ky, ks; €, ». 

It can be shown that there exist o* quadrics passing through the asymp- 
totic tangents such that each regulus belongs to one of the linear complexes 
(45) and (46) respectively. Each of them is found to be 


1+ 3h 1+ 3h 
47) xy — — + hh yz t+ Oke? = 0, 
1 — 3h (1—3h)?* (1 — 3h)? 
where / denotes a parameter. In particular, when h = 0, we obtain the Dar- 
This generalizes the definition of the Lie quadric, as 


boux pencil of quadrics. 
Moreover, we obtain the pencil of cones (43) by 


was shown by Calapso.*” 
putting h = 1. 
The common polar reciprocals with respect to the pencil of quadrics (47) 
and the quadric of Lie are the line 
1 + 3h 1 4+- 3h 0 


and its conjugate. Especially we obtain 


The canonical line C(4), if h = 0, 

The edge of Green, if h = 1, 

The canonical line C(— %o@), if h =2. 

We can further prove the following theorem: 


*4Compare my paper: “An analogue of Darboux pencil of quadrics,” Science 


Record, Academia Sinica, vol. 1 (1942), no. 1. 
25 R. Calapso, “ Sui sistemi nulli osculatori alle asintotiche di una data superficie,” 


Rendiconti dei Lincei (VI), vol. 13 (1931), pp. 183-185. 
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The linear complexes which have at P a contact of the fourth order with 


‘ar 
the curve Cy" (h40) defined by (5) and (37%) and the asymptotic curve 
u=0, respectively, have common lines in two planes, namely, the tangent plane 
1+ 3h 
and a plane through the first canonical line ¢ { —— F 
2(1 — 3h) 
i] In fact, the common lines of these linear complexes also belong to the 
‘ following three linear complexes: 
or ( (1— 3h)? (ry — ty) + hd(1 + 3h) (2? — &2) + (1 —h) (1 — 38h) (2 — 72) = 0,7 
yz — zy = 0, 
| ry 
Let A be the determinant formed by the coefficients of 7, ¥. Z in these 
equations; A= 0 gives the required plane z= 0 and 
eS 
1 + 3h 
49 y —- = 0. 
2(1 — 3h) 
3 A similar result is obtained on combining the curve C," and the asymptotic 
curve t=0. In this case we obtain the plane 
1+ 3h 
50) r— ————~ yz = 0. 
2(1— 3h) ' 
ja In consequence. the lines of the first canonical pencil are completely determined. 
FE On the contrary, if we combine the linear complex of Cy" in question with 
2 the asymptotic osculating linear complex of the asymptotic curve v = 0 at P, 


there is obtained a similar result. The canonical line in this case is 
2(1— 3h) (1— 2h) 


PART B. 


The Osculating Linear Complexes Associated with the Asymptotic 
Ruled Surface. 


We now proceed to consider the equation of the osculating linear com- 
plex of the asymptotic osculating, ruled surface Qu° (or Q:°) along the genera- 
tor through the point P, that is, the linear complex which has at P a contact 
of the fifth order with @Q.° along the generator. 


1. The osculating linear complexes. It is of some interest to determine 
the equation of the required linear complex by the method stated in 4 of 


Part A. We shall however give a direct computation. For this purpose, we 
first notice the following results 


14 
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(Pi2)o = 9, (Pis)o = 0, (pes)o = 0, (Pis)o = 9, (poa)o=—1, (Pss)o = 9; 


( du Jo “ \ du Jo “ \du Jo du Jo du fo du fo 4 
Die pis 0° pos ) (Ge 
J | = 0), — + By), 13 = — 
( du? ), ( du? ), du? du? Jo (Guo + By) du? Jo 


0 
3 3 
Pun + + 3( Br (Zee) = 66., 
Jo ju® Jo 
( du® )- ( Jo (ue By) u— (Own By)» 


a. 
= — Oy, — Br — BO, — ; bs) 86 un 146," + 4(B, + B6.), 
0 0 


4 4 


— (Bur + By) (36uu + 36," + Be + Bé, \— (Ouv By) wu 36, (Our By)w. 


Substituting these values into the determinant 


Opie (52) (52) (2) 
| ), Ou? Jo \ Jo \ Jo | 


and reducing, we obtain 


| Pro +- P34 P23: — (Our + By) pis 
B, Be, B (Our By) Bu (Ou, By) 


Bur + Bu8. — B*y Bu (Our + By) wu — Bu + By) 
— Buu (Our + By (Bur By) (B. B6, 


Put 
(51) ByH = Our + By, Bv + BOc—= BY. yu + yOu = y¢, 
By dudv By dudv 


so that 
(53) ByH =h, + Wu=hki + oo. 


(BY) w— B( yb) u BU(K + = Burv + BuBve + Burr — 3B yBr — — By: 
the required equation of the linear complex L, is 


log Bh 
(+ +) + Pas + (BU) sas + + — 
By interchanging the pairs of quantities B,y; u,v; hi, k: and the indices 


1, 2, we obtain the corresponding linear complex ZL. of Qe" at P, namely, 


== |), 


T 
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dlog 

(55) (4 + ) (Pss— + (yd) upis + (2 pes + ByH pos — Bypis) = 0. 
2. A theorem on surfaces whose asymptotic curves belong to linear 

complexes. If a non-developable ruled surface S be not a quadric and be 

defined by the equation B =0 (y+0), then the osculating linear complex 

L, is indeterminate, while the other linear complex Lz is given by the equation 

log 

du 


(55’) (++ ) + (14) ais + =O, 


where we have put 


If one curved asymptotic line (u== wu) of this ruled surface belongs to 
a linear complex, then k, = 0 at wu = wo, and the quantity 0k,/du = 0 or ~ 0 
according as all the asymptotic curves belong to linear complexes or not. In 
the latter case, the osculating linear complex of this ruled surface is stationary, 
and coincides with the osculating linear complex of the asymptotic curve 
=U. In the former case where all curved asymptotic lines belong to linear 
complexes 0k,/0w==0), the osculating linear complexes are in- 
determinate. Thus we have the following theorem: 


If a curved asymptotic line on a non-developable ruled surface belongs to 
a linear complex, then the ruled surface must belong to a linear complez. 


6 


We can now improve a theorem of Sullivan ** in the following form: 


If the asymplotic curves of a surface of one system (u= const.) belong 
to linear complexes, then all the curved asymptotic lines on any asymptotic 
osculating ruled surface Qu° must necessary belong to linear complexes, and 
conversely. 


In fact, if the asymptotic curves v= const. belong to linear complexes, 
we have k, = 0 identically for wu and v and it follows from (55) that all the 
osculating linear complexes of the asymptotic osculating ruled surfaces Qu° 
are indeterminate. On account of (55’), we conclude that all the curved 
asymptotic lines of Q° belong to linear complexes, which completes the proof. 


8. Certain invariant quadrics. The purpose of this section is to prove 
the following theorem: 


*6C. T. Sullivan, loc. cit. 


— + 6x. 
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At a point P of a surface there exist «* tangent quadrics such that both 
regult of each quadric belong to the osculating linear complexes (54) and (55) 
respectively. Each quadric of the family is completely determined by the 
contact invariant of the quadric and the surface at P. The quadric of Lie is 


characterized by the contact invariant I. 
To prove this, let us consider any tangent quadric of the surface S at P: 
(56) (me +y) + he + + y)e-+ le? 


where A, 1,, lz, are arbitrary constants. 
The Pliicker coordinate of a generator 1, or I. in each regulus of this 


quadric are 


(tye = 1, (1, +1;¥), Pris = — LAY, Pos = LY, 


(3 -++ ) (1, ALLY, 
L, 


(57), 
Pa = -+- h ) (1,.¥ — lp) 
1, (1, + LX), Pis = P23 = — LyX, 
(1, +1.X) (. — 1X, 
Le: 


\ 4 


Pos =1,(Ap—1), 


where X and Y denote parameters. 

By means of the equations (54), (55), (57),1, and (57)o, we can easily 
determine the required quadrics. In fact, in order that the quadric (56) 
have the property in question, it is necessary and sufficient that 


(58) (4+ Br) ‘ 
where 


h 


PROJECTIVE THEORY OF SURFACES IN RULED SPACE, I. 


Therefore the quadries are given by the equation 


Plainly, —/, is the contact invariant of this quadric and the surface at P, 
and on that account we denote this quadric by Q(l,). Thus the quadric 
((—1) is the quadric of Lie. 

There are two distinct quadrics Q(l,) passing through a generic point 
P’(2’, y’, 2) in space. They coincide when and only when the point P lies 


on the following quadric 


(60) [1+ dbx + + 4(ByH + 36) — 260[2y + + + S¥2?| = 0. 


> 


We note that this quadric Q is the envelope of the quadrics Q(1,). 


4. Some special surfaces and a pencil of invariant lines. Noticing 
that the discriminant of (60) is 


— (ByH + ov) 26 

364 Vv (ByH + ov) 
®(ByH + ov) v(ByH + (ByH + 
2h + ByH) 4 


We obtain the following result: 
The quadric is never singular unless it decomposes into a double plane. 
The equation of this plane is 

(61) 1+ dor + vy + 4(ByH + 36¥)z2=0, (#¥=0), 

and the surface is characterized by ®¥ = 0. 


Let us now determine a class of surfaces whose quadrics Q(1,) all touch 
a fixed plane. In this case the plane (61) must be stationary. Hence the 
required surfaces are defined by ¥ = H = 0. Consequently, the surfaces 
of this class are characterized by the fact that all quadrics of Lie touch a fixed 
plane ** and the two projective normals coincide with the two directrices of 


the two osculating linear complexes (54) and (55). The second projective 


normals lie in the same fixed plane. 
Differentiating (61) with respect to w and using the conditions of im- 


moyability (31), we obtain the relations 


“7 Buchin Su, loc. cit. 


= 6§4(V)*, 
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(ByH + — 64 (By + 36¥) + + BB.) -+ ByH® —40(ByH + 
In a similar way we have 


0 
(ByH + = 0,.(ByH + 38¥) + ®(y. + yOu) + ByH¥ — ( By + 369) 


Since ®¥ = 0, the unique solution of this system of differential equation is 
== = H = 0. 
The directrices of the two osculating linear complexes (54) and (55) 


are given by the equations 


L,: 4¥z=0, y+ 462=—0; 


(62) 
$¥y+1=—0, 


respectively, and are polar reciprocal with respect to the quadric of Lie. For 
the sake of convenience they are called the first and the second directrices. 
For the surface ® = ¥ = 0, these lines coincide with the first and second 
projective normals. As the plane (61) intersects the tangent plane in the 
second directrix /., we may conclude that if all the quadrics Q(1) for a surface 
touch a fixed plane, the first and second projective normals coincide with the 
first and the second directrices 1, and /2, respectively, and all the second 
directrices lie on a fixed plane. 
By virtue of the conditions of integrability we have 


1 0A? 1 
hy, Ou ky, Ou 
where 
A? 1 (2m 2 Bev B? (21 2 Yuu 
and 


L = 46,7 BO, Bi, M = Ow — 46,7 yOu 
If all the directrices of the two osculating linear complexes (54) and (55) 
coincide with those of Wilczynski, then the surface must satisfy the following 


conditions: 


(63) 


9 9 
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It is evident that the surfaces of Demoulin and Godeaux** defined by 
A=B= 0 belong to this class. 
Now consider the congruence formed by the first Sivesetion 1,; it is con- 
jugate to the surface if and only if 
6? log B*h, log y*k, 


(64) 


The surfaces of this class may be seen as generalizations of the isothermally 
asymptotic surfaces. 

Let us determine a pencil of invariant lines. By a method used by R. 
Calapso *® we make use of the quadrie Q(1,) instead the quadric of Lie. The 
corresponding line here obtained is given by the equations 


(65) z= 0, yp z= 0. 


All these lines corresponding to various values of /, lie in the following plane: 
(66) (26 — 4@)a — — y + — y®)z = 0. 


For 1=— 1 we obtain the edge of Green. This pencil coincides with the 


first canonical pencil for the surface (63). 


5. Further results on the linear complexes. This section is devoted to 


the demonstration the following two results: 


(i) A necessary and sufficient condition that a space curve should belong 
to a linear complex is that all the osculating linear complexes have a straight 


line in common. 


(ii) Hach regulus of any quadrie passing through the quadrilateral of 
Demoulin of a surface at a point P belongs to one of the two asymptotic 


osculating linear complexes at P. 


There is no diificulty in proving (i). We proceed, therefore, to establish 
the result (ii) 

To this end we remark that each regulus of the quadric of Lie belongs to 
one of the two asymptotic osculating linear complexes at the point P.*° Let 

°° Cf. L. Godeaux, “Sur les surfaces ayant mémes quadriques de Lie (Premiére 
note), Academie Royale de Belgique (5}, vol. 14 (1928), pp. 158-173. 

*°R. Calapso, “Un tecrema sullo spigolo di Green,” Rendiconti dei Lincei (V1), 
vol. 13 (19381), pp. 266-268. 

°° R. Calapso, loc. cit. 
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us denote the four characteristic points, other than P, on the corresponding 
quadric of Lie by A, B, C, D so that {ABCD} is the quadrilateral of Demoulin, 
AD, BC being the diagonals. Let £2: and P, be the two asymptotic osculating 
linear complexes such that ‘AC, BC and AB, CD belong to, and £:, Trespec- 
tively. It is required to prove that the lines p, and pe passing through a 
generic point P’ in space and intersecting AB, CD and AC, BD, respectively, 


must belong to and respectively. 

As shown by Bompiani ** and Godeaux,*? the diagonals AD, BC intersect 
the directrices of Wilczynski and therefore AD, BC are common lines of 
ff: and ~». Denote the point of intersection of p, with CD by 1 and the null 
systems defined by J; and P» by {P.} and {P>}, respectively; then the null 
plane of A in {P:} is the plane AOD and consequently AL belongs to P,. The 
null plane of 7 in {f:} is the plane ABL. Hence p, belongs to P; and 
similarly p. belongs to PP». This proves the theorem. 

From the above results follows immediately a theorem of Su.** If all the 
quadrilaterals of Demoulin of a surface lie on a fixed quadric then all the 
asymptotic curves of the surface must necessarily belong to linear complexes. 


THE NATIONAL UNIVERSITY OF CHEKIANG, 
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